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Preface

The fascination of ferroﬂuids – suspensions of nanosized magnetic particles in
appropriate carrier liquids – arises from the fact that their ﬂow and properties
can be signiﬁcantly altered by the inﬂuence of moderate magnetic ﬁelds. The
possibility to exert an externally controllable force to a ﬂuid opens obviously a
wide spectrum of possibilities as well in basic ﬂuid dynamics research as for applications in nearly every ﬁeld adapting ﬂuids. In the past 40 years since the ﬁrst
synthesis of a ferroﬂuid has been reported the attraction of these ﬂuids and the
challenging possibilities to control them by means of magnetic ﬁelds generated
by normal permanent magnets or simple coil arrangements has driven intense
research activities and brought up a number of technical applications. Some of
these applications gained importance in every day life and represent a signiﬁcant
commercial value meanwhile. Reviewing the proposed applications one ﬁnds that
those which have been successful on the market are characterized by two basic
traits. First they employ the magnetic ﬁeld only to exert a force which positions
the ﬂuid somewhere inside a certain device. Moreover, and that is the second
common aspect of these applications, they are all technical applications mainly
in the ﬁeld of mechanical engineering.
In contrast to this clear restriction of the successful applications to a single
technical ﬁeld and a comparably simple use of the action of the magnetic inﬂuence the perspectives of ferroﬂuid research are much broader. First of all the
magnetic action can not only be used to provide a force positioning the ﬂuid.
The force enters directly into the Navier–Stokes equation and can thus be utilized to control and drive ﬂows in the ﬂuid. Taking into account that strength
and direction of magnetic ﬁelds and ﬁeld gradients can be tailored for a speciﬁc need one can imagine the variety of arising possibilities. Furthermore not
only the ﬂow of magnetic suspensions can be changed by magnetic ﬁelds but also
their thermophysical properties – in particular the rheological behavior – change
signiﬁcantly in the presence of magnetic ﬁelds. Moreover literature reports since
many years about approaches to use magnetic ﬂuids in biomedical applications
namely for such important questions like cancer treatment. The signiﬁcant discrepancy between successful applications on the one hand and principle potential
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and scientiﬁc activities on the other hand emerges mainly from the complexity
of the ﬂuids as well as of the description of their behavior in a magnetic ﬁeld.
The ﬂuids – mentioned above to be suspensions of nanoparticles in a carrier
liquid – have a microscopic make-up, which is not as simple as it may seem in
the ﬁrst view. Basically the particles have to be stabilized against agglomeration
– especially due to v. d. Waals attraction – to achieve colloidal stability. This is
usually obtained by a sterical stabilization provided by long chained molecules
attached to the particle surface. The stabilization of the suspension as well as
the variation of compositional aspects like the size and material of the magnetic
particles requires a deep knowledge in – colloidal – chemistry. The mentioned
changes in the ﬂuids composition lead on the other hand to sometimes dramatic alterations in their properties. As an example a slight change in the size
of the magnetic particles can give rise to signiﬁcant changes in the interparticle
interaction leading to fundamental variations of the ﬂuid’s rheological properties. The latter can be used for technical applications, but this requires as well
new measuring techniques to characterize the ﬂuids as new models to describe
their behavior. On the other hand the models may be used to identify inﬂuence
parameters, which can be used to optimize the ﬂuid’s behavior for a certain application. This example sheds a light on the most important needs in ferroﬂuid
research. Interdisciplinary interaction is the key to success and the development
of innovative ideas.
Interdisciplinarity means in this context an intense interaction between
chemists synthesizing the ﬂuids, theoretical physicists describing their behavior,
experimentalists characterizing the ﬂuids and their ﬂow and engineers employing
them for applications and providing the application-based needs as guideline for
the preparation of new ﬂuids. Moreover the approach toward biomedical applications widens the interaction ﬁeld to specialists from medicine and pharmacology.
An approach including scientists from numerous diﬀerent research ﬁelds requires a highly coordinated background structure to be successful. In the years
2000–2006 such a structure has been provided by the priority program “Colloidal Magnetic Fluids: Basics, Development and Application of New Ferroﬂuids”
founded by the Deutsche Forschungsgemeinschaft (DFG-SPP 1104). Within this
coordinated research program 30 groups and about 90 scientists from all mentioned ﬁelds have contributed to the development and understanding of new ferroﬂuids and related innovative applications. About 400 publications in refereed
journals resulted from these eﬀorts; a third of them authored by an interdisciplinary group of scientists.
This book summarizes now the major results of SPP 1104 in six chapters
focussing on the diﬀerent main research areas. The ﬁrst chapter is devoted to
the synthesis of ferroﬂuids and their experimental characterization as a basis for
all research on such colloids. As a highlight in this context one could mention
the preparation of ferroﬂuids containing cobalt particles providing an immense
magnetic response.
In chapter two the theoretical foundation for the description of ﬂows in
magnetically controlled ﬂuids is given with the deduction and explanation of
Ferroﬂuid–Dynamics.
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VII

The third part of the book is a combined theoretical and experimental work,
on one of the most fascinating phenomena arising in ferroﬂuids – the spike-like
surface instabilities being even a kind of icon for the research ﬁeld “Ferroﬂuids”.
Another combination of theory and experiments is given in Chap. “Ferroﬂuid
Structure and Rheology” reviewing the measurement and modeling of the rheological behavior of ferroﬂuids, ending with a comparison, which provides a real
approach for a microscopic understanding of the observed phenomena.
The two last chapters are ﬁnally devoted to the applications of ferroﬂuids.
Chap. “Biomedical Applications of Magnetic Nanoparticles” reviews the biomedical use of magnetic nanoparticles with a special focus on magnetically aided
cancer therapies.
The last chapter summarize’s a wide variety of approaches to new and innovative technical applications going far beyond those which are known on the
market.
Altogether we hope that the book will provide as well a look on the state of
the art in ferroﬂuid research as a glance on the fascination of this research ﬁeld.

Dresden, Germany

Stefan Odenbach
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Abstract As compared to bulk materials, magnetic nanoparticles possess distinct
magnetic properties and attempts have been made to exploit their beneﬁcial properties for technical and biomedical applications, e.g. for magnetic ﬂuids, high-density
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magnetic recording, or biomedical diagnosis and therapy. Early magnetic ﬂuids (MFs)
were produced by grinding magnetite with heptane or long chain hydrocarbon and a
grinding agent, e.g. oleic acid [152]. Later procedures for MFs precipitated Fe3+ /Fe2+
of an aqueous solution with a base, coated the particles by oleic acid, and dispersed
them in carrier liquid [161]. However, besides the elemental composition and crystal
structure of the applied magnetic particles, particle size and particle size distribution
determine the properties of the resulting MF. Many methods for nanoparticle synthesis including the preparation of metallic magnetic particles have been described in
the literature. However, there still remain important questions, e.g. concerning control
of particle size, shape, and monodispersity as well as their stability towards oxidation. Moreover, peptization by suitable surfactants or polymers into stable MFs is an
important issue since each application in engineering or biomedicine needs special MFs
with properties adjusted to the requirements of the system.
In this chapter we address the diﬀerent pathways for nanoparticle synthesis and
preparation of MFs. First, characterization methods will be introduced which are discussed more in detail together with nanoparticle synthesis and preparation of MFs.

1 Characterization Methods
1.1 X-ray Absorption Spectroscopy (XAS)
The entity which is measured in X-ray absorption spectroscopy is the energy dependence of the photoabsorption cross section. The well-known decrease of this
entity with increasing photon energy is superimposed by a step structure whenever the photon energy reaches the ionization threshold of a more tightly bound
core electron, the X-ray absorption ﬁne structure, which is strongly dependent
on the direct environment of the absorbing atom. On the one hand, the onset
of the increase of the absorption cross section is located at energies below the
ionization edge, because transitions into unoccupied bound states are possible.
These states are inﬂuenced by bond formation, thus detailed information on the
electronic structure of the material under investigation is achieved. On the other
hand, above the ionization edge the cross section is not monotonous, but shows
a superimposed oscillatory structure. This is induced by coherent superposition
of outgoing and backscattered photoelectron waves with a phase factor which is
dependent on the kinetic energy of the photoelectron. In the energy region where
single scattering processes are dominant, starting typically 50–100 eV above the
ionization edge, which is called EXAFS (extended X-ray absorption ﬁne structure) region, information on number, type, degree of order, and distance of the
environment of the absorber atom can be extracted analytically, as described
in detail, e.g. in [198]. In principle, even more detailed information can be obtained from the multiple scattering eﬀects which dominate at lower energies of
the photoelectron, but here an analytical extraction of the structural information is not possible. For historical reasons, the energy range between the onset
of the absorption edge and the beginning of the EXAFS range is called XANES
(X-ray absorption near edge structure) region. More detailed introductions to
XAS, partly including details on some aspects of instrumentation, can be found
in the literature, e.g. [90, 109, 188, 193].
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There are two speciﬁc advantages of this method with respect to the analysis of nanostructured matter: First, it is a local technique, i.e. in contrast to
diﬀraction-based methods, it does not rely on long-range order, and to a very
good approximation it is possible to reconstruct a system composed of several
phases. Second, it is element selective: By choosing the energy range of the scan,
one chooses the absorption edge and thus the element on which information is
gained. Consequently, in numerous cases it is possible to investigate a system
from several “points of view”, e.g. correlation of these data frequently allows
for development of very detailed structural models of the respective particles,
including detailed understanding of the interaction between the particle and the
surrounding matrix, see e.g. [4, 131, 132, 144, 223].
1.2 Metastable Impact Electron Spectroscopy (MIES)
and Photoelectron Spectroscopy (UPS)
The characterization of the nanoparticle surface, neat, passivated, or functionalized, is of considerable relevance for technological applications such as MFs: (1)
Often a “pre-stabilization”, i.e. passivation of the particles against air and/or
moisture is required. (2) Applications, e.g. the preparation of MFs, require a
peptization of the nanoparticles, i.e. their embedding into surfactant micelles,
in order to form stable colloidal solutions and prevent nanoparticle aggregation.
Thus, the availability of techniques that are able to concentrate speciﬁcally onto
the chemical properties and the electronic structure of the outermost layer of
the nanoparticles is mandatory in order to design, characterize, and manipulate
nanoparticles. Ideally, the depth resolution of the employed surface analytical
technique should be tunable in the sense that, besides the information on the
outermost layer, also the corresponding information on the surface-near region
of the particles should be provided for comparison.
In the metastable impact electron spectroscopy (MIES) metastable He atoms
are utilized to eject electrons from surfaces. He∗ metastables (in the 23 S state
mainly) of thermal energy interact via three diﬀerent mechanisms with condensed matter, including nanoparticles, depending on the electronic structure of
the surface under consideration and its work function [65, 137]. In the present
work only Auger neutralization (AN) and Auger deexcitation (AD) are observed.
When molecular adsorption onto metals is studied, the situation can get complicated. Often, a change of the mechanism from AN (on clean metals) to AD takes
place as a function of the adsorbate coverage. Reasons are the formation of an
insulating surface or the inhibited transfer of the 2sHe electron into the metal,
the prerequisite for the AN process, due to increased shielding of the metal by
adsorbed species from the access of the He∗ probe atoms.
While the energy balance of MIES (at least for the AD process) is quite
similar to photoelectron spectroscopy (UPS) (HeI), the depth information of
MIES is “zero” because the Auger processes typically take place 4 a.u. (0.2 nm) in
front of the surface, and electrons are ejected from species of the outermost layer
of the nanoparticles. On the other hand, the depth information of UPS (HeI) is
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about 3 monolayers (ML), i.e. this technique provides information on the nearsurface region, although averaged over 3 ML. In MIES the number of electrons,
emitted in an AD process, is, to a good approximation, proportional to the
density of the states involved in the emission process. Thus, MIES spectra image
the electronic structure of the surface under study. A more detailed introduction
to MIES and its various applications in molecular and surface spectroscopy can
be found in recent reviews [65, 137].
Details of the apparatus can be found elsewhere [37, 92, 148, 149]. Because
both MIES and UPS provide mainly information on the electronic surface structure, the apparatus is, in addition, equipped with a twin anode (Mg/Al) XPS
source for the characterization of the chemical composition of the bare surface as
well as of nanoparticle ﬁlms and with STM/AFM for information on the surface
topology.
1.3 X-Ray Diﬀraction (XRD)
Chemical compounds may exist in diﬀerent phases which have diﬀerent crystallographic structure and consequently may diﬀer in technically relevant properties though being chemically identical. Typical examples are the modiﬁcations
of iron (body-centred cubic (bcc) or face-centred cubic (fcc)) as well as cobalt
(hexagonal close packed (hcp) or fcc). For iron oxides there are mainly two
magnetic phases, magnetite (Fe3 O4 ) and maghemite (γ−Fe2 O3 ), which are important materials for diﬀerent applications of magnetic nanoparticles. Structural
phase identiﬁcation may be performed by lattice imaging using high resolution
transmission electron microscopy (HRTEM) [211] together with selected area
electron diﬀraction (SAED) and X-ray diﬀraction (XRD). XRD was applied,
e.g. for phase identiﬁcation of cobalt particles as well as for the separation
of magnetite and maghemite (see Chap. 2 “Thermodynamics, Electrodynamics and Ferroﬂuid-Dynamics”). Methodologically, XRD of the iron oxides Fe3 O4
and γ−Fe2 O3 is complicated by the fact that these materials exhibit very similar
diﬀraction patterns. Although there are some typical isolated reﬂections for each
phase, they are of minor intensity not allowing for a suﬃcient signal-to-noise ratio
within reasonable time of measurement. Therefore, the (440) reﬂections of magnetite and maghemite positioned at diﬀraction angles of 62.515◦ and 62.925◦ (for
Cu−Kα radiation), respectively, were used for phase analysis of magnetic iron
oxides. Of course, the diﬀraction equipment (in the present case the X’pert–Twin
diﬀractometer, Philips) must allow suﬃcient angular resolution. As an illustration, Fig. 1 shows a comparison of two types of magnetic nanoparticles diﬀering
in phase composition and mean particle size. Comparison of the experimental
diﬀraction peaks with the ideal position of the (440) reﬂections symbolized by
the two vertical dotted lines shows that sample m2.4 is maghemite while sample
m2.1 represents a mixture of magnetite and maghemite which clearly correlates
with diﬀerent ways of preparation discussed elsewhere, on the one hand, and
magnetic properties on the other [43]. The similarity of the crystal lattices of
both iron oxides – spinel lattices in any case – allows for the existence of solid
solutions, the well-known so-called Bertholloid phases. Investigations of a wide
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Fig. 1. High-resolution X-ray diﬀractogram of magnetic iron oxide nanoparticles for
two diﬀerent samples m2.1 and m2.4

variety of iron oxide magnetic nanoparticle samples have shown that in general
the samples consist of solid solutions of both magnetite and maghemite. However, there are signiﬁcant ageing eﬀects which show that under access of oxygen
(e.g. storing of aqueous ﬂuids under air) magnetic nanoparticles transform into
the stable phase which is maghemite instead of magnetite as often claimed in
literature. This transformation is typical for nanoparticles while it is kinetically
inhibited for macroscopic samples.
The examples given in Fig. 1 were chosen in order to demonstrate a further
valuable information to be drawn from XRD patterns: From a line proﬁle analysis
the diﬀraction line width B may be determined which is a measure for the
mean particle size d. Both are correlated by the so-called Scherrer equation,
d = Kλ/(B −b)cosθ, with the wavelength λ, the peak width B, the instrumental
broadening b, the Bragg angle θ, and the shape factor K ≈ 0.9. For the samples
shown in Fig. 1 one calculates a mean size of 100 nm for sample m2.1 and 12 nm
for m2.4.
Structural characterization of magnetic nanoparticles may be performed by
other methods like electron microscopy (SEM or TEM), laser light scattering (PCS – photon correlation spectroscopy), and the Brunauer–Emmett–Teller
method (BET) for determination of the speciﬁc surface area A. From the latter a mean particle size may be estimated using the relation dBET = 6/ρAs
with the density ρ. However, values of the mean particle size determined by
these methods may show typical diﬀerences each of which contains speciﬁc complementary information. For instance, the mean particle size derived from the
XRD line width is due to the coherently scattering volume of the particles (i.e.
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single crystal grains) while BET gives primarily the surface area of powder being
available for adsorption. TEM is the best method for structural details of single
small particles, and it may yield also good information on fractions of the particle size distribution with small diameters, provided that the sampling statistics
are reliable, which is a diﬃcult task in TEM. In comparison, SEM allows for
morphological features and structural information on a large scale – as for example on particle agglomerations. For instance, for the samples m2.1 and m2.4
shown in Fig. 1 a mean particle diameter of about 90 and 70 nm, respectively,
was estimated from SEM images. These data were in fair accordance with size
estimations from the speciﬁc powder surface measured by the BET method, but
they did not correlate – at least for sample m2.4 – with the measured magnetic
properties. The superparamagnetic behaviour of sample m2.4 could be well understood by using the XRD data for the mean size. Reasonably, keeping in mind
that one determines the coherently scattering crystal volume with XRD, one has
to assume that the particles of m2.4 seen in SEM are not single crystalline but
consist of several subgrains each of which behaves superparamagnetically. In investigations of a wide spectrum of magnetic nanoparticles (size range 10–100 nm)
prepared by diﬀerent methods the best correlation of magnetic properties was
found with size determination by XRD line proﬁle analysis.
1.4 Small Angle Neutron Scattering (SANS)
Small angle neutron scattering (SANS) is a well-known non-destructive technique for analysing density, concentration, and magnetization ﬂuctuations on a
nanometre length scale [102, 218]. Elastic scattering of neutrons of wavelength λ
around the primary beam occurs at an angle 2θ which corresponds to the scattering vector Q of magnitude Q = |Q| = 4πsinΘ/λ. The scattered intensity I(Q) is
the square of the total amplitude and measured in reciprocal space. By Fourier
transform of I(Q) the correlation functions are obtained in real space giving
access to size, composition, and magnetization of inhomogeneities present in the
material. In poly-disperse multiphase systems diﬀerent types of particles j of different shapes fj (QR) and size distributions Nj (R) coexist. All inhomogeneities
contribute to the SANS scattering signal which might superimpose within the
same Q range when the diﬀerent particles are of similar sizes. The scattering
intensity is then given [156, 157] by monodisperse subsystems weighted by the
size distribution according to

(1)
I(Q) = Npj Fj2 (QR)Nj (R)Sj (Q)dR.
j


F (QR) = dr3 Δη iQrj = ΔηVp f (QR) is the total amplitude or form factor,
Δη is the diﬀerence betweenscattering length densities of particle and matrix,
ci bi /Ω , where bi is the nuclear scattering length,
i.e. Δη = ηp − ηmatrix ηN =
c the concentration and Ω the atomic volume of the species i. In the magnetic
 M⊥
scattering length density ηM = e2 γ/2mc2 ci Ωii , only the projection of the
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magnetic moment Mi⊥ onto a plane perpendicular to the scattering vector Q
contributes to the interaction. The shape factor f (QR) is known analytically for
various simple geometrical units. The scattered intensity depends on the form
factors F (Q, R) and partial structure factors Sij (Q) of all particles of type i and
j. When particles are fully uncorrelated the structure factors Sj (Q) in Eq. (1)
will be unity as in the case for very diluted samples. In the Chap. “Ferroﬂuid
structure and rheology” examples of concentrated systems are presented where
interactions between particles can no longer be neglected.
When polarized neutrons are used with the neutron spins aligned antiparallel, denoted by (+), or parallel (−) to a preferred orientation deﬁned by the
magnetic ﬁeld H (z // H), the relative nuclear and magnetic scattering contrasts are strongly modiﬁed, even without analysis of the spin of scattered
neutrons. This technique, denoted as SANSPOL, was described in detail in
[214, 215, 217]. In the case of non-perfect alignment of the magnetic moments of a
ferromagnetic single domain particle of saturation magnetization Ms embedded
in a non-magnetic matrix [107, 215] superparamagnetic behaviour is expected.
Then the orientation distribution of the magnetic moments as a function of an
eﬀective magnetic ﬁeld Hef f and temperature follows the Langevin statistics
L(x) = coth(x) − 1/x, where the argument is given by x = M (R)Hef f /kB T .
The total magnetic moment, M (R), depends on the radius R of the particles
according to M (R) = 4πR3 m0 /3Ω , where m0 is the saturation value of the
atomic magnetic moment. The two diﬀerent SANSPOL intensities I − (Q, α) and
I + (Q, α) are given by
 2 2


I(∓)(Q, α) = FM
(2)
L (x) ± 2FM FN L(x) sin2 α + FN2 S(Q, α)
2
+FM

2L(x)
3L(x)
− sin2 α L2 (x) − 1 +
x
x

,

where steric interaction eﬀects were taken into account via phenomenological
structure factors S(Q, α). The intensities I + (Q, α) and I − (Q, α) are diﬀerent for
the two polarization states for any angle α except for α = 0. The second term
in Eq. (2) results solely from non-perfect alignment of the magnetic moments of
individual particles [214] which vanishes when the magnetic particle moment is
perfectly aligned along H where, for x → ∞, L(x)/x = 0. The intensity diﬀerence
between the two polarization states is given by
I − (Q, α) − I + (Q, α) = 4FN FM L(x)S(Q, α)sin2 α,

(3)

which is linear in the scattering amplitudes and thus allows the sign of the
magnetic contrast to be determined relative to the nuclear one. The average of
I − + I + (Q, α)/2 corresponds to the intensity of non-polarized SANS.
SANS experiments were carried out at the instrument V4 at the BERII
reactor of HMI, Berlin [103], using the option for polarized neutrons [104, 217].
Magnetic ﬁelds up to 1.1 T were applied perpendicular to the incoming neutron
beam. By regrouping the two-dimensional data in angle sectors of 10◦ widths
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one-dimensional data of I + , I + diﬀerences [I + − I − ], and I(Q) are obtained at
various angles α between H and Q.
1.5 Dynamic Light Scattering
Dynamic light scattering (DLS) analyses the temporal evolution of scattered
light. In the case of MFs this technique may favourably be applied to the determination of particle sizes and the investigation of structure formation by performing light scattering experiments from the bulk. Besides this variant, which
is often termed quasi-elastic light scattering (QELS), a related DLS technique,
capillary wave spectroscopy (CWS), may be used to investigate the dynamics of
free surface waves at a sample surface. The temporal behaviour depends on the
viscous properties of the dispersion. As the technique does not induce external
shear the method may thus contribute to the understanding of the magnetoviscous eﬀect (see Chap. “Ferroﬂuid structure and rheology”).
Structure Formation in Highly Concentrated Dispersions
QELS from the bulk follows a simple concept, which is brieﬂy described together
with the experimental set-up (Fig. 2), for details see, e.g. [12, 224].
A vertically polarized laser operated in a single transversal mode with power
in between typically 1 and 200 mW is used as a light source. The time-dependent
intensity of the scattered light is detected by a photomultiplier (PM). The autocorrelation function (ACF) computed from this signal reﬂects dynamic processes
in the sample, caused, e.g. by Brownian motion of particles or concentration
ﬂuctuations. In the case of indeﬁnitely diluted dispersions and monodisperse
particles this function has the form
g (2) (τ ) = a + bexp(−τ /τc ) ,

(4)

with time τ , constants a and b, which are related to the geometry of the setup, and decay time τC . If the scattered light is perpendicularly polarized with
respect to the scattering plane (“vertical polarization”), the relationship with
the translational diﬀusion coeﬃcient DT is given by

Laser

Pol: v,v

Θ = 160–175°

PM

Glan-Thompson Prism

Fig. 2. Schematic diagram of a classic DLS experiment under backscattering geometry
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(5)

where q is the modulus of the scattering vector. In the case of depolarized
scattering (analysis of the portion of scattered light with polarization within
scattering plane, “horizontal polarization”) a rotational diﬀusion coeﬃcient DR
may be obtained
1
τc =
.
(6)
2
2(q DT + 6DR )T
From DT the hydrodynamic radius rH can be determined via the Stokes–
Einstein relationship
kT
DT =
,
(7)
6πηrH
with Boltzmann’s constant k, temperature T , and viscosity of the liquid η .
The QELS principles discussed so far are mainly restricted to diluted or semidiluted solutions. In concentrated dispersions besides particle interactions the
interfering inﬂuence of multiple scattering becomes more and more important.
In principle, a backscattering geometry (160◦ < Θ < 180◦ ) reduces eﬀects of
multiple scattering. One of the experimental approaches to further overcome
such problems is based on ﬁbre optic detection (FOQELS; Fig. 3) [203, 220, 224].
This method uses a single optical ﬁbre both for illuminating the dispersion
and guiding the scattered light (Θ = 180◦ ) to the detector. The scattering volume
with dimensions of some microns – a few layers of particles near the surface
of the optode – in combination with a small core size of the ﬁbre relative to
L
a
s
e
r

PCCrosscorrelation

g (2)(τ)

P
M

PM

Single-Mode
Fiber

Incident
Light

X-Coupler

Cladding

BeamDump

Core

8°–10°
Acceptance
Cone
Φ = 9°–10°

H-Field

Fig. 3. Schematic diagram of a ﬁbre optic QELS set-up
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the scattering mean free path in the sample eﬃciently reduces the inﬂuence
of multiple scattering up to concentrations of 50%. It is important to mention
that in DLS experiments carried out in the homodyne mode only scattered light
impinges on the detector, thus the detected dynamics probe spatial changes
of the particles with respect to each other. In the heterodyne mode where the
scattered light is mixed with a local oscillator, only the dynamics of the particles
with respect to this oscillator are detected. A common problem of all ﬁbre optics
is that the incident light is also reﬂected by the optode tip, which acts as a local
oscillator hampering the autocorrelation function [19]. A slanted tip with an
angle of the order of 8–10◦ reduces this eﬀect and allows a homodyne analysis.
In MFs the adsorption of particles at the tip results in strong heterodyne signals;
this problem may be overcome by suitable coatings.
As an example for QELS experiments performed with a classic light scattering set-up under backscattering conditions (= 166◦ ) results on a magnetite/isooctane MF (volume fraction φ (Fe3 O4 ) = 0.11, r = 6.6 nm from magnetization
measurements by S. Odenbach; produced by N. Buske (Berlin)) for various concentrations obtained by dilution with the solvent are shown (Fig. 4).
Measurements at volume fractions above φ = 0.02 have been prevented so
far by adsorption of magnetite particles at the surfaces of the sample cells forming a ﬁlm that foils deﬁned optical detection. Attention is especially directed
to the formation of structures under the inﬂuence of an external magnetic ﬁeld
of H = 20 ± 5 kA/m. Without a magnetic ﬁeld a monomodal size distribution
is observed with a hydrodynamic radius of 9 nm over a wide range of concentrations in agreement with results from other techniques. There is no evidence
for the formation of larger structures or aggregates in the concentration range
up to volume fractions of φ = 0.02. Upon application of an external magnetic
ﬁeld (H = 20 kA/m), however, an additional mode in the dynamics of the vertically polarized component of the scattered light is detected. As only a marginal
horizontally polarized component of the scattered light is observed it may be
12

H = 0 kA/m

300

11

H = 20 ± 5 kA/m
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r H /nm
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10–5

5
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10–3
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10–1
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φ

Fig. 4. Evidence of structure formation in a MF (Fe3 O4 /iso-octane) upon application
of an external magnetic ﬁeld: without an external magnetic ﬁeld (left), with application
of an external magnetic ﬁeld (right)
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concluded that the rotational diﬀusion of the chains and aggregates formed are
conﬁned by the magnetic ﬁeld. Again employing the Stokes–Einstein relation,
Eq. (4), the size of these structures may be estimated (see Fig. 4) now resulting
in a bimodal size distribution.
Determination of Viscous Properties
In contrast to QELS thermally excited surface waves at surfaces are probed by
capillary wave spectroscopy (CWS). The principles of the method and several
speciﬁc applications are described in [115, 221]. The basic geometry and a typical
set-up of such an experiment are depicted in Figs. 5 and 7, respectively.

q

ks
ki

Θ

kr

Fig. 5. Fundamental geometry of capillary wave spectroscopy

A liquid interface can be represented by a superposition of diﬀerent modes of
surface waves with diﬀerent amplitudes ζq and wave vectors q. Light interacting
with the oscillating surface structure is scattered. The scattering vector q, by
which a speciﬁc surface mode under observation is selected, is determined by
the projection of the wave vectors kr and ks of reﬂected and scattered light,
respectively, onto the plane of the ﬂuid surface. Favourably, scattered light is
detected perpendicularly to the ﬂuid surface with typical angles of incidence
in a range of 0.3–3◦ . For heterodyne conditions, where the scattered light is
superimposed with coherent reference light, the autocorrelation function for a
propagating surface wave is given by
g (2) (τ ) = A + Bcos(ωτ )exp(−τc /τ ) ,

(8)

with constants A and B. The correlation time τ C and the frequency ω are
related to the decay and the frequency of the surface modes, respectively. In the
case of a simple isotropic liquid these data provide information on its surface
tension and viscosity. In anisotropic systems like nematic liquid crystals or liquids containing chain-like structures CWS allows for the determination of the
anisotropy of the bulk viscosity [115]. The dynamic behaviour of the surface
modes also depends on the shape and the size of structures close to the liquid
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surface. In analogy to nematic systems, ordering eﬀects in a MF can be achieved
by an external magnetic ﬁeld, so that similar concepts of interpretation may be
employed.
As it has been demonstrated in that case [115], experiments where the magnetic ﬁeld H is perpendicular (H ⊥ q) or parallel (H  q) relative to q, respectively (Fig. 6), allow for the determination of the viscosity coeﬃcients η1 , η2 ,
and η3 , which are related to the Leslie coeﬃcients αi [27, 35]. As a result of two
independent experiments under the described geometries the ηi may be determined. While from an experiment with H ⊥ q the surface tension σ and the
viscosity η2 may be obtained, the case H  q yields the viscosities η1 and η3 .
H || q

H⊥q

H

H

q

q
ζ

ζ

Fig. 6. Sketch of the alignment of structures close to the liquid surface for the CWS
geometries

A basic experimental set-up is shown in Fig. 7. A laser beam is directed to a
liquid surface and intersects with the direction of observation at the liquid surface. To realize heterodyne conditions reference light is mixed with the scattered
light. The sample cell with the MF is placed inside a homogeneous magnetic
ﬁeld which is realized with a system of four magnetic coils [18].
A plain liquid surface is a prerequisite for the successful application of CWS.
The diﬀerence in the magnetic susceptibilities χ between the wall of a container
and a MF, however, deforms this surface. In order to overcome this problem,
containers made from epoxy resin ﬁlled with magnetite are favourably used to
match the susceptibilities. The approach and set-up described form the basis for
various experiments on MFs currently underway.
1.6 Magnetic Measurements
The magnetic properties of a ferroﬂuid are of basic importance for the behaviour
and they contain important information about the microscopic composition of
the ﬂuid. Basically the magnetic behaviour of ferroﬂuids is determined by the
magnetic properties of the suspended particles. In the following we will distinguish between the equilibrium magnetization – which provides information
about volume concentration and size of the magnetic particles – and the relaxation behaviour of magnetization which is e.g. of severe importance for the
use of ferroﬂuids in applications like hyperthermia but which also determines
important features of the magnetically driven ﬂow behaviour of the suspension.
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Fig. 7. Experimental set-up of CWS

Equilibrium magnetization
If the concentration of the magnetic particles is not too high, eﬀects of magnetic interparticle interaction can be neglected in the ﬁrst step. In this case the
magnetic particles – each of them carrying a net magnetic moment m – can
be treated as small thermally agitated permanent magnets in the carrier liquid.
Therefore, the magnetic behaviour of the whole liquid will have paramagnetic
character and can be described using Langevin’s equation for the magnetization
of paramagnetic systems

1
M = MS ctghα −
,
(9)
α
where MS = φM0 denotes the saturation magnetization of the ferroﬂuid
given by the product of the volume concentration φ of suspended magnetic material and its spontaneous magnetization M0 . The relation between the energy
of a particle in the magnetic ﬁeld H and its thermal energy is denoted by the
Langevin parameter
μ0 mH
.
(10)
α=
kB T
As mentioned the magnetization curve provides fundamentally important
data about the composition of the ﬂuid (Fig. 8). First of all the saturation mag-
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Fig. 8. Magnetization curve of a typical magnetite-based ferroﬂuid. The inset shows
the region of initial susceptibility

netization provides a direct measure of the volume concentration φ of the suspended magnetic material in the ﬂuid. The saturation magnetization is usually
obtained from the measured magnetization curve by plotting the magnetization
vs. 1/H since it can be easily shown that Eq. (8) can be approximated by


1
kT 1
M = MS 1 −
= MS 1 −
(11)
α
μ0 m H
for large magnetic ﬁelds. Thus an extrapolation of M1/H to 1/H → 0 leads
to an immediate measure of MS . If one recalls that the Langevin equation can
be approximated by
M=

1
μ0 m
φM0
H = χin H
3
kB T

with

χin =

1 μ0 M D02 V
φ
3
kB T

(12)

for weak magnetic ﬁelds one can see immediately that the initial susceptibility χin of a ferroﬂuid provides information about the mean particle size since,
for a given value of φ, the volume – and thus the mean particle diameter – is
the only unknown ﬁgure in the initial susceptibility and can thus be obtained
from the slope of the magnetization curve at low magnetic ﬁeld strength. Moreover, appropriate techniques can additionally provide information about the size
distribution of the suspended particles by analysing the shape of the full magnetization curve. Two diﬀerent techniques have been established and proved
to give reasonable results on the size distribution. On the one hand Chantrell
(1978) showed that the assumption of a log-normal size distribution allows an
easy approach by ﬁtting
∞
L(α)f (y)dy,

M = MS

(13)

0

with y = dd denoting a normalized particle diameter, f (y) representing the
mentioned log-normal size distribution in the form
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f (y) =
yσ 2π

−(ln y)2
2σ 2

,
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(14)

and σ being the width of the distribution, to a measured magnetization curve.
Another method – established by Maiorov et al. [122] – is a multiparameter
ﬁt for superimposed Langevin functions with diﬀerent particle volumes Vi and
related volume concentration φi . If interaction between the particles appears,
corrections of the Langevin equation as they have been introduced, e.g. by Ivanov
and Kuznetsova [89], have to be applied.
Relaxation of Magnetization
Beside the general magnetic behaviour of a ferroﬂuid, expressed by its equilibrium magnetization, the relaxation of magnetization, i.e. the reaction of the
magnetization to changes in ﬁeld strength and direction, is an important characteristic for a magnetic ﬂuid. In principle the relaxation of magnetization can take
place by two fundamentally diﬀerent processes. On the one hand the magnetic
moment of the particles can relax into magnetic ﬁeld direction by a rotation of
the whole particle with the magnetic moment being ﬁxed relative to the particle.
On the other hand a relaxation can also take place by a rotation of the magnetic
moment relative to the crystal structure of the particle without a rotation of
the particle itself. Both processes are characterized by typical relaxation times
describing how fast the respective relaxation leads to a reaction of magnetization
on a change in ﬁeld direction (Fig. 9).
For the rotation of the whole particle in the carrier liquid – the so-called
Brownian relaxation – the respective relaxation time is given by [21]
τB =

3V η
,
kB T

(15)

Fig. 9. Brownian, Néelian, and eﬀective relaxation time, τ , as a function of core
diameter d of a ferroﬂuid calculated for magnetite particles in an oil with a viscosity
of = 0.05 kg/ms
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where η denotes the dynamic viscosity of the ﬂuid and V is the hydrodynamic
volume of the particle, i.e. the volume including the surfactant layer V = π(d +
2s)3 /6. The second process, called Néel relaxation, is characterized by the energy
barrier the magnetic moment has to overcome to ﬂip relative to the crystal
structure. The respective relaxation time reads [146, 147]


KV
τN = f0−1 e kB T ,
(16)
where K denotes the anisotropy constant of the particle and f0 is the Larmour
frequency of the magnetic moment in the anisotropy ﬁeld of the particle. The
relaxation process with the smaller relaxation time will dominate the magnetic
relaxation behaviour of the ﬂuid. Thus for small particles relaxation will occur
by the Néelian process. Such particles are called magnetically soft. But while
the Néel relaxation time grows exponential with the particle size, the respective
time constant for the Brownian process scales only linear in V and therefore
a transition occurs at a critical particle size where the Brownian relaxation
becomes faster than the Néel process. Particles relaxing by the Brownian process
are addressed as magnetically hard particles.
In the transition region around the critical diameter dcrit the actual relaxation time is given by the geometric mean of the times for the single processes
[126]
τN τB
τeﬀ =
.
(17)
τN + τB
It is obvious that the critical diameter depends on the viscosity of the carrier
liquid and in particular on the anisotropy constant of the magnetic material
employed (Fig. 10).

Fig. 10. The critical diameter for the transition from Néelian to Brownian relaxation
for two diﬀerent viscosities (=0.05 kg/ms (full line) and =0.005 kg/ms (dashed line))
as a function of the anisotropy constant

Magnetorelaxometry
Magnetorelaxometry (MRX) is the measurement of the time-dependent magnetization after a magnetic ﬁeld change, in particular, after switching oﬀ a
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magnetizing ﬁeld. Thus, MRX measures non-equilibrium properties. The provided information is equivalent to the imaginary part of the ac-susceptibility,
χ [105]. While ac-susceptibility methods measure χ (f ) for each frequency f
separately, the output signal of one MRX -measurement integrates over all contributions χ (f ). Magnetic nanoparticles having moments with a relaxation time
τ between begin and end of the measurement contribute to the major part of
the signal. By measuring the total moment of a sample, MRX provides integral
information on the properties of the ensemble of particles in the sample.
MRX is also used to analyse the motional behaviour of magnetic nanoparticles in suspension. Due to the existence of two diﬀerent mechanisms for the
relaxation of magnetic moments in magnetic nanoparticles, i.e. (i) the Néel relaxation due to the reorientation of the magnetization vector inside the particle and
(ii) the Brownian relaxation by rotational diﬀusion of the particle in suspension,
it is possible to separate the signals of free diﬀusing magnetic nanoparticles from
magnetic nanoparticles which are bound to a solid phase or which are part of
particle clusters having longer Brownian relaxation times than single unbound
magnetic nanoparticles. This oﬀers the opportunity to design homogeneous immunoassays using magnetic nanoparticles as detection probes to which speciﬁc
binding ligands, e.g. antibodies, are coupled, so-called magnetic relaxation immunoassay (MARIA) [106, 212], which can be used for detecting, e.g. human
IgG [116] or the bacteria Listeria monocytogenes [61].
A typical MRX measurement [128] is described as follows: The sample under investigation is exposed to a magnetizing ﬁeld of some 2000 A/m for about
tmag = 1 s. After switching oﬀ the ﬁeld, a highly sensitive SQUID device at a
distance of ∼10 mm measures the magnetic induction Br (t) generated by the
decaying magnetization. In addition, the remanent induction of the sample can
be determined by the diﬀerence between measurement curves of the sample and
that of the empty sample holder. The time-decaying magnetic induction of the
sample B(t) (Fig. 11) is determined by the amount of magnetic nanoparticles
and by the eﬀective relaxation time of the magnetic nanoparticles τef f , with
−1
−1
−1
τef
f = τN + τ B .

(18)

The Néel relaxation time τN characterizes the time needed for the reorientation of magnetic moment with respect to the easy axis of the particle core.
It depends on the anisotropy energy KV , where K is the anisotropy constant
assuming there is an uniaxial anisotropy and V is the particle core volume. For
non-interacting magnetic moments it writes
KV

τN = τ0 e k B T ,

(19)

with τ0 = 10−10 s, the Boltzmann constant kB , and the temperature T .
The particle in suspension is subjected to Brownian motion in which the time
constant
3ηVhyd
,
(20)
τB =
kB T
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Fig. 11. left: MRX measurement curves of the sample G248, containing magnetite
particles which are coated with carboxymethyl dextran, suspended in water. After
rescaling the curves with respect to the amount of the magnetite content the curves for
sample with suspended and immobilized magnetic nanoparticles coincide, respectively.
right: MRX curves measured for negatively charged Resovist – magnetic nanoparticles
incubated with positively charged latex beads. The circles indicate the reference curves
of samples containing either bound or unbound magnetic nanoparticles

where η is the dynamic viscosity of the medium and Vhyd the hydrodynamic
volume of the magnetic nanoparticles. If magnetic nanoparticles are immobilized, their moments can relax only via the Néel relaxation mechanism and the
eﬀective relaxation time (1) is longer than that of suspended diﬀusing magnetic
nanoparticles (Fig. 11).
If magnetorelaxometry is applied to magnetic nanoparticle preparations in
the absence of a suspending medium, only Néel relaxation processes are observed.
In the absence of interaction between the particle moments, the total magnetization of the sample can be described by the superposition of the magnetic
moments of all magnetic nanoparticles which reads

B(t) = p (V ∗ , σ, V ) L(V, T, H)




× 1 − exp −

tmag
τef f (V, Vhyd , Kef f )

 exp

−

t

(

τef f V,Vhyd ,Kef f

) dV. (21)

Equation (22) describes the moment superposition model (MSM) [48], which
takes into account that the size of the particle cores (V particle core volume)
has some distribution V , with the moments V ∗ and σ describing the mean and
the dispersion of V. L is the Langevin function and T , H, and tmag are the temperature, the magnetizing ﬁeld, and the magnetizing time, respectively. Fitting
Eq. (22) to measured MRX data one can get information about the structure
parameters of magnetic nanoparticles which essentially determine the magnetic
relaxation. Assuming p has a log-normal form, the size parameters V ∗ , σ, and
Kef f can be estimated for magnetic nanoparticle preparations with diﬀerent
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core materials and diﬀerent core sizes (Table 1). The size distribution parameters determined by MRX roughly agree with data obtained by other methods,
e.g. TEM. In order to evaluate the MSM, the K values obtained by MRX were
compared with the data from hysteresis measurements [45]. A good agreement
between the anisotropy values obtained from MRX data and coercitive ﬁelds
was found (Table 1). Particularly, the magnetic anisotropy of the cobalt-ferrite
nanoparticles which is presumably uniaxial [26] agrees with the bulk value of
about 200 kJ/m3 and that measured by Mössbauer spectroscopy for magnetic
nanoparticles being in the range 200–350 kJ/m3 [64, 151]. Note that there is a
very low dipolar interaction between the moments, provided by its thick nonmagnetic silica shells [208], and Eq. (11) is applicable (see Sect. 2.1).
In the presence of strong dipolar interaction, stiﬀening of the magnetic system
can occur [44] and Eq. (22) does not apply. This relaxation behaviour was found
for magnetosomes, which have typical diameter of 40 nm. The strong dipolar
interaction in these large particle systems may be the reason for their comparison to other magnetite nanoparticles’ high apparent anisotropy constant Khyst .
Hergt et al. found that the absorption of magnetic ac ﬁelds in magnetosomes is
about 5–10 times higher than in suspensions with magnetic nanoparticles prepared by precipitation method [72]. This may be related to the comparatively
high competing interaction energy.
A crucial property for the application of magnetic nanoparticles in biomedicine
is their aggregation behaviour in various media. Aggregation can be caused by
attractive forces between the cores of the magnetic nanoparticles like for example
magnetic dipole–dipole interaction.
In practice with commonly used magnetite-based nanoparticles prepared by
chemical precipitation, aggregation is more often attributed to interactions between the nanoparticle shells, e.g. Van der Waals interaction or electrostatic
(ionic) interaction.
According to Eq. (16) the size of the aggregates determines the decay time
of the magnetization of magnetic nanoparticle suspensions: the larger the aggregates are the slower is the decay of their magnetic induction. Similar to MSM,
Table 1. Results of the analysis of MRX and hysteresis measurement
Sample

dV
[nm]

MRX
σ

Kef f
[kJ/m3 ]

Hysteresis
KHyst
[kJ/m3 ]

Magnetite nanoparticles
G248
Resovist
MDEAE/GK
Magnetosome

9.2±2.5
8.5±1.5
11.0±2.0
-

0.50±0.06
0.43±0.03
0.30±0.02

7.1±2
7.1±2
11±2
-

7±2
12±2
21±2

Co-ferrite nanoparticles
CoFe*SiO2 -I
CoFe*SiO2 -II

8.9±1.0
3.3±0.3

0.17±0.01
0.38±0.04

202±50
220±50

230±10
246±10
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the size distribution of aggregates can be described by the superposition of the
contributions of magnetic nanoparticle clusters of diﬀerent sizes [46]. By ﬁtting
this cluster model to the MRX data, the mean and the dispersion of the cluster
sizes are obtained. In the case of DDM128, a MF very similar to the commercially available MRI contrast-enhancing agent Resovist, a mean cluster size of 51
± 2 nm was found to be in good agreement with the value 57 ± 4 nm obtained
by magneto-optical relaxation measurements [46]. This indicates that even in
stable magnetic nanoparticle suspensions, a fraction of magnetic nanoparticles
is organized in small aggregates of about 2–3 particles. In accordance with its
high magnetic interaction, mostly the bigger particles are aggregated.
Due to the fact that the MRX signal is not aﬀected by optical and electrical
properties of the sample, aggregation of magnetic nanoparticles can be analysed
in various media, where only viscosity changes have to be taken into account.
For example if magnetic polystyrene beads with carboxyl groups at the surface
were suspended in foetal calf serum then a strong slowing down of the magnetic
relaxation occurs, indicating the appearance of particle aggregates (Fig. 12).
The aggregation is maximal at certain magnetic nanoparticle concentration, here
c(M N P ) ∼ 0.5 nmol/l. This is characteristic for the agglutination phenomenon.

Fig. 12. MRX measurement curves of magnetic polystyrene beads with carboxyl
groups at the surface. The magnetic nanoparticles were suspended in foetal calf serum
in diﬀerent concentrations. For comparison the MRX curves of the freeze-dried sample
and a sample suspended in distilled water are added

AC Susceptometry
In addition to characterization of static magnetic properties of magnetic nanoparticles for some applications of magnetic colloids the behaviour in external magnetic high-frequency ﬁelds is of interest. An important example is the generation
of heat in magnetic particle hyperthermia (see Chap. “Biomedical applications of
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magnetic nanoparticles”). A valuable method for investigation of the dynamic response of a magnetic particle system on RF excitation in a wide frequency range
of 20 Hz up to 1 MHz is AC susceptometry. The method is based, in principle,
on a lock-in balance technique using two identical pick-up coils one of which
contains the sample. Both pick-up coils are ﬁxed in an external solenoid that is
driven by the oscillating current of a RF generator. From the in-phase and the
90◦ phase-shifted components of the induced diﬀerential voltage signal which is
measured by means of a lock-in ampliﬁer the real and the imaginary parts of the
complex susceptibility are calculated. Typical spectra of the imaginary part of
the susceptibility of special maghemite particles are shown in Fig. 13 [73]. While
frequency spectra of common MFs due to a broad size distribution are rather
ﬂat, in the present case a clear peak is seen, caused by Brown relaxation. By
comparing the experimental results of the ﬂuid suspension with the data of the
same particles immobilized in gel the eﬀect of Brown relaxation becomes obvious. The low-frequency peak of χ found for the liquid suspension vanishes after
immobilizing the particles in gel. The experimental results could be theoretically
well explained by combining models for Néel and Brown relaxation as shown by
the calculated full and dashed lines in Fig. 13 (for details see [73]).
Since the imaginary part of the susceptibility represents magnetic losses the
vanishing of the Brown relaxation peak after immobilization implies a considerable reduction of speciﬁc heating power in hyperthermia, e.g. when particles
circulating in blood get stuck on tumor cells or enter into the cell plasma. However, the results of Fig. 13 show that this detrimental eﬀect may be avoided by
choosing a suitable frequency of the exciting magnetic AC ﬁeld well above the
Brown peak.
In magnetic particle systems diﬀerent loss types may arise, for a review see
[75]. Besides relaxation losses of Néel or Brown type being representative for
superparamagnetic systems also hysteresis losses may arise in dependence on
particle size and measurement frequency.
While the latter loss component may be determined from the area of hysteresis loops, for measurements of the sum of all losses (and consequently the speciﬁc
heating power) magnetic calorimetry was applied for high ﬁeld amplitudes up
to 15 kA/m and frequency of 400 kHz, e.g. [72].
Loss Processes of Magnetic Nanoparticles
In alternating magnetic ﬁelds magnetic nanoparticles can generate heat which
is the basis of some medical and technical applications. In particular, this effect is a promising tool for hyperthermic treatment of cancer [70]; see also
Chap. “Biomedical applications of magnetic nanoparticles”. The optimization
of nanoparticles for these applications requires the understanding of the loss
mechanisms in order to achieve a high speciﬁc heating power (SHP). It has
been shown that magnetic losses of nanoparticles depend extremely on the mean
particle size. For small superparamagnetic particles losses have a maximum in
the single domain range and decrease again with increasing diameter for multidomain particles (for review see [75]). In particular, in the transition region

22

S. Behrens et al.

Fig. 13. Frequency spectra of the imaginary part of the speciﬁc susceptibility of an
aqueous maghemite MF and of the same particles immobilized in gel. The experimental
points (dots) are compared with calculated spectra (full and dashed line) (Reprinted
[73], Copyright (2004), with permission from Elsevier.)

from superparamagnetic to stable ferromagnetic particles loss processes were
unclear. According to theoretical considerations, for magnetite this transition
occurs at a particle mean diameter in the order of 20 nm [71]. Well above this
size the dominating loss mechanism is hysteresis. For a given ﬁeld amplitude
H the dissipated energy w(H) per cycle can be obtained from the area of the
(minor) hysteresis loop of the magnetic moment M vs. H. It usually follows a
power law H n , with n = 2 · · · 3 for low values of H, and approaches a limit
for H
Hc . The corresponding speciﬁc heating power is p = w(H)f /m,
where f is the frequency and m the mass of the sample. Here w(H) is assumed to be independent from f , which is in good accordance with experimental
data.
In superparamagnetic particles the remanent magnetic moment shows the
Néel relaxation Mr (t) = Mr0 exp(−t/π), where the Néel relaxation time is given
by Eq. (16). The behaviour of such particles in a magnetic ac ﬁeld with ω = 2πf
can described in analogy with the Debye theory by a complex susceptibility
ωτ

corresponds to the
χ = χ + iχ with χ = χ0 1+ω
2 τ 2 . The imaginary part χ
dissipation of energy. The corresponding speciﬁc loss power (SLP) [73, 74] is
p = μ0 H 2 πf χ /ρ. An additional loss mechanism is the Brown relaxation with a
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relaxation time according to Eq. (15) which is due to the mechanic rotation of
the particles. Both relaxation mechanisms were investigated by means of AC susceptometry (see above). Another technique of loss measurement which is closer
to the application is the calorimetric measurement of the heating power. In [77]
such a system is presented. It consists of a RF generator with 3.5 kW and 410 kHz
and a water-cooled copper coil connected to the generator. Depending on the
size of the coil the system can generate ac ﬁeld amplitudes up to 24 kA/m. When
the sample, which is usually a diluted suspension of magnetic nanoparticles, is
placed into the coil the temperature increases which can be measured by a thin
thermocouple. From the heating rate the SHP can be calculated.
For superparamagnetic particles a good agreement of the SHP values obtained from calorimetric measurements and the values estimated from the χ
data could be shown. Experimental data could be well described by relaxation
theory [73] and the eﬀect of particle size distribution could be clariﬁed [74]. For
stable ferromagnetic particles the calorimetric data should correspond to the
hysteresis data but experimentally often higher values were found by calorimetry which can be explained by a broad size distribution. Samples which show a
clear hysteresis in magnetization measurements can still contain a remarkable
fraction of superparamagnetic particles which contribute to the SHP measured
at high frequency (e.g. 500 kHz) but do not contribute to hysteresis loop area.
Magnetic losses depend on AC ﬁeld parameters (frequency and ﬁeld amplitude) in diﬀerent ways for superparamagnetic and single domain particles that
has to be taken into account for optimization of particles for heating applications.
Hysteresis losses show an extremely nonlinear dependence on ﬁeld amplitude as
shown in Fig. 14. Examples of particle types shown in this ﬁgure demonstrate
that there may occur large diﬀerences, in particular in coercivity Hc . Moreover,

Fig. 14. Hysteresis loss per cycle for four types of magnetic iron oxide nanoparticles:
BASF1 (recording material with high shape anisotropy), Alfa (30 nm), magnetosomes
(30 nm), 5607 (wet-chemical precipitation, 14 nm)
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for technical and biomedical reasons useful AC ﬁeld amplitudes are commonly
restricted to values below Hc and the full loop cannot be utilized for magnetically hard particles. In Fig. 14 the sample BASF1 is very hard and shows the
highest losses in the limit of high ﬁelds. But at 10 kA/m which is a preferable
ﬁeld value for hyperthermia this sample shows very low losses. Best results were
found till now for magnetosomes, described in detail in Sect. 2.5. Although high
ﬁeld losses are relatively low, magnetosomes are superior at 10 kA/m and represent with respect to magnetic heating power with nearly 1 kW/g at 400 kHz [72]
the till now best material.

2 Synthesis of Magnetic Nanoparticles and Preparation
of Magnetic Fluids
2.1 Wet-Chemical Synthesis
Metallic Nanoparticles
Magnetic metal nanoparticles exhibit high saturation magnetizations and, thus,
are interesting for applications in MFs. A variety of wet-chemical synthetic
pathways for magnetic metal nanoparticles has been reported in the literature. By thermal decomposition of metal carbonyls, for example, a series of
metal nanoparticles for which the corresponding metal carbonyl precursors were
readily available have been synthesized. In general, the metal carbonyl precursors were injected in a hot solvent containing stabilizing ligands such as oleic
acid and oleyl amine. Co and Fe nanoparticles were synthesized from Co2 (CO)8
[38, 57, 153, 158, 219, 224, 225] and Fe(CO)5 [25, 155] precursors. Bimetallic
FeCo nanoparticles were obtained by co-thermolysis of Co2 (CO)8 and Fe(CO)5
[88]. FePt nanoparticles were prepared by combining the thermal decomposition
of Fe(CO)5 with the polyol reduction of platinum acetylacetonate [195]. This
reaction pathway was successfully applied also for the synthesis of a variety of
alloyed nanoparticles such as FePd [31], CoPt3 [189], FeCoPt [31, 194], and FeMo
[119]. Alternatively, FePt nanoparticles were obtained by pyrolysis of iron(III)
ethoxide and platinum acetylacetonate [173]. Decomposition of Fe(CO)5 could
be performed by sonication in the presence of poly(vinylpyrrolidone) (PVP)
or poly(dimethylphenylene oxide) (PPO), yielding Fe nanoparticles. Instead of
metal carbonyls, neutral low-valent alkene or polyene metal complexes were used
as the source of metal atoms, and the oleﬁns were cleaved oﬀ with H2 at low pressure and room temperature [41]. An electrochemical method for the preparation
of R4 N+ X− -stabilized magnetic nanoparticles has been reported by Reetz et al.
[9]. Further, metallic and alloyed nanoparticles, e.g. Co, Ni, FePt, and CoPt particles, were obtained via the polyol method from one or two precursors reduced
simultaneously in a polyol [54, 80, 119, 145, 175]. Recently, metallic single domain magnetic particles with phase-controlled nanostructures (e.g. Co, Fe, CoFe,
or FePt) have been obtained [213]. Besides control of particle size and particle
size distribution, major synthetic challenges are the stability of the metallic core
against oxidation and a scale-up of the synthesis for technical applications.
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Air-Stable Metallic Core Magnetic Particles
Long-term stable, monodisperse metallic nanoparticles where the metallic core
is anticorrosively stabilized against air and moisture are obtained via controlled
thermal decomposition of Co2 (CO)8 in the presence of aluminium organic compounds (AlR3 , R = alkyl) and subsequent smooth oxidation [16, 17].
The reaction parameters such as the reaction time and temperature, the alkyl
chain length of the applied AlR3 , the molar Co to Al ratio as well as the surfactant strongly inﬂuence the resulting nanoparticles and MFs. The aluminium
alkyl acts as a catalyst and activates the thermal decomposition of the carbonyl
precursor as well as the “smooth oxidation” of the particles after synthesis [15].
Moreover, the nanoparticle size can be controlled by the molar ratio of aluminium
trialkyl to carbonyl precursor as well as by the alkyl chain length of the applied
aluminium alkyl. Monodisperse nanoparticles from approximately 3–4.5 nm for
Al(CH3 )3 , 6.5–8.5 nm for Al(C2 H5 )3 to 8.5–10.5 nm for Al(C8 H17 )3 could be
prepared (molar ratio Co:Al = 10:1). Furthermore, the molar Co:Al ratio (for
Al(C8 H17 )3 ) strongly inﬂuenced the obtained particles sizes, molar Co:Al ratios
of 10:1 and 1:2 resulted in diameters of 10 ± 1.1 nm and 5 ± 1.1 nm, respectively.
Figure 15 displays Co nanoparticles peptized with oleic acid.
Decreasing particle size leads to an increase in sensitivity of the particles,
e.g. towards oxidation. Hence, the stability of the zerovalent metallic particles
against air and moisture is an important issue, especially with respect to technical and biomedical applications. If the surface remained unprotected, even
after peptization with surfactants such as KorantinSH, the saturation magneti-

Fig. 15. TEM image of Co nanoparticles peptized with oleic acid
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zation of the particles decayed rapidly when exposed to air. However, if the Co
nanoparticle surface is carefully treated with synthetic air through a thin capillary (“smooth oxidation”) yielding “pre-stabilized” particles, the particles could
be peptized by surfactants resulting in stable MFs which could be handled in air
at ambient conditions. The peptized particles exhibited a structure consisting of
a metallic Co core, a Co oxide shell, and an outer layer formed by the surfactant. As conﬁrmed by DRIFTS [172], the surface stabilization occurs stepwise
via the oxidation of residual CO at the metal surface. Peptized “pre-stabilized”
Co nanoparticles were stable for over 1 year at ambient conditions which was
conﬁrmed by magnetic measurements. “Pre-stabilized” Co particles were characterized by temperature-dependent magnetic relaxation measurements (TMRX)
yielding comparable TMRX parameters for identical reaction conditions [171],
conﬁrming the high reproducibility of the preparation technology.
Monodisperse Fe and FeCo nanoparticles were obtained by thermolysis of
Fe(CO)5 and co-thermolysis of Fe(CO)5 /Co2 (CO)8 in tetrahydronaphthalene in
the presence of aluminium alkyls, respectively [14]. The applied reaction parameters, e.g. reaction time, temperature, and aluminium alkyl, strongly inﬂuenced the reaction products. The particles were subsequently “pre-stabilized”
via “smooth oxidation”. However, compared to Co, Fe is more easily oxidized
due to the diﬀerence in electrochemical potential (free heat of formation: Fe2 O3
−824.2 kJ/mol, CoO −237.9 kJ/mol). Therefore, the oxidation step as well as
the molar Fe to Co ratio in the case of alloyed nanoparticles requires special
attention. For FeCo particles, a Fe2 Co alloy composition is aimed at due to its
high saturation magnetization (Ms = 2400 mT). It has been suggested that the
decomposition kinetics of Fe(CO)5 (in the absence of aluminium alkyls) is a
higher order process, with a complicated intermediate mechanism, whereas it
is ﬁrst order for Co2 (CO)8 [228]. As shown for Co2 (CO)8 decomposition, the
aluminium alkyl catalyses the decomposition of Fe(CO)5 lowering the decomposition temperature from 180–200 to 150◦ C. The presence of aluminium alkyls
is crucial for the synthesis of alloyed FeCo nanoparticles. The decomposition of
Fe(CO)5 /Co2 (CO)8 without aluminium alkyls present did not yield any alloyed
FeCo nanoparticles but Co and Fe particles separately. Mössbauer spectra at T
= 4.2 K show that the FeCo particles are alloyed. A molar Fe to Co ratio of 2:1
in the reaction mixture resulted in only 40% metallic Fe in the particles whereas
a molar ratio of 4:1 resulted in the desired 67% metallic Fe in the alloy. The
remaining iron was oxidized to Fe3+ forming the oxide shell of the particles.
Bulk Co exhibits two crystal structures: the fcc structure preferred thermodynamically at temperatures above 450◦ C and the hcp structure favoured
below 450◦ C, although both phases can coexist at room temperature. For small
particles, however, the fcc structure seems to be preferred even below room temperature. Moreover, a new metastable −Co phase was observed in nanoparticles
prepared by solution-phase approaches revealing a complicated primitive cubic
cell containing 20 atoms similar to the symmetry of the β-phase of elemental Mn
[38]. For the above Co nanoparticles [16, 17], XRD (see Sect. 1.3) was used for
phase identiﬁcation and for determining the mean particle diameter. XRD shows
that particles are mainly fcc Co with a small amount of Co3 O4 which obviously
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constitutes the passivating coverage of the metallic core. However, depending on
the reaction conditions, Co nanoparticles with a hcp phase can also be formed
as shown by XAS [10].
Figure 16 compares the Co K-edge XANES spectra of a variety of Co
nanoparticles obtained using diﬀerent methods of synthesis. Clear diﬀerences in
the X-ray absorption ﬁne structure of the thus obtained particles are observed,
although both EXAFS analysis and investigations using diﬀraction-based techniques indicate clearly the presence of metallic cores. Also, TEM investigations
on the respective particles indicate that their sizes are comparable, thus one
cannot simply postulate that one observes the eﬀects of particle size variations
on the electronic structure. Similar results have been obtained in recent years
not only for Co but for various types of nanoparticles, e.g. [22, 131, 227].
It is not surprising that diﬀerences in electronic and geometric structure of the
nanoparticles can aﬀect magnetic properties signiﬁcantly. Detailed discussions of
such eﬀects, which emphasize clearly that size dependence is not the parameter
which dominates changes in magnetic properties, have been studied recently in
the literature for several systems, e.g. [87, 125, 206].
Evidently, this strong dependence between mode of preparation and the resulting structure of the nanoparticle is not just limited to variation of the chemical concept used to create the respective particles, but appears even if one limits
oneself to the analysis of particles synthesized, e.g. using the thermolysis of metal
carbonyls, followed by the smooth oxidation of the particles, as discussed in more
detail, e.g. in [10]. A detailed explanation for these eﬀects has not been obtained
yet, but ﬁrst hints can be derived from recent measurements on the reaction

Fig. 16. Co-K-XANES spectra of Co nanoparticles of about 9 nm diameter obtained
by diﬀerent synthetic routes and coated with various organic and inorganic coatings
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Fig. 17. XANES monitoring of the “smooth oxidation” step on diﬀerent particle types

product obtained after various stages of the synthesis with and without previous
smooth oxidation, a selection of which is displayed in Fig. 17. The spectra a–d
suggest that there are four stages of the reaction: (a) decomposition of the precursor and formation of Co “oligomers”, (b) formation of small particles, which
grow over time, (c) the growth process, and (d) the surfactant is settled on the
particle surfaces.
On the one hand, this picture agrees well with the intuitive mechanisms
of nanoparticle formation. On the other hand, however, it explains the high
sensitivity to slight variations of the reaction parameters, as interaction between
the carbonyls and other reactants can critically inﬂuence the interaction between
particle surface and surfactant, e.g. the density of surface coverage. The eﬀects
of such a variation on the results of the “smooth oxidation” of the particles is
also illustrated in Fig. 17: Upon smooth oxidation, a nanoparticle is covered
with a thin shell only, which probably consists of CoO (data set e in Fig. 17).
In contrast to that, the shell formed on a particle which was densely covered
with carbonyl groups is more similar to CoCO3 and thicker. A detailed study
devoted to the analysis of these eﬀects on the slow thermolysis of cobalt carbonyl
precursors is in preparation.
The situation gets even more complex when bimetallic particles are investigated, where, e.g. the availability of atomic constituents which can then contribute to nucleation processes at a given point of time is a function of the
decomposition temperature. A clear example for this is the wet-chemical synthesis of FeCo nanoparticles via thermal decomposition of the respective metal
carbonyl compounds, which will be discussed below in comparison to similar
products obtained from a laser ablation approach (see Sect. 2.2).
When applying the metastable impact electron spectroscopy (MIES) in combination with the photoelectron spectroscopy (UPS), the following strategy has
been pursued in order to get detailed information on the composition and the
electronic structure of the nanoparticle shell (required for its “pre-stabilization”
and/or peptization).
In a ﬁrst step (step (1)), a planar ﬁlm of the species from which the nanoparticles, Co in the example to be shown below, are composed, has to be studied
with MIES and UPS, eventually supported by techniques that give additional
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information on the chemical composition of the metal ﬁlm prior to and after being subjected to the shell molecules (XPS) and on the ﬁlm topology
(STM). Then, the interaction of selected atomic and/or molecular species (“shell
molecules”) (see below) with this ﬁlm has to be studied in the same way. This
step yields “ﬁngerprint spectra” providing structural information that can be
compared with the one obtained in the second step on the nanoparticles from the
same species as those that constitute the ﬁlm. In addition, it provides structural
information on the molecules that potentially form the shell of the nanoparticles.
In a second step (step (2)), the corresponding analysis is performed on the
nanoparticles, usually possessing a shell which results from wet-chemical procedures. An obvious complication arises from the fact that the composition of
the shell produced in this way is “a priori” unknown, i.e. normally cannot be
predicted on the basis of the performed wet-chemical procedures alone. A comparison of the results from step (2) with a series of “ﬁngerprint spectra” is
required which have either been gathered in step (1) or are already available in
the literature.
In the following, details of the above-mentioned procedure will be discussed
for the example of a shell produced by the “smooth oxidation” of Co nanoparticles that meets the two requirements posted above, namely particle passivation
and anchor function.
In step (1) studies on bare and gas-exposed Co ﬁlms were performed as
follows: Co ﬁlms were produced on SiOx substrates under the in situ control of
MIES/UPS and STM in order to get structural information and to establish their
cleanliness. These ﬁlms were then exposed to O2 , CO, and CO2 , again under in
situ control of MIES/UPS; for details see [53]. Brieﬂy, ﬁlm oxidation, following
the chemisorption of atomic oxygen in the initial stage of oxygen supply, produces
MIES/UPS spectra that are rather similar to those for the corresponding O/Ni
system [111]. Five spectral features A to E can be distinguished in the region
between the Fermi energy EF , deﬁning the zero of the binding energy scale, and
about 13 eV (see Fig. 18 (top)). The identiﬁcation of the emission seen between
0 and 5 eV as due to ionization of 3dCo2+ states [53] is of particular importance
for the interpretation of the spectra from the pre-stabilized as well as from the
peptized Co particles (Fig. 18 (bottom)). CO adsorbs molecularly, manifesting
itself in two peaks, 5σ/1π (7.5 eV) and 4σ (10.7 eV) (Fig. 18 (middle)). The
remarkable enhancement of the 4σ peak seen in MIES (relative to UPS) can be
attributed to the preferential CO adsorption with the C end oriented towards
the Co ﬁlm. CO2 chemisorbs dissociatively up to a surface coverage of about
0.6 ML at room temperature, producing MIES and UPS spectra very similar to
those for CO.
In step (2) pre-stabilized Co particles were investigated as follows (see also
XAS studies on pre-stabilized Co nanoparticles above). The pre-stabilized Co
particles were deposited on SiOx substrates from suspensions in toluene [172].
STM indicated that a closed layer of the particles was obtained. Heating to about
250◦ C was required to remove surface contaminations that apparently originate
from residual solvent molecules. Figure 18 (below) displays the MIES and UPS
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Fig. 18. MIES and UPS spectra for Co ﬁlms subjected to O2 as a function of oxygen
exposure (in Langmuirs (L)) (top), for Co ﬁlms subjected to CO as a function of
oxygen exposure (in Langmuirs (L)) (middle), and for Co nanoparticles deposited on a
SiOx and pre-stabilized by “smooth oxidation”. The substrate temperature was varied
between 200 and 500◦ C (bottom)
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spectra of the surface-deposited pre-stabilized Co particles as a function of surface temperature. Also shown are the energetic positions of the main structures
in the results of step (1). For completeness it is also indicated where the spectral
features from carbonate (CO3 ) groups bound to metallic surfaces [149] should be
seen. Below 250◦ C the emission seen between EF and the fall-oﬀ of the valence
band emission (occurring around 5 eV) can be attributed to the ionization of
π-type MOs from the aromatic rings of residual toluene solvent molecules on the
surface of the particles (see also below).
This is supported by the emission seen in the range 5–17 eV: three structures
are seen at binding energies of 7.1, 11.8, and 13.9 eV in the UPS spectra for
>250◦ C. On the one hand, the available ﬁlm results do not allow for a unique
identiﬁcation of the species terminating the particle surface. On the other hand,
it appears safe to state that the formation of both (Co–O) and (Co–COx ) bonds
is responsible for the pre-stabilization of the Co nanoparticle surface. From the
fact that the intensity, attributable to A and B in the energy range from 0 to 5 eV,
is relatively low, we estimate that, under the present preparation conditions,
most of the intensity observed in the valence band region (about 70 %) is due
to (Co−COx ), not due to (Co−O) bonds.
MFs can be prepared by applying suitable surfactants to the metallic Co,
FeCo, and Fe nanoparticles (see above) [10, 14, 17]. The resulting MFs were
remarkably stable and showed a high saturation magnetization and high volume
concentrations (Table 2). Several surfactants such as Korantin SH (N-oleyl sarcosine, BASF AG), AOT (sodium dioctyl sulfosuccinate, SERVA2), LP4 (fatty
acid condensation polymer, ICI Ltd) were applied to obtain MFs in various
organic media, e.g. kerosene, vacuum and mineral oil. Some of the presented
MFs have been already successfully tested for technical applications (see Chap.
“Technical applications”).
Several strategies were embarked for preparing water-based MFs. The formation of bi- or polylayers around the air-stable Co and FeCo nanoparticles, e.g.
by using ionic, non-ionic, or double surfactants, yielded MFs in water. A ﬁrst
Table 2. Examples for MFs based on metallic Co, Fe/Co, and Fe nanoparticles in
various media and their physical properties
Nanoparticles

Carrier Liquid

Vol. conc.
[%]

Surfactant

Magnetization
Ms [mT]

Co
Co
Coc
Coa
Co
Co
Fe/Co
Fe/Co
Fe

mineral oil WT12
kerosene
vacuum oil AP 201
L9
lubricant oil L9
silicon oil DC702
kerosene
mineral oil WT12
kerosene

10.41
9.61
8.91
7.51
5.21
4.4
2.81
2.51
1.38

Korantin
Korantin
Korantin
Korantin
Korantin
Korantin
Korantin
Korantin
Korantin

191.2
176.48
163.8
114.3
88.22
80.4
84.6
70
30.18

SH/LP4
SH/LP4
SH/LP4
SH/LP4
SH/LP4
SH/LP4
SH/LP4
SH/LP4
SH/LP4
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lipophilic layer around the particles was formed by e.g. oleic acid or Korantin SH,
followed by addition of sodium oleate, sodium dodecylsulfonate, or dodecylamine
resulting in a hydrophilic second or polylayers. Dispersions of “pre-stabilized”
Co (0) nanoparticles in water which were prepared by this procedure were stable for over 1 year. Alternatively, water-based Co and FeCo MFs have been
obtained via phase transfer, using, e.g. TMAOH (tetramethylammonium hydroxide) (Table 3). The concentration in the aqueous phase, however, remained
quite low up to now.
Isotope contrast variations using diﬀerent mixtures of deuterated and protonated solvents have been combined with SANSPOL (see Sect. 2.4) on highly
diluted samples of Co MFs [67, 69, 215, 216] where S(Q) = 1. In SANSPOL the
scattering contrasts of the core with respect to the matrix depends on the polar(−,+)
= η1nuc ± η1mag − ηmatrix . The intensity diﬀerence
ization according to Δη1
I(−) − I(+) results only from magnetic particles (Eq. (1.4)) while all separate
non-magnetic contributions are cancelled out. This features makes the diﬀerence
very sensitive to density and magnetization proﬁles.
The eﬀect of smooth oxidation on the nanostructure has been studied by comparing the SANS data of samples prepared by diﬀerent techniques: MA 44 is a Co
MF dispersed in deuterated toluene which was prepared without “smooth oxidation”; MA85 (Co nanoparticles dispersed in non-deuterated toluene), MA77 (dispersed in partly deuterated toluene) and MA137 (dispersed in non-deuterated
kerosene) have been prepared after “smooth oxidation . . .” SANSPOL data have
been analysed with a constrained ﬁtting procedure with a model which included
a magnetic core and one or two non-magnetic shells corresponding to a possible oxide layer covered by the usual shell of surfactants [91]. In Fig. 19 the
SANSPOL curves I − (Q ⊥ H) and I + (Q ⊥ H) (dots) are compared for all three
samples. For MA85 the intensity of I + revealed a maximum at Q = 0.75 nm−1
while I − increases continuously and the nuclear magnetic interference term exhibits negative values. This is characteristic for core–shell structures. Since the
solvent in this sample was not deuterated there is no scattering contrast between
the surfactant material and the solvent. Nevertheless, the constrained ﬁt (lines
in Fig. 19) with a core–shell model gave a good agreement with the observed
scattering cross sections. The mean radius of the core was found to be 3.84 ±
0.03 nm with a variance of 0.75 ± 0.02 nm. The magnetic and nuclear scattering
length densities of the magnetic Co core were ﬁxed to the theoretical values of
Table 3. Examples for water-based MFs obtained via phase transfer using tetramethylammonium hydroxide (TMAOH) and their physical properties
Nanoparticles Carrier Liquid Vol. conc. Surfactant
[%]
Co
Fe/Co
Fe/Co

water
water
water

0.64
0.04
0.037

Magnetization
Ms [mT]

oleic acid/oleylamin/TMAOH 11.8
oleic acid/oleylamin/TMAOH 0.942
KorantinSH/sodium dode0.824
cylsulfate/TMAOH
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Fig. 19. Experimental data and ﬁtted scattering cross sections I(+) (triangles) and
I(−) (squares) of the MA85 (left), MA77 (middle), and MA44 (right) Co MF. The
lines are the results of a constrained ﬁt of a core–shell model shown in the insets

cobalt. The shell was found to be non-magnetic with a thickness of D = 1.5
± 0.1 nm with a ﬁtted scattering length density of the shell ηS = (4.1 ± 0.5)
1010 cm−2 (for comparison, cobalt η = 2.531010 cm−2 , Koranthin SH η = 0.33
1010 cm−2 , and CoO with η = 4.41 1010 cm−2 ). We therefore conclude that this
layer produced by “smooth oxidation” consists of non-magnetic CoO.
When deuterated solvents were used the high scattering contrast of the surfactant led to more complicated scattering patterns. In the case of “smooth
oxidation” two diﬀerent shells should be manifested in deuterated samples, a
cobalt oxide layer and a surfactant shell. Eﬀectively, the whole data set of the
partly deuterated samples MA77 (lines in Fig. 19) could be only ﬁtted when
an additional second non-magnetic shell was assumed. The thickness of the ﬁrst
layer was found to be 1.4 ± 0.5 nm with a scattering length density of 4.2 ±
0.2 1010 nm−1 . These parameters are in good agreement with the results of the
sample MA85. The scattering length density of the second layer with a thickness
of 1.3 ± 0.3 nm was ﬁxed to the theoretical one of Koranthin SH. The magnetic core showed a mean radius of 4.6 ± 0.3 nm. As usual a second fraction
of non-magnetic particles with a mean radius of 1.8 ± 0.6 nm had to be taken
into account which are ascribed to micelles of free surfactant material [216]. For
MA44, prepared without the step of “smooth oxidation”, only a small diﬀerence between the cross sections I(−) and I(+) was visible at high Q values. A
model with a magnetic core, a non-magnetic shell, and a second fraction of nonmagnetic particles ﬁts the data. A mean radius of 3.4 ± 0.2 nm was determined
for the magnetic core. The shell thickness was 1.3 ± 0.1 nm with the scattering
length density of Koranthin SH. There was no evidence for the formation of a
cobalt oxide layer. SANSPOL clearly showed that the Co samples exhibit a layer
of CoO after “smooth oxidation” which apparently protects the nanosized Co
core (see also XAS and MIES/UPS studies above).
Moreover, the oxidation stability of Fe nanoparticles prepared from Fe(CO)5
(synthesis by [24]) was investigated by SANS. MFs of Fe particles coated with
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oleic acid and dispersed in decalin have been kept under N2 atmosphere in order to prevent particle oxidation. SANSPOL curves [23] for dilute samples with
diﬀerent isotope compositions of the solvent could be ﬁtted fairly well with a
core–shell model with log-normal distribution of the core radius. The resulting scattering length density (Fig. 20 (left)) of the core corresponds to the
composition Fe0.75 C0.25 , and the variation inside the shell for diﬀerent isotope
compositions of the solvent clearly revealed a partial penetration of the solvent
into the oleic acid shell. After exposure to air, the SANSPOL curves could be
ﬁtted with a two-shell model consisting of the magnetic core surrounded by nonmagnetic Fe oxide layer and the shell of surfactants with η as shown in Fig. 20
(right). A partial penetration of solvent in the oleic acid shell had again to be assumed. In addition the formation of larger poly-disperse aggregates (a = 8.3 nm)
is clearly reﬂected by an increase of the SANS intensities at low Q indicating a
decrease in the colloidal stability of the particles [23].
The loss power being generated in magnetic nanoparticle systems under the
inﬂuence of a magnetic AC ﬁeld may be used for technical or biomedical heating applications as discussed in Chap. “Biomedical applications of magnetic
nanoparticles”. In any case, heating shall be performed with a small amount
of magnetic particles, i.e. the SLP should be as high as possible. Well investigated are magnetic iron oxides which show excellent biocompatibility but are
limited by a moderate saturation magnetization of 0.6 T. For comparison, metallic Co and Fe show values of 1.79 T and 2.16 T, respectively. Powder samples of
Co nanoparticles and suspensions of Co nanoparticles in kerosene (see above)
were investigated with respect to their magnetic properties, in particular SLP.
Magnetization curves measured by means of a vibrating sample magnetometer
(VSM) at room temperature up to 1.5 T may be approximated by a Langevin
function. However, from magnetization measurements a rather low value of the
speciﬁc magnetization of only 46% of the bulk value of hcp Co is found. One
has to assume that the particles contain besides a magnetic Co core some nonor weak magnetic material which covers the core. Assuming for the coating a
3
mean density of 5 g/cm one estimates a mean thickness of this coating layer to
be about 0.7 times the core diameter.

Fig. 20. SANSPOL scattering contrast of Fe0.7 C0.25 MFs for diﬀerent volume percentage of deuterated decalin showing a partial penetration of solvent in the surfactant
shell (left); the modiﬁcation of a after oxidation on air [23] (right)
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Measurements of magnetization loops of Co nanoparticle powder reveal hysteresis as shown by the examples of minor loops presented in Fig. 21 (left).
Coercivity of the saturation loop is 6.4 kA/m for the powder sample, whereas
coercivity of the liquid suspension is negligible.
The dynamical magnetic properties were characterized by measuring spectra of the complex AC-susceptibility in small ﬁeld amplitudes (100 A/m) in a
frequency range of 20 Hz up to 100 kHz using a technique described in Sect. 1.2
(Fig 21 (right)). A peak at 23 kHz is observed, corresponding to Brown relaxation. From the frequency position of the Brown relaxation peak one may estimate the eﬀective hydrodynamic diameter (see Sect. 1.6) to be 22 nm, which is
much larger than core diameter determined by XRD.
The particle concentration of the suspension sample was determined from
magnetic measurements, too. Using the measured value of speciﬁc magnetization of the powder (77.5 Am2 /kg) one gets a volume concentration of particles in
the suspension of 6.7 × 10−4 . Together with the experimentally found value χ0 =
0.145 for the DC limit of susceptibility of the suspension a rather large value of
220 for the susceptibility of the particles results which speaks in favour of large
speciﬁc losses. The latter was calculated from the imaginary part of the susceptibility in the frame of the small amplitude approximation described in detail
by [73]. For comparison, magnetic losses were measured directly by a calorimetrical method for ﬁxed values of the ﬁeld amplitude (10 kA/m) and frequency
(410 kHz). For this aim, the initial adiabatic temperature increase (1.93 K/s) of
the nanoparticle system in an external alternating magnetic ﬁeld was measured
by means of a ﬁne thermocouple. Using the known speciﬁc heat capacity of the
arrangement a value of the SLP of 720 W/g was found. This value is larger than
nearly all data known till now for magnetic iron oxide nanoparticles under comparable ﬁeld parameters. Commonly reported values for iron oxides range in the
order of 10–100 W/g. For specially designed maghemite nanoparticles a value of
600 W/g [73] was found and the till now best value of SLP of nearly 1 kW/g
[72] was reported for magnetosomes synthesized by magnetotactic bacteria (see
Sect. 2.5). Unfortunately, the applicability of the latter particles is restricted due
to the complicate synthesis. In summary, the present experimental results show
that Co nanoparticles may generate superior speciﬁc loss power even under the
presently not yet optimized conditions.
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Fig. 21. Magnetization loops of Co nanoparticle powder (right) and real/imaginary
part of the susceptibility for a Co MF (left)
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Precipitated Iron Oxide Particles by Cyclic Growth
Nanocrystalline magnetic iron oxide particles for MFs are usually prepared by
wet-chemical precipitation [95, 123] from aqueous iron salt solution by means of
alkaline solution like KOH or NH4 OH according to Fe2+ + 2Fe3+ + 8OH− →
Fe3 O4 + 4H2 O.
Numerous publications describe variations of this preparation method using diﬀerent iron salts and alkaline solutions. Typical particle sizes are in the
range of 10 nm. By modiﬁcation of the precipitation parameters, bigger particles
(≈20 nm) can be obtained; however, they exhibit a broad size distribution [58].
However, by cyclic growing of the particles, bigger particles can be prepared
[139]. A 1 M NaHCO3 solution was slowly added to a FeCl2 /FeCl3 solution
(Fe2+ –Fe3+ ratio = 1:1) under permanent stirring up to pH = 7. A brownish
precipitate can be observed. Then a new Fe2+ /Fe3+ mixture was added with the
same amount like in the ﬁrst cycle, and the precipitation was carried out again.
This procedure was repeated three or four times. After that the solution was
boiled for 10 min to form an almost black precipitate, which was washed and
dried. For investigations of the growing process a small amount of particles was
taken after each cycle.
XRD investigations (see Sect. 1.3) were carried out to determine the phase
content of the powder samples and the mean particle size from line broadening
of the 440 peak using the Scherrer equation (see Sect. 1.3) assuming strain-free
crystallites. XRD patterns reveal only a spinel iron oxide phase (see Fig. 22).
With increasing number of cycles a more narrow line width and a small shift
of the peak position to lower 2Θ angles can be observed (Fig. 22, inset). A
mixture of Fe3 O4 (JCPDS No. 19-0692) and γ-Fe2 O3 (JCPDS No. 39-1346) was
observed for the bigger particles (three and four cycles), despite an Fe2+ excess
in the initial materials.

Fig. 22. The XRD pattern (Cu-Kα ) shows spinel structure. Inset: 440 peak of samples
from diﬀerent numbers of cycles. The arrows indicate the theoretical peak position for
magnetite (Mt), maghemite (Mh), and hematite (H; 214 and 300 peak)
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Whereas the peak position of smaller particles (one or two cycles) even indicates mostly γ-Fe2 O3 . The formation of hematite (α-Fe2 O3 ) could be avoided.
The mean particle sizes of the considered series are 10, 11, 21, and 26 nm, respectively.
The magnetic properties develop with increasing number of cycles (i.e. particle size) as follows (Fig. 23). The speciﬁc saturation magnetization remains
nearly constant. The coercivity and the hysteresis losses at saturation ﬁeld increase strongly, while the hysteresis losses at low ﬁeld (11 kA/m) reveal a maximum at the third cycle (21 nm). The particles after the fourth cycle with 26 nm
mean particle size are probably already magnetically too hard (HC = 7.0 kA/m)
to give optimal losses at the low applied ﬁeld. Hard magnetic particles should
be avoided since the preparation of stable MFs is getting more diﬃcult.
The above samples were compared to samples prepared via a modiﬁed
“usual” wet-chemical method in one cycle. The three-cycle sample shows at
comparable mean size a smaller coercivity and, therefore, a higher hysteresis
loss power at low magnetic ﬁeld. Zero-ﬁeld cooled (ZFC) magnetization curves
(T-dependence of magnetization in a weak magnetic ﬁeld) suggest a narrower
distribution of blocking temperatures in case of the three-cycle sample compared
with the one-cycle sample with similar mean size [139].
In order to consider all the loss mechanisms a calorimetric measurement of
the three-cycle sample was carried out at 400 kHz and ﬁeld amplitudes of 11.5
and 24.5 kA/m. The resulting speciﬁc loss power is 81 and 314 W/g, respectively. Figure 24 shows the hysteresis losses per cycle and calorimetric losses
(divided by the frequency) of the three-cycle sample and the hysteresis losses
of one-cycle/14.3 nm sample with the same coercivity. For comparison losses of
magnetosomes being the highest known up to now [72] and losses of a commercial powder (mean size by XRD: 30 nm) are given. Both samples have a similar
mean particle size but diﬀer in their size distribution: very narrow in the case of
magnetosomes and very wide for the commercial powder.
A good SHP value found was 81 W/g at 400 kHz and 11 kA/m which is suﬃcient for tumour therapy by intratumoural injection but not for advanced kinds
of particle application in the future like tumour antibody targeting. Therefore,

Fig. 23. Magnetic properties in dependence on number of cycles
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Fig. 24. Speciﬁc hysteresis losses in dependence on the magnetic ﬁeld amplitude

a further particle optimization with respect to mean size and size distribution
width is necessary.
Silica-Coated Magnetic Core–Shell Particles
By coating magnetic nanoparticles with a large, non-magnetic shell, the polydispersity (p)
σ2 − σ 2
p=
(22)
σ 2
of a system can considerably be reduced, allowing self-organization into highly
symmetric mesostructures. In order to achieve stable particles with high magnetic moments, particles consisting of cobalt ferrite CoFe2 O4 are a suitable precursor for the magnetic core. Other than magnetite Fe3 O4 , that is easily oxidized
to non-magnetic Fe2 O3 , cobalt ferrite cannot be oxidized and is with a saturation
magnetization of Ms = 4.25 × 105 Am−2 comparable to magnetite. Since nearly
monodisperse, charged colloidal particles consisting of silica can be prepared via
the Stoeber polycondensation of tetraethoxysilane, SiO2 is a suitable material
for the shell.
The preparation starts with the precipitation of CoFe2 O4 from cobalt chloride tetrahydrate (CoCl2 • 4H2 O) and ferric chloride (FeCl3 ) as precursors. A
stoichiometric mixture of cobalt and iron is added to a surplus of a sodium hydroxide solution at 100◦ C. Immediately, a black precipitate is formed, which is
stirred for a certain time. After cooling down, the precipitate is several times
washed with distilled water. Finally the precipitate is redispersed in a mixture
of nitric acid and nitrate, heated to 100◦ C, and stirred for 1 hour.
After cooling down, the suspension is ﬂocculated by addition of citric acid.
The resulting precipitate is redispersed by addition of tetramethylammonium
hydroxide. This dispersion is transferred into ethanol for the subsequent Stoeber process. During several hours, TEOS dissolved in ethanol is dropped under
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stirring to the suspension of the core particles. The polycondensation of TEOS,
whose progress is indicated by increasing turbidity of the suspension, takes place
in the presence of catalytic amounts of aqueous NH3 . In order to remove stray
ions, the suspension obtained by this process is dialyzed against distilled water
for 1 week. The resulting particles consist of a single CoFe2 O4 core with a typical
diameter of Dc ≈ 14–15 nm. For thermodynamic reasons the maximum size of
the core is limited to a diameter of ≈15 nm since for larger particles, the dipolar
attraction at contact distance becomes larger than the thermal energy. Under
this condition, agglomerates cannot be redispersed and cannot be used for the
coating process with silica. The size of the silica shell, however, can be varied resulting in particles with an overall diameter in the range 40 nm < D < 150 nm.
With decreasing thickness of the shell, however, the polydispersity increases
(Fig. 25 (left)).
The core–shell structure of the particles is also evident from small angle Xray scattering (SAXS) (Fig. 25 (right)). Opposite to conventional MFs, these
particles induce, due to the deﬁned core–shell structure, a well-structured small
angle scattering. By analysis of the form factor, the topological characterization
of the particles can be performed with high accuracy [209].
The magnetic size of the CoFe2 O4 core can independently be determined by
means of magnetogranulometry. Due to the charged electrostatically repelling
silica shells, the particles are well separated. As a consequence, the magnetic
particle–particle interaction can in dilute suspensions be neglected, and the collective magnetization is the sum of single particle contributions [5, 168].
The surprising coincidence of topological and magnetic sizes of the core is an
evidence for the high crystallinity and an extremely thin magnetic dead layer

Fig. 25. TEM image of colloidal core–shell particles. The core of cobalt ferrite is
visible as a dark spot in the centre of the spherical silica shell (left). Small angle Xray scattering of CoFe2 O4 particles measured at the beam line ID10A of the ESRF
(Grenoble, France). The solid line represents a least squares ﬁt to a poly-disperse
core–shell model with a constant ratio of core to shell radius. The parameters are the
mean core diameter Dc ≈ 14.6 nm, the mean overall diameter D = 71.3 nm, and a
polydispersity of p = 0.131 (right)
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Fig. 26. Relative magnetization of colloidal core–shell particles. The solid line represents a least squares ﬁt, whose result is a magnetic core diameter of Dmag = 14.3 nm
in surprising coincidence with the topological diameter of DC = 14.6 nm

on the surface of the core (Fig. 26). Due to the high magnetic anisotropy of
CoFe2 O4 , particles of this size exhibit a permanent magnetic moment [50, 51].
The presence of negative charges originating from the dissociation of weakly
acidic surface groups of the silica shell is evident from the ζ-potential in dependence on the pH: the point of zero charge is in between 4 < pH < 5 (Fig. 27). The

Fig. 27. ζ-potential of the CoFe2 O4 /SiO2 core–shell particles in dependence on the
pH. The isoelectric point at 4 < pH < 5 indicates the presence of weakly acidic surface
groups on the silica shell

Synthesis and Characterization

41

presence of charged groups at the surface of the silica shell induces a repulsive,
screened Coulomb or Yukawa interaction between the equally charged macroions
according to the DLVO theory (Dejarguin, Landau, Verwey, and Overbeek).
Due to the repelling electrostatic interaction, even without ﬁeld the formation of mesoscale structures can be observed which are indicated by a correlation
maximum in the scattering curve. Comparatively large particles with small polydispersity can even form long-range crystalline structures. Colloidal crystals can
be seen by eye due to Laue scattering of visible light (Fig. 28 (left)). Hereby,
the human eye as an energy dispersive detector can observe coloured diﬀraction
spots for crystallites fulﬁlling Bragg’s law for the given wavelength.
Due to the formation of mesoscale ordered structures, the response of these
structures to an external magnetic ﬁeld can be investigated. Owing to the opacity
of dense suspensions of magnetic particles, static and dynamic small angle Xray scattering is a suitable probe to investigate structural [210] and dynamic
properties [168, 169] of these systems (Fig. 28 (right)).
Due to the deﬁned core–shell structure these particles are also suitable model
systems for magnetic relaxation experiments: The large hydrodynamic diameter
depending on the outer size of the silica shell implies a slow Brownian rotation of
the particles. Due to the versatility of silane chemistry, the coupling of bioactive
groups like antigens to the particle surface can easily be achieved. Reactions of
these bioactive groups at the particle surface change the hydrodynamic diameter and hereby inﬂuence the relaxation time. Hence, the use of these particles
for biomedical in vitro applications in the ﬁeld of diagnostics is possible. The
feasibility has been shown by ﬁrst promising experiments.

Fig. 28. Self-organization of colloidal core–shell particles to colloidal crystals. The crystalline structure is obvious from the Bragg spots with visible light. The dark granular
material at the bottom of the cell is ion exchanger resin (left). Small angle scattering of
a liquid-like ordered suspension of core–shell particles. Whereas the core–shell structure
is visible from the oscillations at large scattering vectors that cannot be described by
a simple spherical model, the liquid-like mesostructure is evident from the correlation
peak appearing at Q = 4 × 10−2 nm−1 . For these particles, an overall mean diameter
of D = 88 nm, a mean core diameter of DC = 14.2 nm, and a polydispersisty of p =
0.09 are obtained as best parameters (right)
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2.2 Gas-Phase Synthesis by Laser Evaporation
Steady State Evaporation
Nanoscale particles can be produced by evaporation of materials with subsequent controlled condensation in an aggregation gas. In this case the particle
size distribution (f (D), D being the particle diameter) is generally found to be
log-normal:

1
(ln D − ln D)2
f (D) = √
exp −
.
(23)
2 ln2 σ
2π ln σ
The mean particle diameter D of the evaporated material depends on the
evaporated material, the aggregation gas, and its pressure. Contrary, the geometrical standard deviation σ does not depend on all these quantities but is
characteristic for the process. Granqvist and Buhrmann (1976) showed that the
emergence of spherical particles as well as the log-normal distribution is due to
coalescence, the combination of small droplets, and that σ = 1.5 ± 0.1 for the
condensation of solid and σ = 2.2 ± 0.1 for the condensation of liquid particles. For MF applications a very narrow distribution is required because many
magnetic properties depend on the size of the particles.
Granqvist and Buhrmann (1976) also showed that the mean particle diameter
increases with increasing molecular mass and pressure of the aggregation gas and
with the gas pressure of the evaporating material. This can be explained when
the emergence of each particle is subdivided into four stages, nucleation, growth,
calescence, and solidiﬁcation, in case of higher melting temperature than ambient
temperature.
Laser Evaporation Solid
Materials can also be evaporated by laser light of high intensity [93] that can
be produced by suitable lasers like high power CO2 [192], Nd:YAG [164], or Excimer lasers. Compared with methods of steady state evaporation, this has many
advantages, e.g. an easy to handle experimental set-up, reproducible experimental conditions, smaller mean particle sizes, narrower particle size distributions.
Moreover, with laser light of suﬃcient intensity it is possible to evaporate nearly
every, even refractory materials. On the other hand many disadvantages of steady
state evaporation are avoided like contamination, breaking of crucibles, chemical reaction with crucible materials, diﬀerent phase compositions of solid and
vapour, and large experimental set-ups.
Laser light can be focussed to spots of very small diameters depending on
beam divergence, focal length, wavelength of light, and quality of lens or concave
mirror. For Nd:YAG lasers with 1.03 μm wavelength the spot diameter is typically in the order of 20 μm. Together with a high pulsed power this enables light
2
intensities higher than about 106 W/cm where abnormal absorption occurs. This
indicates that material is evaporated and ionized so that nearly all laser power
is absorbed in the resulting plasma region. The highly absorbed light intensity
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leads to a high temperature gradient at the surface of the exposed material. This
causes high powder yields because the higher this temperature gradient is, the
more material is evaporated, and the less is only melted or heated.
All available laser types have their advantages and disadvantages. CO2 lasers
are available with higher mean power than Nd:YAG lasers and have higher efﬁciency in energy conversion but lower peak intensities and therefore produce
more heated and molten material leading to a worse powder yield. The extremely
short, high intensity, and ultraviolet light of Excimer lasers causes a completely
diﬀerent ablation mechanism of the material which is nearly non-thermal. Therefore, the non-ablated material is nearly not heated and the powder particles are
very small due to a high dilution of the materials vapour. On the other hand
the mean power of Excimer lasers is very low, and their operation is expensive
due to expensive working gases. Thus, the powder yield is extremely low, and
the powder is very expensive to produce. Pulsed Nd:YAG lasers can have higher
power densities as compared to CO2 lasers. Moreover, normal glass lenses with
high optical quality can be used for the near-infrared light (λ = 1.03 μm). Therefore, with the possible high intensities nearly all materials can be evaporated.
All these reasons make Nd:YAG lasers suitable instruments for the production
of nanoscale powders with yields in the 10 g/h order of magnitude.
Experimental Set-Up
For the production of nanoscale oxide and metal powders nearly the same experimental set-up was used (Fig. 29). The pulsed Nd:YAG laser light enters the
production chamber through a quartz window with a low absorption coeﬃcient.
The light is focussed by a lens of 160 mm focal length to about 1 mm beneath
the surface of a target consisting of consolidated micropowders or a solid alloy.
When the light hits the surface, material is evaporated and plasma occurs. A
tube ﬂushes aggregation gas into this plasma forming an aerosol which is pumped
through a mechanical ﬁlter system where the nanoscale particles precipitate on
the ﬁlter ﬁbres.
Filter Vacuum pump Throttle valve

Quartz window

Laser beam

Aggregation gas

Aerosol stream

Target

Plasma

Fig. 29. Schematic powder production set-up
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As aggregation gases air, hydrogen, nitrogen, argon, or deﬁned mixtures of
them were used. The gas mixture ﬂow and the gas pressure in the chamber were
controlled and held constant by a computer-controlled mechanical ﬂow meter
system. Experiments were performed under various pressure and gas ﬂow conditions where the separation mechanism of the particle on the ﬁlter is governed by
diﬀusion and interception of the nanoscale particles onto the surface of the ﬁlter
ﬁbres. Hence, the ﬁlter dimensions were designed in such a way that no particles
separation into fractions with smaller and larger particles could occur [79]. This
was veriﬁed by mounting two ﬁlters in series. All particles precipitated on the
ﬁrst ﬁlter, and no particles were found on the second one.
Together with the aggregation chamber, which was mounted on a computercontrolled scanning desk, the target is scanned up in two dimensions during the
pulsed laser operation to uniformly evaporate the material spot by spot from a
deﬁned area (mostly 20 × 20 mm2 ). A pulsed Nd:YAG laser of 400 W maximum
average power (JK701, Lumonics) was used. Typical laser parameters were 100
W mean power, 3 J pulse energy, and 0.5 ms pulse length. The most targets for
the laser evaporation were prepared by uniaxial pressing of microcrystalline powder mixtures. Some were additionally sintered or even hot isostatically pressed.
General Experimental Results
Compared with steady state evaporation many results are at least qualitatively
the same for laser evaporation:
1. All produced powders consist of spheres. This could be observed in TEM
within the limit of observation accuracy decreasing for small particles supporting the assumption that the particles arose by the coalescence of droplets
with subsequent solidiﬁcation. On the surface of larger particles (D > 60 nm)
ﬂat areas can be observed and attributed to special crystallographic planes.
2. All particles are single crystalline. No polycrystalline particle could be observed in TEM, being consistent with a good agreement of mean particle
diameters determined with TEM and with X-ray diﬀraction.
3. All measured diameter distributions are log-normal.
4. The mean particle diameters increase with increasing molecular mass, pressure of the aggregation gas, and intensity of the laser beam, increasing
monotonously the gas pressure of the evaporated material.
5. All changes of parameters that decrease the mean particle size also decrease
the powder yield.
Other results are clearly diﬀerent compared with steady state evaporation
and are characteristic for laser evaporation:
1. The dependencies of the mean particle diameter on the molecular mass and
pressure of the aggregation gas are weaker.
2. For similar atmospheric conditions the mean particle diameter is considerably smaller. For evaporation under normal air conditions the mean particle
diameter is in the order of 11 ± 3 nm for most materials.

Synthesis and Characterization

45

3. The geometric standard deviation of the log-normal distribution σ < 1.3 ±
0.1 is smaller and characteristic for the laser evaporation gas-phase synthesis
process.
4. The gas ﬂow rate at the tube outlet is the only parameter that leads to
smaller particles and simultaneously higher powder yields.
Oxidic Nanoparticles
Oxide nanoscale particles can be very easily produced by laser evaporation of
oxides or oxide mixtures, using air as an aggregation gas. This holds for all
metal oxides including iron oxides especially the magnetite and maghemite. The
targets to be laser evaporated can consist of bulk crystalline oxides but also out
of compressed microscaled powder. Compared with metals, oxides have lower
conductivities of heat at high temperatures and a higher light absorption, both
lead to higher powder yields. The heat conductivity and the light absorption
are also increased if pressed oxide powders are used as target instead of bulk
materials. Therefore, these targets were favoured in order to obtain high powder
yields.
The phase composition of the nanoscale oxide powders can be adjusted by
the oxide mixture of the target and the aggregation gas. For the production of
oxides normal air can be used as aggregation gas. With air a small loss of oxygen
in the oxide particles can be detected in oxygen-rich oxides. With the use of an
inert gas like argon this eﬀect increases also for oxygen-poor oxides. This can
be explained by the dissociation of oxygen atoms from the oxides during laser
evaporation and a partial diﬀusion into the aggregation gas. Therefore, laser
evaporation of oxides has a small deoxidizing eﬀect, which can be increased if a
deoxidizing aggregation gas like hydrogen is used. Pure iron powder could not
be produced in this way.
Oxide powders can also be produced using metal targets under oxygen, air,
or protecting gases with subsequent exposure at oxygen or air under certain
conditions which will be explained in the following chapter. This is not a good
alternative for oxide targets as will be explained in the next chapter. With laser
evaporation it is also possible to condensate nanoscale mixed oxide powders like
MnO•Fe2 O3 , CoO•Fe2 O3 , and BaO•6Fe2 O3 for the production of MFs with
special magnetic properties by the use of deﬁned micropowder mixtures in the
target.
Nanoscale magnetite powders were successfully produced by laser evaporation under normal air using targets of pressed microscale magnetite powder.
With this powder low-concentrated MFs could be produced with various surfactants. The production of higher concentrated MFs failed because higher amounts
of the laser-produced magnetite nanoscale powder could not be suspended. This
might be due to the fact that nanoscale oxide powders produced by laser evaporation have a very clean surface compared to powders produced by wet-chemical
pathways [164, 200, 201]. Such a clean surface is an advantage, e.g. for gas sensor applications but for MF applications it is advantageous to get the particles
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completely surrounded by surfactant molecules as soon as possible after their creation in order to avoid agglomeration which hardly can be broken up. Therefore,
the wet-chemical route may be generally better suited to produce (magnetite or
maghemite) MFs.
Metallic Nanoparticles
The production of ferromagnetic nanopowders which are stable under air is very
interesting for the making of improved MFs, especially in the case of iron and iron
alloys, because of (1) their much higher saturation magnetization and (2) other
magnetic properties like magneto-crystalline anisotropy or saturation magnetostriction. This requires the production of metallic nanoparticles which, if done
from metal targets by laser evaporation, is more diﬃcult than the production of
oxide nanoparticles because of the following reasons:
1. Metals and molten metal surfaces have high reﬂectivities for light leading to
a smaller entry of thermal energy and, therefore, to a smaller powder yield.
2. Metals have high thermal conductivities leading to smaller temperature gradients at the surface. This produces more molten and heated material and
less evaporated material.
3. Melting temperatures of metals are mostly small while evaporation temperatures are mostly high causing more molten and less evaporated material,
too. The molten material is sprayed into small microscale particles by the
quickly expanding plasma before it solidiﬁes [163, 164]. This rapidly solidiﬁed
micropowder can contaminate the nanopowder and decrease its yield.
4. Most pure nanoscale metal powders are pyrophoric under normal air. Brought
to air they are immediately oxidized. Therefore, it is diﬃcult to investigate
or use these powders without prior oxidation. This also holds for pure iron
and moreover makes such a powder useless for MF applications.
Nevertheless nanopowder of various ferromagnetic metals of the systems FeSi,
FeCr [134], FeCo [136], pure Co, and FeAl [177] for MF applications could be
successfully produced. The oxidation of iron-based powders when exposed to air
could be suppressed by alloying with passivating elements like Si, Al, Cr, and Co
and simultaneously by controlled addition of oxygen during laser evaporation.
As an example Fig. 30 shows an XRD pattern of a microscale Fe–6.8 wt.% Si
powder used for the target and of nanopowder produced at 20 mbar with diﬀerent
aggregation gases and targets. It can be seen that for the sintered (and therefore
partly oxidized) target and for oxygen-contaminated nitrogen as aggregation gas
FeSi nanopowder of about 7 nm mean diameter is stable, whereas oxygen-free
powder production only leaves Fe3 O4 after exposure to air. When pure iron was
used as target no metal powder could be detected after exposure to air. Both
ﬁndings show that for the successful production of iron powder, stable in air,
controlled additions of oxygen and elements stabilizing the oxide layer on the
particle surface must be present during evaporation.
For the example shown in Fig. 30 the Si content in the nanopowder compared
with the target material has decreased. The missing Si seems to play a decisive
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Fig. 30. Diﬀraction diagrams of microcrystalline Fe–6.8 wt.% Si targets (m)–FeSi) and
nanocrystalline powder (n)–FeSi) produced under argon- and oxygen-contaminated
nitrogen and for a partly oxidized (sintered) target under argon [136]

role in the formation of stable and passivating surface oxides, although these
oxides could not be detected by X-ray diﬀraction. It is assumed that they are
amorphous.
The yield of nanopowders was increased by decreasing the reﬂectivity as well
as the thermal conductivity of the targets by making them out of ferromagnetic
micropowders by (1) uniaxial pressing, (2) sintering, or (3) hot isostatic pressing
instead of using bulk material. By all these powder metallurgical techniques the
light absorption due to the homogeneously rough and partially oxidized surface
could be increased. Simultaneously, the thermal conductivity could be decreased
with a controlled porosity of the targets.
The mean particle size of the produced particles could be adjusted by the
pressure of the used aggregation gas. For example for Co nanopowder produced
under 20 mbar nitrogen an X-ray mean diameter of 6.8 nm (TEM: 7.9 nm) and
for 150 mbar an X-ray diameter of 11.1 nm (TEM: 12 nm) was found. For smaller
particles generally more oxide fractions and lower oxidation stability in air were
found. Especially interesting for the fabrication of high magnetization MFs was
the successful laser production of Fe–30 wt.% Co solid solution nanopowder because this composition has a high saturation polarization of 2.4 T in the bulk
material [135, 176]. The making of MFs from these and other powders was generally possible, but only very small particle concentrations could be achieved
in the MFs due to agglomeration and precipitation. The reasons for this are
presumably the same as in case of oxide powders.
The laser evaporation gas-phase synthesis method could be successfully used
to produce a limited amount of oxidation-stable ferromagnetic (metal) nanopowders of various alloy content. For their use in MFs it is necessary to cover the
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particles better by surfactants, e.g. by conditioning during production in order to
avoid agglomeration in the MF. Moreover, the following improvements would be
favourable: (1) Higher powder yields. (2) Less fully oxidized particles and optimized oxidation stability. (3) Use of powders with smaller particle distributions,
e.g. by previous classifying.
In a way, the situation for pure metal particles obtained via laser ablation
is a physically less complex situation than the wet-chemical case with respect
to the nature of the obtained particles inasmuch as control of possible surface
reactions is less complex (see Sect. 2.1). To illustrate this, compare the X-ray
absorption spectra of Co nanoparticles obtained by variation of the gas pressure
in the evaporation chamber, which leads to a controlled change in particle size
(see Fig. 31).
Evidently, the spectrum of bigger particle shows more similarity to the metallic Co standard than smaller particle, but both show clear deviations from the
metallic character. It is possible to obtain a good reconstruction of these spectra by linear superposition of metallic Co phases and CoO (see broken lines in
Fig. 31). Indications for the presence of both hcp and fcc Co are found, with
larger hcp contributions in the bigger particles. As the particle size distributions

Fig. 31. XAS spectra of Co nanoparticles of diﬀerent sizes obtained by variation of
the gas pressure in the evaporation chamber
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are relatively broad, this reﬂects the size dependence of the phase in which Co
nanoparticles are found, which has been reported previously in the literature. In
addition, the shell thickness of the oxide shell can be calculated using a simple
spherical particle model where the amount of oxide in the samples, encountered
on the outside of the particles, is correlated to a volume contribution in combination with the particle size. It turns out that this is identical for both systems, i.e.
even without direct control on the oxidative processes (in complete contrast, e.g.
to the “smooth oxidation” procedure described in Sect. 2.1), an equilibrium is
reached rather directly, and sensitivity to procedural changes is notably smaller.
Whereas on the one hand this facilitates production, on the other hand “steering” the synthesis towards a desired outcome (e.g. by control on the particle size
by suitable choice of surfactants) is more complicated than in the wet-chemical
case. More details on the analysis of this sample system are given in [177].
The same general consideration holds for bimetallic systems perhaps to an
even stronger extent, if one believes in the general concept for nanoparticle formation established by Faraday. Laser ablation oﬀers direct control on the relative
amounts of “free” atoms available for the nucleation process at a given point of
time, which is in direct contrast to the situation in case of wet-chemical synthesis. The eﬀect of this type of variation is shown in Fig. 32 from the perspective of
Fe and Co atoms for systems discussed in [10, 136]: In both cases, laser ablation
and wet-chemical synthesis, oxidative processes take place and aﬀect the iron
more strongly. The iron oxide phases which are formed in the case of Fe are
magnetite and maghemite, maintaining some degree of magnetic behaviour; for
the wet-chemical synthesis hematite is present as well. The diﬀerence between
the respective degree of oxidation with respect to the type of atom indicates that
segregation of iron towards the surface of the particle takes place. However, the
most interesting observation is made for Co spectra, which are dominated by a
metallic phase in the case of the laser ablation sample: This phase is drastically
diﬀerent from hcp or fcc, the best agreement is achieved by comparison with a
calculated bcc Co spectrum. Actually, this is the phase which is expected for
a range of FeCo alloys [191] and has recently been reported for Co clusters in

Fig. 32. Fe K-edge and Co K-edge XANES (dashed ) of FeCo obtained wet chemically
by two approaches (left) and by laser ablation (right)

50

S. Behrens et al.

Fe/Co ﬁlms as well [6]. In contrast to that, in a sample synthesized using a wetchemical approach, Co is present in the hcp and Fe in bcc phase. The reason
for this resides in the timing of the availability of the diﬀerent sorts of metal
atoms: As Co-carbonyl is decomposed much faster than Fe-carbonyl, nucleation
takes place when only small amounts of Fe are available, therefore seeds for the
hcp Co phase are formed. A recent study [228] investigates eﬀects of variation
of reaction conditions for the decomposition of these precursor materials on the
nature of the resulting nanoalloys in some detail.
2.3 Glass Crystallization
Introduction
MFs based on Ba-hexaferrite as well as iron oxide particles with enhanced
anisotropy barrier lead to (1) enhanced magnetic hysteresis losses in ﬂuids from
particles near the transition to superparamagnetism, e.g. for technical heating
processes as well as for magnetic particle hyperthermia proposed in tumour
therapy: (2) an enhanced Néel relaxation time above the Brown relaxation time,
allowing the detection of biological binding reactions.
Several types of losses which may appear during remagnetization of magnetic
nanoparticles (hysteresis losses, Néel, or Brown relaxation) depend strongly on
the magnetocrystalline anisotropy, the mean particle size, the size distribution,
and ﬁeld parameters. Preparation methods where nucleation and growth of the
particles can be inﬂuenced independently as in the glass crystallization process are promising to improve mean particle size and size distribution. If not
indicated the static magnetic properties were measured by a vibrating sample
magnetometer VSM M icroM ag T M (Bmax = 1200 kA/m).
The Glass Crystallization Method
The glass crystallization method was originally developed for synthesis of single domain barium hexaferrite particles (M-type ferrite: BaFe12 O19 ) [190]. The
method allows the preparation of oxide powders in good phase purity. Substitution elements for adjusting intrinsic magnetic properties can be added homogeneously in the molten state. The mean particle size can be easily controlled by
the temperature treatment. The particles are single crystalline because of their
isolated growth in a solid matrix. There is no sintering. The method is restricted
to materials with a certain solubility of the powder components in the glass.
To realize a controlled crystallization of particles an amorphous supersaturated initial material is necessary. The glasses are prepared from oxides or
carbonates of components of the desired ferrite and additionally B2 O3 as glass
network former. Because of the limited solubility of iron oxide in glasses at conventional cooling rates <100 K/s, an amorphous material can only be prepared
by a rapid cooling fast enough to prevent nucleation and particle growth. A suitable method to quench a melt is the twin-roller technique: single drops of melt

Synthesis and Characterization

51

are quenched between two rotating water-cooled steel rollers with about 104 K/s
[32].
During a temperature treatment of the glass ﬂakes between the glass transformation and melting temperature a phase separation and crystallization of
the particles occur. Phase composition, yield, and particle size depend on glass
composition and annealing conditions (temperature and time). To obtain the
particles the matrix is dissolved by a weak diluted acid, mostly acetic acid.
4+
The formation of BaFe12−2x Me2+
x Mex O19 particles in borate matrix is a
complex process [59]. Usual annealing temperatures for stable single domain
particles are about 700–850◦ C. Substituting Fe by Co–Ti leads to a decrease
of the magnetocrystalline anisotropy [108]. This results in a strong decrease of
the coercivity and the relative remanence (remanent magnetization/saturation
magnetization) at x ≈ 1.0 caused by the transition from uniaxial to planar
anisotropy [99]. It further yields smaller particle sizes. Ti acts as a nucleation
agent.
Nanocrystalline Ba-Ferrite Particles
For the preparation of nanocrystalline particles (x = 0.8) glass ﬂakes from the
system 40BaO–33B2 O3 –27(Fe2 O3 + CoO + TiO2 ) (mol%) were treated between
570 and 620◦ C for up to 10 days. The samples annealed at 570–600◦ C are nearly
superparamagnetic. At 580◦ C the mean particle size is ≈10 nm. Increasing annealing temperatures lead to an increasing particle yield and an increasing relative remanence and coercivity due to particle growth. The eﬀect of the decrease
of the magnetocrystalline anisotropy by CoTi substitution is superimposed by
superparamagnetism due to the small particle size. Ba-ferrite MFs were prepared from superparamagnetic BaFe12−2x Cox Tix O19 particles (x  0.8) with
mean sizes <10 nm (HC = 0.8 − 1.2 kA/m) using oleic acid as surfactant and
Isopar M or dodecane as carrier liquid [143].
MFs in a partly deuterated carrier liquid (C12 H26 and C12 D26 ) were investigated in the ﬂuid state by small angle neutron scattering at HMI Berlin. SANS
curves lead to a bimodal size distribution consisting of separated single magnetic
particles (Fig. 33 curve (d); mean size ≈ 9 nm corresponding to TEM, relative
volume fraction ≈ 70%) with an organic shell and agglomerates (mean diameter
≈ 22 nm) consisting of ferrite particles with an incomplete organic layer (mean
density from scattering data: 3.4 g/cm3 [84]).
The magnetic core size distribution was reconstructed from magnetization
data under the assumption of a log-normal size distribution [28]. The normalized
distributions are plotted in Fig. 33 (curve (a) and (c)) for a MF prepared from a
Ba-ferrite nanopowder with a mean size of ≈9 nm (by TEM). The experimentally
observed size dependence of magnetic properties of BaFe12 O19 nanoparticles
do not agree with theoretical predictions. One common hypothesis is that a
magnetically “dead” layer is formed at the particle surface, as derived from the
drop of the magnetization with decreasing particle size [97]. By SANS, however,
there was no clear indication for a magnetic “dead” layer [82]. The scattering
length density inside the particles was constant. The magnetic size investigations
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Fig. 33. Relative volume size distributions of two MFs calculated by means of (a)
theoretical bulk magnetization, MF from 9 nm particles, (b) measured magnetization
of the powder, MF from 13 nm particles, (c) measured magnetization of the powder,
MF from 9 nm particles, and (d) SANS data, MF from 9 nm particles

ﬁt better to homogeneous particles with reduced magnetization than to particles
with magnetic dead layer and full core magnetization (Fig. 33 curve (a) and (c)).
For a magnetically “dead” layer at the particle surface, several explanations
are oﬀered: One explanation is the structural transition of the γ-Fe2 O3 structural
subunits of the BaFe12 O19 matrix to an antiferromagnetic α-Fe2 O3 phase, e.g.
[2]. This should go along with a decomposition of the type BaO • 6Fe2 O3 .
On the other hand, defects, local disorder, and asymmetric environment play
a more important role at the particle surface. Apart from that, a variety of
studies report that a variation of magnetic properties as a function of surface
coordination (i.e. stabilizer) occurs, e.g. [87]. Some proposals correlate such effects and changes in magnetic properties, e.g. by broken exchange bonds at the
particle surface which can induce surface spin disorder [100].
Figure 34 (left) shows the Ba LIII XANES spectra of a series of (Co and
Ti doped) barium hexaferrite samples with varying particle size and barium
oxide reference spectra. With decreasing particle size one observes an increasing
shift of the white line towards the energy position at which this structure is
found for the BaO reference spectrum, which can be interpreted as an indicator
for a surface-induced segregation process. In spite of the fact that the k-space
which can be used for evaluation is limited by the onset of the Ba LII edge, this
assumption is supported further by the EXAFS data presented in Fig. 34 (right):
Already a mere visual inspection of the non-phase corrected radial distribution
functions of the samples shows clearly that the Ba–Fe coordination is reduced
signiﬁcantly with decreasing particle size. The analysis (not shown) indicates
that the observed reduction of coordination is too big to be explained by the
reduced coordination of the outermost shell of Ba atoms.
At ﬁrst sight, these results appear well suited to support the idea that a
magnetically dead layer is formed, as one may assume that a decomposition into
BaO:Fe2 O3 occurs, which could then render two phases with inferior magnetic
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Fig. 34. Ba LIII edge XANES of (top to bottom) BaO, Ba2 O, 9 nm BaFe12 O19 nanoparticles, 14 nm BaFe12 O19 nanoparticles, 29 nm BaFe12 O19 nanoparticles, respectively. A
line has been added to illustrate the drift of the white line position towards BaO (left).
Modiﬁed Fourier transform of Ba LIII edge EXAFS data for various particle sizes. Vertical lines illustrate the positions of the Ba–O and Ba–Fe scattering path contributions,
respectively. The thin grey line shows the ﬁt contribution of the Ba–Fe path (right)

properties, BaO and hematite. However, the Fe K-edge XANES spectra of the
samples displayed in Fig. 35 along with reference spectra do not support the
hypothesis that hematite is formed. In general, the variation between the spectra
of particles with diﬀerent size is small. This is true even for the comparison
between the 9 nm and a 170 nm particle. This seemingly paradox situation is
resolved, however, when recalling that the gamma phase of Fe2 O3 , maghemite,

Fig. 35. Fe K-edge XANES of 29 nm BaFe12 O19 nanoparticles (solid ), 14 nm
BaFe12 O19 nanoparticles (dots), 9 nm BaFe12 O19 nanoparticles (dashes), magnetite
(dot-dot-dash), hematite (short dash), and maghemite (dot-dash)
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can be found as a building block in the structure of BaFe12 O19 . This fact also
explains the extreme structural similarity between the Fe K-edge XANES spectra
of this material and bulk barium hexaferrite. As a consequence, in spite of the
observed surface decomposition the magnetic properties of the material which
are mainly determined by these building blocks should be preserved; even a
complete BaO shell is not suﬃcient to lead to the observed variations in magnetic
properties.
A stable dodecane-based MF from particles with a mean size of 13 nm (by
TEM) and a coercivity of 10.6 kA/m was prepared to investigate the Brown
relaxation mechanism. The core size distribution is given in Fig. 33 curve (b).
The results are not exact because of the small non-superparamagnetic fraction
(Hc = 10.6 kA/m). The ac-susceptibility spectra show a clear deviation from
the linear behaviour of only superparamagnetic particles. The χ(f ) “peak” at
≈200 Hz can be suppressed by immobilization of the particles.
The inﬂuence of the shape anisotropy of Ba-ferrite platelets in the transition
range from uniaxial to planar crystal anisotropy was investigated theoretically
[66] assuming a realistic aspect ratio of 4. The inﬂuence of the shape increases
with decreasing crystal anisotropy. Uniaxial anisotropy is weakened and planar anisotropy increased by shape anisotropy. Magnetic hysteresis losses (measured by a hysteresometer at 50 Hz) of Ba-ferrite powders were investigated. The
particles were ﬁxed to exclude Brownian relaxation. Mean sizes <30 nm lead to
superparamagnetic fractions, showing losses by Néel relaxation.
As shown for magnetite [71], there is an overlap of the critical size regions
of Néel relaxation and hysteresis losses at about 20 nm that should be shifted to
smaller diameters for materials with higher crystal anisotropy. In case of nonsuperparamagnetic particles with comparable mean sizes, magnetically “softer”
ferrites (with higher degree of substitution) reveal at lower applied ﬁelds (some
10 kA/m) higher hysteresis losses than magnetically harder ferrites at low ﬁelds.
Their maximum losses (saturation) are reached at lower ﬁelds as well. Powders
(x = 0.8) with bigger particles show higher saturation losses but lower losses at
small ﬁeld amplitudes compared with ﬁner powders [142].
Magnetic Iron Oxide Particles by Glass Crystallization
The formation of magnetite particles in non-soluble silicate glasses is known
[118]. The preparation of magnetic iron oxide powder by crystallization from
CaO–Fe2 O3 –B2 O3 glass was shown in [141]. The preparation of initial glass
ceramics containing only Fe3 O4 or γ-Fe2 O3 , rather than nonmagnetic iron oxides, proved to be diﬃcult because the optimum Fe2+ /Fe3+ ratio can hardly be
achieved. The fraction of Fe2+ is much too low. The transition from metastable
γ-Fe2 O3 to the stable nonmagnetic α-Fe2 O3 has to be avoided.
The glass ﬂakes were annealed at 500–700◦ C for several hours to days. In
ﬁrst attempts, after a single annealing step, the ﬂakes show a speciﬁc saturation magnetization, corresponding to ≈70% Fe3 O4 (with bulk magnetization).
The formation of a second magnetic phase (ε-Fe2 O3 ) reported in [141] could
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be avoided by improved melting and quenching conditions. Maximum speciﬁc
magnetization values of 64 Am2 /kg were reached for the powders.
XRD patterns show a mixture of Fe3 O4 (JCPDS No. 0692) and γ-Fe2 O3
(JCPDS No. 39-1346) in CaB2 O4 matrix. In comparison, XRD peaks of separated iron oxide powders shift in most cases towards γ-Fe2 O3 as conﬁrmed by
Mössbauer spectroscopy (by R. Zboril, University Olomouc, CZ).
A water-based, charge-stabilized MF was prepared from particles (spec. magnetization: 62.8 Am2 /kg, coercivity: 1.03 kA/m) of the ﬂake sample in connection
with the dissolving of the borate. Surfactants were not used. Aggregates in the
ﬂuid were reduced by centrifugation, which may change the size distribution between particles in the ﬂake and in the ﬂuid. The ﬂuid was weakly acidic with a
particle concentration of about 0.3 vol%.
The mean particle size in the glass sample determined by XRD was 10 nm,
whereas a size of 13 nm was estimated from a TEM image (Fig. 36) of the dried
MF sample. The particle shape deviates from spheres. From magnetization data
we calculated the mean diameter D and the deviation σ of the log-normal size
distribution according to [28] to be D = 11.3 nm and σ = 0.51 for the MF.
Magnetic losses of the particles were investigated by measurements of acsusceptibility spectra, hysteresis loops, as well as direct calorimetrically. The
results are compared for a ﬁeld amplitude of 11 kA/m and a frequency of 410 kHz
which proved well suitable for hyperthermia in animal experiments [78]. Results
of ac-susceptibility measurements are shown in Fig. 37. From the imaginary part,
which shows a peak ascribed to Brown relaxation [74], one may extrapolate a
SLP of 160 W/g for ﬁeld parameters mentioned above. For comparison, hysteresis
losses were determined by integration of hysteresis minor loop area. Taking again
the above-mentioned ﬁeld parameters SLP values of 16, 8, and 30 W/g result for
particles in glass ﬂakes, powder, and immobilized MF respectively.
In order to get a direct measure of magnetic losses being converted into heat,
calorimetric loss measurements were performed by measuring the temperature
increase of a MF in a coil, generating an ac magnetic ﬁeld of 11 kA/m at a fre-

Fig. 36. TEM image of a dried maghemite MF (scale bar: 50 nm)
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Fig. 37. Spectra of the complex susceptibility of a MF of 13 nm particles

quency of 410 kHz. The results are 20, 8.9, and 87 W/g for ﬂakes, powder, and
immobilized MF, respectively. In a second series heat treatments of ﬂakes (in
Ar atmosphere) with separated steps for nucleation and particle growth were
investigated. The annealed ﬂakes show a high speciﬁc saturation magnetization,
corresponding to ≈78% Fe3 O4 . The separated powders show magnetization values up to 70 Am2 /kg close to literature values of γ-Fe2 O3 . There was no hematite
found by XRD. The mean particle size was about 16 nm. The two-step annealing ﬂake samples show higher speciﬁc hysteresis losses at comparable saturation
hysteresis parameters (coercivity) than samples after a single annealing step. A
hysteresis loss power of 21 W/g could be determined for a powder and 43 W/g
for a MF prepared from such powder.
By glass crystallization, Ba-ferrite particles with a mean size and intrinsic
anisotropy, suitable for preparing MFs, and iron oxide particles can be prepared.
The measured losses are among fairly good values reported in the literature
(e.g. [3]). However, they are nearly one order of magnitude lower than best
values reported till now from particles by magnetic bacteria [72]. Therefore,
optimization of the GCT preparation, presently on the way, are concentrated on
this goal.
2.4 Magnetic Polymer Hybrids for Magnetic Fluids
Encapsulation of Magnetic Particles in Polymers via Miniemulsion
Processes
MFs are stable dispersions of ultraﬁne magnetic particles or encapsulated magnetic particles in an organic or aqueous carrier medium. The stabilization of
these particles can be achieved by surfactants which hinder the particles from
ﬂocculation or sedimentation. In ideal cases, the particles also keep their stability
under the exposition of magnetic ﬁelds.
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Magnetic polymer nanoparticles, which are usually dispersed in a carrier liquid, can be tailor-made depending on the ﬁnal application [11, 170]. Several
kinds of magnetic polymer nanoparticles have been produced from both natural
and synthetic polymers with the intention to incorporate groups on the surface
or to treat their surface to perform, for instance, selective separations. In special, magnetic nanoparticles with or without polymer encapsulation can be used
for magnetic drug targeting [121, 207], tissue engineering, magnetic resonance
imaging [96], and hyperthermia [130].
In early publications, MFs were produced by grinding magnetite with heptane
or long chain hydrocarbon and a grinding agent, e.g. oleic acid [152]. Later, MFs
were produced by precipitation of an aqueous Fe3+ /Fe2+ solution with a base,
coating these particles with an adsorbed layer of oleic acid and then dispersing
them in a non-aqueous ﬂuid [161]. Both processes result in tiny magnetite particles, a surfactant coating these magnetite particles, and a non-aqueous liquid
carrier in which the hydrophobic magnetite particles will be dispersed. Obviously, the latter process is more feasible to apply in the production of more
homogeneous magnetite particles.
Other applications of MFs rely on water as the continuous phase. Kelley
[94] produced an aqueous magnetic material suspension by the conversion of
iron compounds to magnetic iron oxide in the aqueous medium under controlled
pH conditions in presence of a petroleum sulfonate dispersant. Shimoiizaka et al.
[187] developed a water-based MF from the oleic acid-coated magnetite particles
dispersed by an anionic or non-ionic surfactant solution which is suitable to form
a second surfactant layer.
Polymer-covered magnetic particles can also be produced by precipitation in
situ of magnetic materials in the presence of polymer which acts as a stabilizer.
In this way, magnetic polymer nanoparticles are produced in presence of the
water-soluble dextran [133], poly(ethylene imine) [162], poly(vinyl alcohol) [117],
poly(ethylene glycol) [196], sodium poly(oxyalkylene di-phosphonates) [40], and
amylose starch [204]. In all cases, the magnetic particles are surrounded by a
hydrophilic polymer shell.
Another method to produce magnetic polymer particles consists of the synthesis of magnetic particles and polymer particles separately and then mixing
them together to enable either physical or chemical adsorption of the polymer
onto the magnetic material. The polymer material can be produced by diﬀerent
ways, for instance by emulsion or precipitation polymerization [174].
It is also possible to use a strategy comprising the polymerization in heterophase in the presence of magnetic particles. The magnetic material preferably having a surfactant coated is embedded into a polymer using processes
such as the suspension, the emulsion, or the precipitation polymerization.
Magnetic particles were encapsulated in hydrophilic polyglutaraldehyde by
suspension polymerization resulting in particles with an average diameter of
100 nm [162]. Magnetite containing nanoparticles of 150–200 nm were also synthesized by seed precipitation polymerization of methacrylic acid and hydroxyethyl methacrylate in presence of magnetite particles containing tris(hydroxy
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methyl)aminomethane hydroxide in ethyl acetate medium [226]. Polymethacrylate/poly(hydroxy methacrylate)-coated magnetite particles could be also prepared by a single inverse microemulsion process, leading to particles with a
narrow size distribution, but only with a magnetite content of 3.3 wt.% [39].
Daniel and coworkers [34] obtained magnetic polymer particles by dispersing
a magnetic material in an organic phase which consists of an organo-soluble
initiator, vinyl aromatic monomers, and/or a water-insoluble compound. The
mixture was emulsiﬁed in water by using an emulsiﬁer and then polymerization
took place in order to obtain polymer particles with a magnetite content between
0.5 and 35 wt.% with respect to the polymer. However, the resulting particle size
distribution was rather broad (between 30 and 5000 nm). Charmot and Vidil [29,
30] used a similar method to produce magnetizable composite microspheres of a
hydrophobic crosslinked vinylaromatic polymer, but they obtained a mixture of
magnetizable particles and nonmagnetizable blank microspheres. Wormuth [222]
used the inverse miniemulsion process [113] to encapsulate magnetic particles by
a hydrophilic polymer.
Magnetic polymer nanoparticles should fulﬁll some criteria to ﬁt further
biomedical application: no sedimentation, uniform size and size distribution,
high and uniform magnetic content, superparamagnetic behaviour, no toxicity,
no iron leaking, high selectivity in case that these particles are used for hyperthermia purposes, and suﬃcient heat generation at lower frequencies to enhance
selective heating [130]. Therefore, magnetite particles homogeneously encapsulated in a hydrophobic polymer which keep away water-soluble components from
contacting the magnetite particles are of high interest.
There are several reasons to use polystyrene as hydrophobic encapsulation
material in biomedical applications [186], e.g. it is inexpensive and it is a hydrophobic polymer which allows physical adsorption of antibodies or proteins,
it can also be functionalized, e.g. by carboxylic groups which enable covalent
binding of antibodies, proteins, or cells.
Polymerization in direct miniemulsion can be used for the eﬃcient encapsulation of water-insoluble materials in hydrophobic polymers to obtain hybrid
particles which are homogenous in their size and their inorganic material content
[8]. Recent work shows that the miniemulsion process allows the encapsulation
of hydrophobized calcium carbonate [8] and carbon black [199].
Magnetite, however, is hydrophilic and relies on an eﬀective surface treatment before the encapsulation process. This is preferentially done by adsorption
of a secondary surfactant on the magnetite surface which does not interfere with
the primary surfactant system needed to stabilize the polymer particles. The
encapsulation of hydrophilic magnetite particles into polystyrene particles was
eﬃciently achieved by a miniemulsion process using oleyl sarcosine acid [85]
or the more eﬃcient oleic acid as ﬁrst surfactant system to handle the interface magnetite/styrene and SDS to stabilize the interface styrene/water, thus
creating a polymer-coated MF. The encapsulation of high amounts of magnetite
into polystyrene particles can eﬃciently be achieved by a new three-step preparation route including two miniemulsion processes [112, 160]. In the ﬁrst step, a
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dispersion of oleic acid-coated magnetite particles in octane is obtained. In the
second step, magnetite aggregates in water are produced in a miniemulsion process by using sodium dodecyl sulfate (SDS) as surfactant. In the third step, the
dispersion with the magnetite aggregates which are covered by an oleic acid/SDS
bilayer was mixed with a monomer miniemulsion and a second miniemulsion process, an ad-miniemulsiﬁcation process, is used to obtain full encapsulation (see
Fig. 38). After polymerization, polymer-encapsulated magnetite aggregates were
obtained. Such particles can be used for biomedical applications, e.g. detection
by magnetic resonance tomography and destruction of tumour cells by hyperthermia.
Carboxyl and amino functionalized magnetite containing polystyrene particles with deﬁned amounts of the functional groups on the surface can be synthesized via miniemulsion polymerization [86]. The amount of functional groups
on the surface as well as the particle size can be controlled by fraction of
the functional monomer in the reaction mixture. Here, acrylic acid (AA) or
aminoethyl methacrylate hydrochloride (AEMA) was used. Composite particles
in the size range from 100 to 150 nm for AA as a comonomer and from 120 to
175 nm for AEMH were synthesized. Due to the “hairy” layer formation, the
amount of surface carboxyl groups on poly(St-co-AA) latex particles is 3.5 times
higher compared to the amino groups on the surface of poly(St-co-AA) particles. The particles were used for the uptake into cells. Intracellular localization
of amino-functionalized particles was conﬁrmed by confocal laser scanning microscopy and electron microscopy. It is shown that the uptake increases with
increasing surface charges [120]. The particles can also be used for further functionalization with peptides, antibodies, etc.

Fig. 38. Encapsulation of magnetic particles via a three-step miniemulsion process
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Stable Magnetic Fluids by Surface-Initiated Polymer Brush Shells
Magnetic core–shell nanoparticles with a magnetite (Fe3 O4 ) core and a covalently attached stabilizing polymeric shell oﬀer the potential to introduce additional properties like instant dispersibility and thermoreversible formation of
MFs by proper choice of the polymer.
A general synthetic approach for the formation of magnetic polymer brush
particles is composed of three steps. In the ﬁrst step, Fe3 O4 cores are synthesized
by alkaline precipitation [124], 12 nm in size, as calculated from initial susceptibility in vibrating sample magnetometric measurements (VSM) (Table 4), XRD,
and TEM images (Fig. 39). A surface functionalization step follows by chemisorption of 2-bromo-2-methylpropionic acid (BrIsoBu) on the particle surface. The
acid contains a tertiary bromine functionality suitable to initiate a following
atom transfer radical polymerization (ATRP) (see Fig. 39). ATRP is a transition metal catalyzed, controlled (“living”) radical polymerization mechanism
oﬀering the advantage of good control on the molecular weight and polydispersity combined with vast tolerance towards the reaction conditions [127]. By
performing a surface-initiated (“grafting from”) ATRP and thus growing the
covalently attached polymeric chains directly on the core surface, a well-deﬁned
architecture with a high grafting density is reached.
The success of the surface functionalization with BrIsoBu can be veriﬁed by
ATR-IR spectroscopy and quantiﬁed by elemental analysis (EA) and thermogravimetric analysis (TGA). We ﬁnd an initiator density fi of 0.33 mmol g−1
Table 4. Composition of investigated Fe3 O4 @PS and Fe3 O4 @PMEMA core–shell
nanoparticles

Sample

b

Fe3 O4 @PS59
Fe3 O4 @PS52
Fe3 O4 @PS49
Fe3 O4 @PS23
Fe3 O4 @PMEMA43
Fe3 O4 @PMEMA30
Fe3 O4 @PMEMA18
Fe3 O4 @PMEMA16

μcM
[%]

ddc
[nm]

Mne
[g· mol−1 ]

MW /Mne

μfM F
[%]

dgh
[nm]

SLP h
[W· g−1 ]

59
52
49
23
43
30
18
16

11.7
11.6
11.5
11.5
11.8
12.9
n. d.
12.2

6.110
6.400
10.300
27.800
11.000
16.800
30.900
35.100

1.33
1.42
1.36
1.18
1.85
3.09
2.16
2.15

1.5
0.67
0.97
0.41
2.9
0.96
n.d.
0.48

54 ± 7
59 ± 6
77 ± 5
103 ± 7
30 ± 3
47 ± 3
55 ± 5
73 ± 7

47.4
44.1
36.5
46.5
51.7
52.1
50.8
50.0

a μM : mass content of Fe3 O4 in dry particles, dc : core diameter, Mn : number average
molecular weight of isolated polymeric arms, Mw /Mn : polydispersity index of the polymeric arms, μM F : mass content of Fe3 O4 in saturated DMF (Fe3 O4 @PMEMA) and
toluene dispersions (Fe3 O4 @PS). b Sample denotations: Fe3 O4 @polymer μM . c From
TGA mass loss (<550◦ C). d Calculated from initial susceptibility (VSM). e GPC results relative to PS standards and corrected by the Mark–Houwink relationship [179]
in the case of PMEMA. f Calculated from saturation magnetization (VSM). g DLS results (peak number distribution). n.d.: not determined. h Speciﬁc Loss Power calculated
from temperature vs. time measurements in an AC magnetic ﬁeld (5 kW 300 kHz)
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Fig. 39. Synthetic route for the formation of Fe3 O4 @PMEMA and Fe3 O4 @PS magnetic polymer brushes

(EA) magnetite and 0.26 mmolg−1 (TGA). The functional particles serve
as macroinitiators for the surface-initiated polymerization of 2-methoxyethyl
methacrylate (Fe3 O4 @PMEMA [55]) and styrene (Fe3 O4 @PS) (see Fig. 39).
Fe3 O4 @PMEMA brush nanoparticles form stable MFs in good solvents for
the polymeric shell like N,N-dimethylformamide (DMF) and dimethylsulfoxide
(DMSO). Fe3 O4 @PMEMA-based MFs are prepared in DMF with a magnetite
content μM up to 2.9 mass% (Table 4). In methanol (MeOH), the particles show
thermoreversible dispersibility due to an upper critical solution behaviour of the
PMEMA arms in the dispersion medium (see below).
Similarly, Fe3 O4 @PS hybrid nanoparticles are well dispersible in toluene up
to 1.5 wt.% (Table 4). Thermoreversible dispersibility of the particles is detected
in cyclohexane due to an upper critical solution behaviour of the polymeric shell
(see below).
The obtained MFs are characterized by VSM, dynamic light scattering
(DLS), TEM, and TGA. The polymer arms are analyzed by gel permeation
chromatography (GPC) after being separated from the inorganic core by acidolysis and precipitation (Table 4).
TEM images (Fig. 40) conﬁrm the architecture of the obtained core–shell
particles. The spherical magnetite cores are visibly surrounded by a polymeric
shell with a calculated thickness of approximately 3 nm independent of the core
size. The layer separates the individual cores from each other so that small
aggregates, that are detected in the images, are possibly built during sample
preparation.
For both magnetic hybrid particle systems, it is possible to alter the chain
length of the polymer arms by the added monomer amount. PS shells with number average molecular weights Mn between 6,100 g· mol−1 and 27,900 g· mol−1
and PMEMA chains with Mn between 11,000 g· mol−1 and 35,100 g· mol−1 were
prepared, as measured by GPC of isolated polymer fractions after acidolysis of
the core.
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Fig. 40. TEM image of Fe3 O4 @PMEMA18 hybrid particles

A linear relationship between Mn and the mass ratio of polymer to magnetite
μP ol /μM can be detected for both systems (Fig. 41 (left)), indicating that the
functionalized Fe3 O4 nanoparticles act as a macroinitiator with a similar number of started chains per particle. From the slope of the linear plot the chain
density fs per gram of Fe3 O4 is calculated to 0.12 mmol· g−1 (Fe3 O4 @PS), and
0.16 mmol· g−1 (Fe3 O4 @PMEMA).
Figure 41 (right) presents the hydrodynamic peak diameter determined by
DLS for both PS-stabilized and PMEMA-stabilized magnetic nanoparticles in
dependency of Mn measured by GPC. In addition, the calculated theoretical
diameter for completely stretched chains based on the molecular mass-depending
polymer contour length for both polymers [49] are presented.
Both materials show a steady increase of the peak diameter with polymeric
arm length. For the PS-stabilized particles, the obtained hydrodynamic diam-

Fig. 41. Molecular weight Mn vs. mass ratio μP ol /μM (TGA) of dry Fe3 O4 @PMEMA
() and Fe3 O4 @PS () particles (μP ol = 100% − μM ). The slope gives the chain
density fs per gram Fe3 O4 (see text) (left). Hydrodynamic peak diameter dh (DLS) vs.
molecular weight Mn (GPC) for Fe3 O4 @PMEMA () and Fe3 O4 @PS () particles.
The dotted (Fe3 O4 @PS) and dashed (Fe3 O4 @PMEMA) lines represent the theoretical
maximum hydrodynamic diameter for ideally stretched polymer chains (right)
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eters are found to be close to the theoretical values except for Fe3 O4 @PS23,
due to a higher ﬂexibility of long polymer chains grafted to the highly curved
nanoparticle surface. The obtained hydrodynamic diameters of the PMEMAstabilized samples derivate to lower values compared to the simple theoretical
relationship.
Magnetic Properties
Colloidal magnetic dispersions of the hybrid particles in DMF (Fe3 O4 @PMEMA)
and toluene (Fe3 O4 @PS) are characterized by VSM. Table 4 lists typical experimental results. The dispersions show superparamagnetic behaviour, with
the saturation magnetization and initial susceptibility giving information about
Fe3 O4 content and magnetic moment m of the involved particles according
to Langevin’s law [166]. From m, a volume average particle core diameter of
12–13 nm was calculated for all investigated ﬂuids (see Table 4).
In a high-frequency AC magnetic ﬁeld, the magnetic nanoparticles warm up
due to relaxation processes and magnetic induction [20, 146, 147]. Sample dispersions were investigated inside an induction coil operated by an HF generator at
5.0 kW and 300 kHz. Initially, the temperature shows a linear increase with time,
which is used to calculate the speciﬁc loss power (SLP) of the magnetic material.
For Fe3 O4 @PMEMA-based ﬂuids, a SLP of the magnetite cores is calculated
to be 51.9 W · g−1 and for the Fe3 O4 @PS-based ﬂuids 40.6 W · g−1 is found.
These values are independent from shell thickness indicating a Néelian relaxation
mechanism [146, 147]. The diﬀerence between the SLP of PMEMA- and PSbased materials may be attributed to diﬀerent core batches with slightly diﬀerent
size distribution used in the synthesis of the two systems.
Thermosensitive Magnetic Fluids
The solubility of the polymer shell in the carrier medium is predominantly responsible for the stabilization of the obtained MFs. When the surface-attached
polymer arms are well soluble in the surrounding medium, the arms are widely
stretched in a brush-like architecture leading to stable dispersions of the hybrid
particles. In poor solvents, the arms coil forming a collapsed shell so that the
particles precipitate.
In certain polymer-solvent systems, a thermosensitive solubility behaviour is
observed due to the presence of an upper or lower critical solution temperature
(UCST or LCST). The solubility dramatically changes at a critical temperature
Tc [56]. Using this sudden change of solvent quality on the temperature scale,
thermoreversible dispersibility can be achieved, leading to thermosensitive MFs
of Fe3 O4 @PMEMA in methanol and Fe3 O4 @PS in cyclohexane.
We ﬁnd in both cases an UCST behaviour. Below Tc , the particles tend
to form polymer-mediated aggregates and precipitates. Above Tc , the polymeric
arms tend to go into solution, and due to the covalent attachment to the particle
surface, the Fe3 O4 nanocores are stabilized in dispersion by steric repulsion of
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Fig. 42. Schematic behaviour of the polymer brush shell in thermoreversible MFs and
photographs of Fe3 O4 @PMEMA43 in MeOH. The particles precipitate below Tc (at
20◦ C, left). By thermoreversible stabilization, a MF is formed above Tc (at 50◦ C, right)
that reacts like a typical MF to the inﬂuence of a permanent magnet (left). Relative
transmittance τ vs. temperature T of Fe3 O4 @PMEMA suspensions in methanol in
turbidity experiments; compact line: Fe3 O4 @PMEMA43, dashed: Fe3 O4 @PMEMA30,
dotted: Fe3 O4 @PMEMA18, dash-dotted: Fe3 O4 @PMEMA16 (right)

the anchored polymer arms. We observe the typical response of MFs under the
inﬂuence of a permanent magnet (Fig. 42).
For the PMEMA-capped particles an inverse dependency of Tc on the molecular weight can be detected. Tc varies between 21 and 39◦ C.
In summary MFs can be created by the dispersion of nanoparticles shell
without the addition of surface active agents. The thermoreversible dispersibility
of the hybrid particles is responsible for the formation of thermoresponsive MFs
in solvents with critical solution behaviour for the shell.
2.5 Biogenic Nanoparticles
An intriguing example for the biological synthesis of nanoparticles is the biomineralization of magnetosomes. These structures are formed intracellularly in magnetotactic bacteria (MTB), in which they serve as a navigational device for spatial orientation in marine and freshwater habitats by interaction with the earth’s
magnetic ﬁeld [7]. Recently, techniques have become available for the production
and isolation of magnetosomes in larger quantities. They represent a new class
of magnetic nanoparticles with exceptional properties. Magnetosomes provide
numerous attractive possibilities in various applications, which is due to their
unique magnetic and biochemical characteristics.
Biomineralization and Structure of Magnetosomes
Magnetosomes are membrane-enclosed inorganic crystals consisting either of the
magnetic minerals magnetite (Fe3 O4 ) or greigite (Fe3 S4 ) [7, 52, 184]. The particles are usually arranged along the cell axis in one or multiple chains (Fig. 43),
are oriented with the [111] magnetic easy axis along the chain direction [13],
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and are organized along a cytoskeletal ﬁlamentous structure [178]. Particle sizes
are typically 35–120 nm, which is within the single magnetic domain size for
magnetite and greigite [137, 138].
A large variety of crystal morphologies such as cubo-octahedral, elongated
hexagonal-prismatic and bullet-shaped morphologies were reported [184]
(Fig. 43B–F). It was shown by HRTEM, electron diﬀraction, and electron holography that the morphologies of magnetite crystals in magnetosomes are derived
from combinations of the isometric forms {1 1 1}, {1 1 0}, and {1 0 0} [36].
Morphological variations such as elongated and prismatic structures are due to
anisotropic crystal growth. The morphology, size, and intracellular organization
of magnetosome crystals are subject to a species-speciﬁc biological control, which
is genetically regulated by complex and speciﬁc genes that have been identiﬁed
within the “magnetosome island” in the genome of MTB [181, 202]. For magnetite biomineralization, iron is taken up as Fe(III) or Fe(II) from the medium
and subsequently transported to the magnetosome vesicle [7]. A part of the iron
is then reoxidized to form a highly reactive Fe(III) oxide, probably ferrihydrite,
which may react with dissolved Fe2+ to form magnetite by a via-solution process
[33].

Fig. 43. Magnetotactic bacteria with magnetosomes displaying diﬀerent crystal morphologies

Compartmentalization through the formation of membrane vesicles enables
the processes of magnetite mineralization to be regulated by biochemical pathways. The magnetosome membrane (MM) is crucial in the control of crystal
growth by providing spatial constraints for shaping of species-speciﬁc crystal
morphologies. Biomineralization of magnetite requires a precise regulation of
the redox potential, pH, and the prevalence of supersaturating iron concentration within the vesicle. Thus, the MM performs speciﬁc functions in the transport
and accumulation of iron, nucleation of crystallization, and redox and pH control
[60, 183].
Production, Isolation, and Biochemical
Characterization of Magnetosome Particles
A protocol for mass cultivation and magnetosome production was developed for
Magnetospirillum gryphiswaldense. This strain can be grown on simple liquid
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media containing short organic acids as a carbon source. As growth and magnetosome formation depend on microaerobic conditions, the persistent maintenance
of a low oxygen concentration in the growth medium is a crucial parameter and
requires speciﬁc methodology. A protocol for mass cultivation of MTB in an
automated oxygen-controlled fermenter was established, which allows the continuous maintenance of low pO2 concentrations [76]. This was achieved by a
gas control regime that exactly maintains very low pO2 tensions over a wide
range of cell densities with ﬂuctuations less than 5% of the set value. In a
comparative study, a productivity of 6.3 mg magnetite l−1 day−1 was found
for M . gryphiswaldense compared to 3.3 and 2.0 mg magnetite l−1 day−1 for
Magnetospirillum sp. AMB-1 and M . magnetotacticum MS-1, respectively [76].
Among these strains, M. gryphiswaldense exhibited the highest oxygen tolerance,
and growth was unaﬀected by oxygen concentration over a wide range (0.25 up
to 150 mbar). However, magnetite formation occurred only below a threshold
value of 10 mbar, whereas it was inhibited at higher oxygen concentrations.
A clear correlation between the amount of magnetite formed and pO2 exists,
and most favourable conditions for magnetite biomineralization were found at
0.25 mbar. Interestingly, reduced particle sizes (20 nm diameter in comparison
to 42 nm of particles produced under optimal conditions) and irregular particle
shapes were observed when cells were grown at intermediate pO2 tensions of
10 mbar.
Magnetosome particles are distinguished from organic cell constituents by
their high density and their ferrimagnetic properties, which provide a means for
their puriﬁcation from disrupted cells using a straightforward isolation protocol.
After cell disruption the magnetosomes can be easily separated from the crude
extracts by magnetic separation columns [62]. Magnetic separation is followed by
ultracentrifugation into a 55% [w/w] sucrose cushion. This procedure results in
suspensions of puriﬁed magnetosome particles with intact enveloping membrane
structures (Fig. 44). Isolated magnetosomes are relatively stable in the presence
of mild detergents. The MM can be solubilized by treatments with detergents or
organic solvents, which result in the agglomeration of membrane-free magnetite
particles [62, 63].

Fig. 44. Suspensions of puriﬁed magnetosome particles with intact enveloping membrane structures (a) and membrane-free magnetite particles (b)
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A number of common fatty acids are present in the MM from M. gryphiswaldense [62, 63]. Analysis of the extracted membrane revealed that the magnetosome
is associated with a highly speciﬁc and complex subset of proteins, which are
present in various quantities. The amount of MM-bound polypeptides approximately represents 0.1% of the total cellular protein [63]. Biochemical analysis
in combination with various proteomic techniques have led to the identiﬁcation
of the magnetosome membrane proteins (MMPs) [62, 63, 181, 202]. Eighteen
major polypeptides have been identiﬁed in the magnetosome subproteome. The
diﬀerent resistance of magnetosome proteins towards proteases and detergents
indicates that some proteins are very tightly bound to the magnetosome crystals and/or embedded within the membrane. Others are loosely attached and
can be selectively solubilized by mild detergents. Based on sequence analysis,
MMPs can be assigned to a number of characteristic protein families, which are
presumed to perform speciﬁc functions in MM vesicle formation and assembly,
iron transport, and control of nucleation and growth of magnetite crystals.
Functionalization of Magnetosomes
The encapsulation of the magnetic crystal within the MM provides a natural
“coating”, which ensures superior dispersibility of the particles and provides an
excellent target for modiﬁcation and functionalization of the particles. Besides
in vivo “tailoring” of magnetite crystals, also the biochemical composition of
the magnetosome membrane can be altered by genetic engineering. A highly
promising approach is the design of magnetosomes with functionalized surfaces.
This can be achieved by the generation of chimeric proteins, which are speciﬁcally
displayed on the surfaces of isolated magnetosomes. It has been demonstrated
that magnetosome proteins can be used for the construction of functional genetic
fusions [101, 185]. This could be used for the introduction of functional moieties,
as for instance biomolecular recognition groups such as the biotin–streptavidin
system [114].
Physico-chemical Characterization
Details of magnetosome characterization are given elsewhere in this chapter.
Brieﬂy, studies on magnetosome suspensions by magnetorelaxometry, DC magnetometry, and atomic force microscopy as well as scanning force microscopy
revealed that the particles have a high magnetization, and the magnetic moments of single domain magnetosome particles are predominantly in a blocked
state [1, 45, 72]. While mature magnetosome crystals are mostly within the
ferrimagnetic size range, the crystal sizes are under biological control and can
be genetically modiﬁed. As revealed by small angle scattering using polarized
neutrons (SANSPOL), magnetic particles from a mutant exhibit a narrower size
distribution and smaller diameters that predominantly fall into the superparamagnetic size range [81].
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Chain Formation in Magnetosomes
Chain formation in magnetosomes was investigated by SANS for two types of
magnetosome suspensions (sample A and B) cultivated under slightly diﬀerent
conditions. SANSPOL on samples highly diluted in D2 O revealed a rather sharp
log-normal size distribution of the magnetite core with a mean radius of Dc =
43.6 nm in sample B surrounded by a lipid shell of constant thickness of 3.4 nm
and Dc = 31.2 nm and a shell thickness of 4 nm for sample A, respectively [81].
The two-dimensional SANS pattern for non-polarized neutrons of the higher
concentrated type B sample is shown in Fig. 45 (left). The iso-intensity lines
present streaks of higher intensity in vertical direction. The streak of the highest
intensity goes through the centre at Qx = 0 intermitted only by the beam stop
(white rectangle). Two streaks occur to the left and to the right at Qx1 =
±0.11 nm−1 and less pronounced at Qx2 = ±0.22 nm−1 . Such scattering pattern
is characteristic for a one-dimensional periodic arrangement of scattering objects,
leading to equidistant planes perpendicular to the axis.
Apparently, the core–shell particles are arranged in chain-like structures that
are aligned in direction of the magnetic ﬁeld. The projections of the scattering
planes onto the detector then give rise to the observed streaks (dashed lines
in Fig. 45). The “periodicity” d = n2π/Qxn = 57.1 nm−1 corresponds to the
nearest neighbour distance of particle inside the chain. From the behaviour at
low Q, we concluded that particles are spontaneously arranged in short segments
of chains, which in zero ﬁeld are randomly distributed and get aligned along an
applied magnetic ﬁeld. Comparing the d value (57.1 nm−1 ) with the total particle
size 2R = 50.4 nm, we conclude that the lipid shells of neighbour particles nearly
get in touch when they are arranged in chains. This is fully conﬁrmed by a twodimensional model ﬁtting of the SANSPOL diﬀerence cross section of aligned
cylindrical objects as shown in Fig. 45 (right) [68].

Fig. 45. Iso-intensity SANS pattern of a concentrated magnetosome sample of type B
in a horizontal magnetic ﬁeld (left). The vertical dashed lines represent the scattering
planes from quasi-aligned chaines. Calculated SANSPOL diﬀerence scattering cross
sections for oriented cylinders (right)
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3 Summary
Numerous studies on the synthesis of magnetic nanoparticles have revealed that
solution-phase and gas-phase synthesis, glass crystallization, and biogenetic production techniques are capable of producing high-quality magnetic nanoparticles
which can be dispersed into appropriate carrier liquids for producing MFs. Control of particle size, particle size distribution, and crystal structure, for example,
are important issues to meet the application demands. The most commonly used
magnetic material is iron oxide in the form of magnetite, but also mixed oxides,
e.g. spinells, and metals are very promising materials for nanoparticles in MFs.
Namely, long-term stable metallic core magnetic nanoparticles where the surface is densely sealed against air and moisture via smooth oxidation have a wide
potential of application. Technical and biomedical applications depend on the
properties of the MF such as the magnetorheological behaviour, the magnetization, the vaporization, the stability, and permeability of the magnetic forces.
Every application needs a special MF whose properties have to be especially
adjusted to the concrete requirements of the system. Carrier liquids like water,
kerosene, and various oils are available. Stable suspensions, however, can only be
achieved if the particles are protected against agglomeration, e.g. due to Van der
Waals interactions, by applying appropriate surfactants or polymers. Physical
methods for characterization and fundamental investigation of the particles and
the MFs are important tools to describe and understand the obtained systems
and further optimize particle synthesis and MF preparation, in order to meet
the requirements of application. A variety of analytical methods are available
for characterizing, e.g. the particle volume and surface structure, the magnetic
properties of the particles, and the MF.
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76. Heyen, U., Schüler, D.: Growth and magnetosome formation by microaerophilic
Magnetospirillum strains in an oxygen-controlled fermentor. Appl. Microbiol.
Biotechnol. 61, 536–544 (2003) 66
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114. Lang, C., Schüler, D.: Biomineralization of magnetosomes in bacteria: Nanoparticles with potential applications. In: Rehm, B. (ed.) Microbial Bionanotechnology: Biological self-assembly systems and biopolymer-based nanostructures.
pp. 107–124, Horizon Scientiﬁc Press (2006) 67
115. Langevin, D. (Ed.): Light Scattering by Liquid Surfaces and Complementary
Techniques. Marcel Dekker, New York (1992) 11, 12
116. Lange, J., Kötitz, R., Haller, A., Trahms, L., Semmler, W., Weitschies, W.:
Magnetirelaxometry-a new binding speciﬁc detection method based on magnetic
nanoparticles. J. Magn. Magn. Mat. 252, 381–383 (2002) 17
117. Lee, J., Isobe, T., Senna, M.: Magnetic properties of ultraﬁne magnetite particles and their slurries prepared via in-situ precipitation. Colloid surface A 109,
121–127 (1996) 57
118. Lembke, U., Hoell, A., Kranold, R., Müller, R., Schüppel, W., Goerigk, G., Gilles,
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121. Lübbe, A.S., Bergemann, C., Huhnt, W., Fricke, T., Riess, H., Brock, J.W., Huhn,
D.: Preclinical experiences with magnetic drug targeting: tolerance and eﬃcacy.
Cancer Res. 56, 4694–4701 (1996) 57
122. Maiorov, M.M.: Magnetization curve of magnetic ﬂuid and distribution of magnetic moment of ferroparticles. 10th Riga Conf Magn Gidrodin, Riga (1981) 15
123. Massart, R.: Preparation of aqueous magnetic liquids in alkaline and acidic media.
IEEE Trans. Magn. 17(2), 1247–1248 (1981) 36
124. Massart, R., Cabuil, V.: Eﬀect of some parameters on the formation of colloidal
magnetite in alkaline-medium-yield and particle-size control. J. Chem. Phys. 84,
967–973 (1987) 60
125. Margeat, O., Amiens, C., Chaudret, B., Lecante, P., Benﬁeld, R.E.: Chemical control of structural and magnetic properties of cobalt nanoparticles, Chem. Mater.
17, 107–111 (2005) 27
126. Martsenyuk, M.A., Raikher, Y.L., Shliomis. M.I.: On the kinetics of magnetization
of suspensions of ferromagnetic particles. Sov. Pys. JETP 38, 413–416 (1974) 16
127. Matyjaszewski, K., Davis, T.P.: Handbook of Radical Polymerization. WileyInterscience, New York (2002) 60
128. Matz, H., Drung, D., Hartwig, S., Groß, H., Kötitz, R., Müller, W., Vass, A.,
Weitschies, W., Trahms, L.: A SQUID measurement system for immunoassays.
Appl. Supercond. 6, 577–583 (1998) 17
129. Mekhonoshin, V.V., Lange, A.: Chain-induced eﬀects in the Faraday instability
on ferroﬂuids in a horizontal magnetic ﬁeld. Phys. Fluids 16, 925–935 (2004)

Synthesis and Characterization

77

130. Mitsumori, M., Hiraoka, M., Shibata, T., Okuno, Y., Nagata, Y., Nishimura, Y.,
Abe M., Hasegawa, M., Nagae, H., Ebisawa, Y.: Targeted hyperthermia using
dextran magnetite complex: A new treatment modality for liver tumors. Hepato
gastroenterol 43: 1431–1437 (1996) 57, 58
131. Modrow, H.: Tuning nanoparticle properties – the X-ray absorption spectroscopic
point of view. Appl. Spectr. Rev. 39, 183–290 (2004) 3, 27
132. Modrow, H., Bucher, S., Hormes, J., Brinkmann, R., Bönnemann, H.: Model
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Abstract Applying thermodynamics consistently and in conjunction with other general principles (especially conservation laws and transformation properties) is shown in
this review to lead to useful insights and unambiguous results in macroscopic electromagnetism. First, the static Maxwell equations are shown to be equilibrium conditions,
expressing that entropy is maximal with respect to variations of the electric and magnetic ﬁelds. Then, the full dynamic Maxwell equations, including dissipative ﬁelds, are
derived from locality, charge conservation, and the second law of thermodynamics.
The Maxwell stress is obtained in a similar fashion, ﬁrst by considering the energy
change when a polarized or magnetized medium is compressed and sheared, then rederived by taking it as the ﬂux of the conserved total momentum (that includes both
material and ﬁeld contributions). Only the second method yields oﬀ-equilibrium, dissipative contributions from the ﬁelds. All known electromagnetic forces (including the
Lorentz force, the Kelvin force, the rotational torque M ×H ) are shown to be included
in the Maxwell stress. The derived expressions remain valid for polydisperse ferroﬂuids
and are well capable of accounting for magneto-viscous eﬀects.
When the larger magnetic particles cluster, or form chains, the relaxation time τ
of the associated magnetization M 1 becomes large and may easily exceed the inverse
frequency or shear rate, τ  1/ω, 1/γ̇, in typical experiments. Then M 1 needs to
be included as an independent variable. An equation of motion and the associated
modiﬁcations of the stress tensor and the energy ﬂux are derived. The enlarged set
of equations is shown to account for shear thinning, the fact that the magnetically
enhanced shear viscosity is strongly diminished in the high-shear limit, γ̇τ  1. There
is no doubt that it would account for other high-frequency and high-shear eﬀects as
well.

1 Introduction
The microscopic Maxwell theory, being the epitome of simplicity and stringency,
strikes some as the mathematical equivalent of the divine ordinance: “Let there
be light.” The macroscopic version of the Maxwell theory is not held in similar
esteem, and far less physicists are willing to accept it as an equally important
Liu, M., Stierstadt, K.: Thermodynamics, Electrodynamics, and Ferroﬂuid Dynamics. Lect.
Notes Phys. 763, 83–156 (2009)
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pillar of modern physics. At the start of his lectures on electrodynamics, a colleague of mine routinely asserts, only half in jest, that the ﬁelds D and H were
invented by experimentalists, with the mischievous intent to annoy theorists. He
then goes on with his lectures, without ever mentioning these two letters again.
Even if this is an extreme position, his obvious vexation is more widely shared.
Both to novices and some seasoned physicists, the macroscopic Maxwell theory
seems quietly obscure, only precariously grasped. When it is my turn to teach
electromagnetism, this whole muddle occasionally surfaces, keeping me awake
at nights, before lectures in which alert and vocal students demand coherent
reasoning and consistent rules.
Colleagues more moderate than the previous one maintain, in a similar vein,
that of the four macroscopic ﬁelds, only E, B are fundamental, as these are the
spatially averaged microscopic ﬁelds, E = e , B = b . Containing information
about the polarization P and magnetization M , the ﬁelds D ≡ E +P , H ≡ B−
M are part of the condensed system and hence rather more complex quantities.
As this view stems directly from the textbook method to derive the macroscopic
Maxwell equations from spatially averaging (or coarse graining) the microscopic
ones, it is subscribed to by many. Yet, as we shall see in Sect. 2.1, this view
implies some rather disturbing ramiﬁcations. For now, we only observe that it
is hardly obvious why the apparently basic diﬀerence between D and E seems
to be of so little consequences macroscopically. For instance, it is (something as
humdrum as) the orientation of the system’s surface with respect to the external
ﬁeld that decides which of the internal ﬁelds, D or E, is to assume the value of
the external one.
The characteristic distinction between micro- and macroscopic theories, as
we detail in Sect. 2, is the time-inversion symmetry. The arguments are brieﬂy
summarized here: Microscopically, the system may go forward or backward in
time, and the equations of motion are invariant under time inversion. Macroscopic systems break this time-inversion invariance,3 it approaches equilibrium
in the forward direction of time, and the backward direction is forbidden. This
fact is expressed in the equations by the dissipative terms. Consider for instance
the macroscopic Maxwell equation, Ḃ = −c∇×(E +E D ), where E D ∼ Ḋ (similar to the second term in the pendulum equation, ẍ + β ẋ + ω02 x = 0) breaks the
time-inversion symmetry of the equation. Without E D , this Maxwell equation
would be time-inversion invariant and hence deﬁcient. We shall call E D ∼ Ḋ the
dissipative electric, and similarly, H D ∼ Ḃ the dissipative magnetic, ﬁeld. The
basic diﬃculty with the textbook method of deriving the macroscopic Maxwell
equation is that E = e could not possibly contain a term ∼ Ḋ, because
starting from the microscopic Maxwell equations that are invariant under time
inversion, it is impossible to produce symmetry-breaking H D and E D by spatial
averaging.
After all the course work is done, even a good student must have the impression that electrodynamics and thermodynamics, two areas of classical physics,
are completely separate subjects. (The word entropy does not appear once in the
3

Some equations in particle physics are only CPT invariant – this symmetry is then
what the associated macro-equations, should they ever be needed, will break.
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hundreds of pages of Jackson’s classics on electrodynamics [1].) Yet, based on
concepts as primary as overwhelming probability, thermodynamic considerations
are the bedrock of macroscopic physics, so in general there can be little doubt
that they must also hold for charges, currents, and ﬁelds. The success London,
Ginzburg, and Landau enjoyed in understanding superconductivity is one proof
that this is true. As we shall see, thermodynamic considerations are indeed useful for understanding macroscopic electrodynamics, some of which could easily
be taught in introductory courses, and would usefully be part of the common
knowledge shared by all physicists.
In Sect. 2, the usual derivation of macroscopic electrodynamics employing
coarse graining is ﬁrst discussed, clarifying its basic ideas and pinpointing its
diﬃculties. Then the thermodynamic approach is introduced, making some simple, useful, and possibly surprising points: (1) It is the introduction of ﬁelds that
renders electromagnetism a local description. (2) The static Maxwell equations
are an expression of the entropy being maximal in equilibrium. (3) The structure
of the temporal Maxwell equations,4
Ḋ = c∇ × (H + H D ),

Ḃ = −c∇ × (E + E D ),

(1)

follows from charge conservation alone. (The electric current will be included in
the main text.) The dissipative ﬁelds are given as
H D = αdt B,

E D = βdt D.

(2)

Conﬁning our considerations in Sect. 2 to the rest frame, dt simply denotes
partial temporal derivative, dt → ∂/∂t. In Sect. 5, these expressions are generalized to arbitrary frames, in which the medium’s velocity v and rotational
velocity Ω ≡ 1/2∇ × v are ﬁnite, then
dt ≡ (

∂
+ v · ∇ − Ω×).
∂t

(3)

Including H D has the additional consequence that the total ﬁeld H + H D is
no longer necessarily along B: In isotropic liquids, the equilibrium ﬁeld is H =
B/(1 + χ) for linear constitutive relation and remains along B also nonlinearly.
The dissipative ﬁeld takes the form H D = −αΩ × B for a rotating medium
exposed to a stationary, uniform ﬁeld and is perpendicular to B. As we shall see,
this is why the magnetic torque is ﬁnite, and magneto-viscous eﬀects [13, 14] may
be accounted for without having to include the relaxation of the magnetization.
The transport coeﬃcients α, β are functions of thermodynamic variables
such as temperature, density, and ﬁeld. In Sect. 7.1, considering a polydisperse
4

Approaching electrodynamics from a purely thermodynamic point of view [2], these
dissipative ﬁelds were ﬁrst introduced in 1993, see [3, 4]. Later, they were applied
to magnetic ﬂuids [5–7] sqmax and ferronematics [8], also understood as the lowfrequency limit of dynamics that includes the polarization [9] or magnetization [10]
as independent variables, and shown to give rise to eﬀects such as shear-excited
sound waves [11, 12]. Part of the introduction and Sect. 2 are similar in content to a
popular article in German, which appeared in the Dec 2002 issue of Physik Journal.
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ferroﬂuid with diﬀerent magnetizations Mq , each relaxing with
 τq , and assuming

τq χq /(1 + χq ).
linear constitutive relations, Mq = χq H, we estimate α as
Starting from the proposition that the sum of material and ﬁeld momentum
is (in the absence of gravitation) a conserved quantity, and its density obeys
the conservation law, ġi + ∇j Πij = 0, we identify this ﬂux as the Maxwell
stress. (Conservation of total momentum is a consequence of empty space being uniform, see more details in Sect. 5.1.) Because −∇j Πij is the quantity
responsible for the acceleration ġi , we may identify it as the robust and locally
valid expression
for the force

 density including electromagnetic contributions. So
Fi = − ∇j Πij d3 r = − Πij dAj , integrated either over an arbitrary volume
V or over the associated surface Ai is the force this volume develops.
In Sect. 3, we derive the Maxwell stress Πij thermodynamically, by considering the energy associated with deforming a polarizable or magnetizable body
by δri at the surface. Since Πij dAj is the surface force density, the energy is
δU = − Πij dAj δri . (Note that a constant δri translates the body and does not
deform it. We consider a constant δri that is ﬁnite only for part of the surface
enclosing a volume.) If δri is along the surface normal, δri dAj , the volume is
compressed, if δri is perpendicular to the surface normal, δri ⊥ dAj , it is sheared,
and the shape is changed. Without ﬁeld and in equilibrium, the Maxwell stress reduces to a uniform pressure, Πij → P δij , implying (1) shape changes
 do not cost
any energy and (2) we may take P δij out of the integral in δU = − Πij dAj δri ,
reducing it to the usual thermodynamic relation, δU = −P dAj δri = −P dV .
In the presence of ﬁelds (that may remain non-uniform even in equilibrium), the
ﬁeld-dependent Maxwell stress Πij is the thermodynamic quantity to deal with.
In Sect. 3.2, the derived Maxwell stress is shown to reduce to
∇k Πik = s∇i T + ρ∇i μ
∂
− 1c ∂t
(D × B) − (ρ E + 1c j  × B)i .

(4)

Containing (part of) the Abraham force and the macroscopic Lorentz force
(where ρ , j  denote the electric charge and current density respectively), the
second line vanishes for neutral systems and stationary ﬁelds. The ﬁrst line is, remarkably, also a quickly vanishing quantity. Generally speaking, the temperature
T and chemical potential μ are functions of the entropy s, density ρ, and ﬁeld.
Without ﬁeld, both are constant in equilibrium, and f bulk = s∇i T + ρ∇i μ = 0.
Applying a non-uniform ﬁeld leads to non-uniform T and μ, but (in liquids) a
very slight change of the density suﬃces to eliminate f bulk again. As this occurs with the speed of sound, the task of detecting any bulk electromagnetic
forces f bulk directly is rather diﬃcult – though one may of course measure it
indirectly, via the density proﬁle as a response to the applied ﬁeld, or in the case
of ferroﬂuid, via the concentration proﬁle, see Sect. 4.1.
In Sect. 3.4, f bulk is (adhering to conventions, see [15]) written as
s∇i T + ρ∇i μ = −∇P (ρ, T ) + f P ,
 ∂
f P ≡ Mi ∇Hi + ∇ (ρ ∂ρ
− 1)Mi dHi .

(5)
(6)
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The idea is to divide the vanishing bulk force into a ﬁeld-independent “zeroﬁeld pressure” and a ﬁeld-dependent “ponderomotive force.” As discussed there,
this step has some problems. (The electric ﬁeld is assumed absent. It leads to
completely analogous expressions.) First, the zero-ﬁeld pressure, deﬁned as the
pressure that remains when the applied ﬁeld is switched oﬀ, depends on how it
is switched oﬀ. For instance, doing this adiabaticallyor at constant temperature
leads to zero-ﬁeld pressures that diﬀer by the term s ∂/∂s Mi dBi , comparable
to the terms in f P . [Equation (5) is appropriate for constant temperature and
density.] Second, assuming M ∼ ρ, or equivalently (ρ ∂/∂ρ −1)Mi = 0, seemingly
yields the Kelvin force, f P = Mi ∇Hi , but does not
 generally, as an equivalent
calculation in Sect. 3.4 leads to f P = Mi ∇Bi + ∇ (ρ ∂/∂ρ − 1)Mi dBi and the
analogous conclusion, f P = Mi ∇Bi . Closer scrutiny shows assuming M ∼ ρ
is only consistent if the susceptibility is small, χ  1, and terms ∼ χ2 may be
neglected. In this case, of course, both forces are equivalent, as they diﬀer by
1/2 ∇M 2 . Possibly, the reason this kind of faulty deductions was never refuted
is because the sum f bulk = −∇P (ρ, T ) + f P , as mentioned, vanishes quickly.
And the explicit form of f P is only reﬂected in a hard-to-measure weakly varying
density, without any further consequences. In ferroﬂuids, however, if one waits
long enough, an inhomogeneous ﬁeld leads to a much more strongly varying
concentration proﬁle, see Sect. 4.1. This should be a worthwhile experiment.
Density, entropy, and ﬁelds are discontinuous quantities at a system’s boundary. Being a function of them, the Maxwell stress Πij is also discontinuous
there. On the other hand, the force −∇j Πij vanishes quickly only where Πij
varies smoothly. Consider a magnetized system (denoted as superscript in),
surrounded by a diﬀerently magnetized ﬂuid (denoted as superscript ex). One
example is a ferroﬂuid vessel surrounded by air, another is an aluminum object submerged in ferroﬂuid. Applying the same consideration as above, only
taking the integration volume to be the narrow region on both sides of the
boundary,
 inwe ﬁnd theextotal force to be a diﬀerence of two surface integrals,
dAj − Πij dAj ≡  Πij dAj . This force does not vanish in equiFi = Πij
librium, and its magnetic part is shown in Sect. 3.3 to assume the form


mag
F
=  [ Mk dHk + 12 Mn2 ] dA.
(7)
It is equivalent to three known formulas, ﬁrst to


(Hi Bj − δij Bk dHk ) dAj ,

(8)

where the integration is along a surface enclosing the internal object but located
in the external ﬂuid [15]. If the external magnetization vanishes, Eq. (7) is also
equivalent to

(9)
Mi ∇Hi d3 r
(where Hi = Bi is the external ﬁeld in the absence of the body [15]), and to
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2
1
2 Mn

dA +

Mk ∇Hk d3 r,

(10)

where the integration is over the volume of the internal object and its surface. The last expression is typically derived [16] as the sum of the Kelvin force
Mk ∇Hk and a surface couple 12 Mn2 . However, given the bona ﬁde force density
of −∇j Πij , all forces of Eqs. (7, 8, 9, 10) are located at the surface. And neither
Mk ∇Hk nor Mi ∇Hi are true densities, as their respective force expressions hold
only after integration.
In Sect. 5, the consideration includes dissipation and deviations from equilibrium. Starting from general principles including thermodynamics and conservation laws, the full hydrodynamic Maxwell theory with ﬁelds and the conserved
densities (of energy, mass, momentum) as variables is derived. The result is a
dynamic theory for the low-frequency behavior of dense, strongly polarizable
and magnetizable ﬂuids. We have especially obtained the explicit form for the
momentum and energy ﬂux, the Maxwell stress, and Poynting vector, which include dissipative contributions and corrections from the medium’s motion. The
oﬀ-equilibrium Maxwell stress contains especially the following additional terms:
∇j Πij = ... − 12 [∇ × (B × H D + D × E D )]i

(11)

+HkD ∇i Bk + EkD ∇i Dk .
The ﬁrst line denotes the stress contribution when the dissipative ﬁelds are not
along the equilibrium ones. Since B × H D = B × (H + H D ) = M × (H + H D ),
this is the Shliomis torque [13]. The second line denotes contributions that arise
when the magnetization is along B but does not have the equilibrium magnitude.
In Sect. 6, a number of key ferroﬂuid experiments including “rotational ﬁeld
deﬂection,” “ﬁeld-enhanced viscosity,” and “magnetic pump” are considered employing the hydrodynamic Maxwell theory, showing it is indeed possible to account for these experiments without introducing the magnetization as an independent variable. In Sect. 7, a macroscopic theory for describing polydisperse,
chain-forming ferroﬂuids is introduced. Section 8 summarizes the results on ferronematics and ferrogels, also on the diﬀerence when polarization (instead of
magnetization) is considered as an independent variable.
Given the long and tortuous history to come to terms with macroscopic
electromagnetism, time and again forcing us to back up from blind alleys, any
attempt by us on a comprehensive citation would bear historic rather than scientiﬁc interests. Since the thermodynamic treatment sketched above and applied
by Landau/Lifshitz [15], Rosensweig [16], de Groot/Mazur [17], and others (cf.
the review by Byrne [18]) is our method of choice, we take them as our starting
point, and consequently, only subject them to scrutiny and criticisms here.
This paper is denoted in SI units throughout, though with a little twist
to render the display and manipulation of the formulas simple. We deﬁne and
employ the ﬁelds, sources, and conductivity σ,
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√
√
B ≡ B̂/ μ0 , e ≡ ˆe / εo ,
√
D ≡ D̂/ εo ,
σ ≡ σ̂/εo ,
√
√
P ≡ D − E ≡ P̂ / εo , M ≡ B − H ≡ M̂ μ0 ,

√
H ≡ Ĥ μ0 ,
√
E ≡ Ê εo ,
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(12)

where the quantities
with hats are the usual ones, in MKSA. All new ﬁelds have

the dimension J/m3 , and sensibly,
H = B and D = E in vacuum, while ρ

and σ are counted in units of J/m5 and s−1 , respectively. Written in these
new quantities, all formulas are rid of the ubiquitous ε0 , μ0 .

2 Thermodynamic Derivation of
the Maxwell Equations
2.1 Coarse Graining Revisited
It was Lorentz who ﬁrst diﬀerentiated between two versions of the Maxwell
equations: the microscopic ones with two ﬁelds and the macroscopic ones with
four. He also showed how to obtain the latter from the former, a derivation
that is conceptually helpful to be divided into two steps; The ﬁrst consists only
of algebraic manipulations; the second, crossing the Rubicon to macroscopics
and irreversibility, is the conceptually subtle one. Starting from the microscopic
equations,
∇ · e = ρe ,
ė = c∇ × b − j e ,

∇ · b = 0,
ḃ = −c∇ × e,

(13)
(14)

we divide the charge and current into two parts, ρe = ρ1 + ρ2 , j e = j 1 +
j 2 (typically taking 1 as free and 2 as bound, though this is irrelevant at the
moment). Next, to eliminate ρ2 , j 2 , the ﬁelds p, m are introduced: ρ2 = −∇ · p,
j 2 = −(ṗ + c∇ × m). Although not unique, this step is always possible if ρ2
is conserved – the ﬁelds’ deﬁnitions imply ρ˙2 + ∇ · j 2 = 0. Finally, deﬁning
h ≡ b − m, d ≡ e + p eliminates p, m and eﬀectuates the “macroscopic”
appearance:
∇ · d = ρ1 ,
d˙ = c∇ × h − j 1 ,

∇ · b = 0,

(15)

ḃ = −c∇ × e.

(16)

Although seemingly more complicated, Eqs. (15, 16) are equivalent to (13, 14)
and not at all macroscopic. This ends the ﬁrst of the two steps.
Next, we coarse grain these linear equations, spatially averaging them over
a small volume – call it grain – repeating the process grain for grain till the
grains ﬁll the volume. Denoting the coarse-grained ﬁelds as E M ≡ e , D ≡ d ,
B ≡ b , H M ≡ h , P ≡ p , M ≡ m , ρ ≡ ρ1 , j  ≡ j 1 , the seemingly
obvious result is the macroscopic Maxwell equations,
∇ · D = ρ ,
∇ · B = 0,
M
Ḋ = c∇ × H − j  , Ḃ = −c∇ × E M .

(17)
(18)
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[The superscript M may appear whimsical here, but will be seen as sensible soon.
It denotes the two ﬁelds appearing here, in the temporal Maxwell equations (18).]
The sketched derivation leads directly to the conclusion that E M , B are the averaged microscopic ﬁelds, while D, H M are complicated by P , M . Identifying
the latter two (in leading orders) with the electric and magnetic dipole densities,
respectively, and employing linear response theory imply a host of consequences,
of which the presently relevant one is as follows: D, H M are functions of E M , B –
pairwise proportional for weak ﬁelds, with a “temporally non-local dependence.”
In other words, D depends also on the values of E M a while back, and H M on
B. This is easily expressed in Fourier space, D̃ = ε(ω)Ẽ M , H̃ M = B̃/μm (ω),
where ε, μm are5 complex functions of the frequency
 ω. [A ﬁeld with tilde denotes
the respective Fourier component, e.g., D(t) = dω D̃(ω)e−iωt /2π.] One cannot
overestimate the importance of these two constitutive relations: They determine
D, H M in terms of E M = e , B = b , dispense with the above-mentioned
nonuniqueness, close the set of equations for given sources, and introduce dissipation. (Still, remember that the constitutive relations are an additional input
and not the result of coarse graining.)
General considerations show the real part of ε is an even function of ω and
the imaginary part is an odd one. Focusing on slow processes in dielectrics, we
expand ε in the frequency ω to linear order, writing D̃ = ε̄(1 + iωβ ε̄)Ẽ M , where
ε̄, β are real, frequency-independent material parameters. Transformed back into
temporal space, the constitutive relation reads
M

D = ε̄(E M − β ε̄Ė ).

(19)

This is a succinct formula: The temporal non-locality is reduced to the dependence on Ė M ; and we intuitively understand that this term (imaginary in
Fourier space) is dissipative, as it resembles the damping term ∼ ẋ in the pendulum equation, in which the restoring force is ∼ x. (Stability requires ε̄ > 0,
and β is positive if electromagnetic waves are to be damped.)
The microscopic Maxwell equations (13, 14) are invariant under time reversal: If e(t), b(t) are a solution, so are e(−t), −b(−t). (All microscopic variables
possess a “time reversal parity.” If even, the variable stays unchanged under time
reversal; if odd, it reverses its sign. A particle’s coordinate is even, its velocity
odd. Similarly, as electric ﬁelds e account for charge distributions and magnetic
ones b for currents, e is even and b odd. Stipulating e as even and b as odd, the
invariance of the Maxwell equations is obvious, as each of Eqs. (13, 14) contains
only terms with the same parity, e.g., the ﬁrst of Eq. (14) contains only the
odd terms ė, ∇ × b, and j e .) Macroscopic theories are not invariant under time
reversal, and a solution running forward in time does not remain one when the
time is reversed. This is achieved by mixing odd and even terms. In the case
of the macroscopic Maxwell equations, we may take the variable E M = e as
even, and B = b as odd, because averaging only reduces a strongly varying
ﬁeld to its envelope, with the parity remaining intact. D, on the other hand,
5

The permeability μm is given a superscript, because we need the bare μ to denote
the chemical potential, a quantity we shall often consider.
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given by Eq. (19), is a mixture of terms with diﬀerent parities. When inserted
into the Maxwell equations, it destroys the reversibility.
This seems to settle the form of the macroscopic Maxwell equations, but
does not: Eq. (19) cannot be right, because it contains the unphysical, exploding
solution: D(t) = D0 and
E M (t) = E0M exp(t/β ε̄) ≡ E0M exp(t/τ ),

(20)

for the initial conditions D = D0 , E M = E0M at t = 0. This may be avoided
by inverting the constitutive relation, Ẽ M = D̃/ε(ω), which upon expansion
becomes Ẽ M = (1/ε̄ − iωβ)D̃, or back in temporal space,
E M = D/ε̄ + β Ḋ.

(21)

Now E M depends on D, Ḋ, and although there is still a solution D ∼
exp(−t/τ ), it relaxes toward zero and is benign. The above frequency expansion conﬁnes the validity of Eqs. (19, 21) to coarse temporal resolutions, for
which a relaxing mode vanishes, but not an exploding one. Only Eq. (21) can be
m
correct. Because of an analogous instability, H M ∼ et/μ̄ α , the proper magnetic
constitutive relation is
H M = B/μ̄m + αḂ.

(22)

Given Eqs. (21, 22), the ﬁelds D, B appear the simple, and E M , H M the
composite, quantities – and presumably D is even, B odd, while E M , H M lack
a unique parity. In fact, the reason for taking D as even is just as persuasive
as taking E M , because neither the algebraic manipulations (deﬁning d from
e, ρ2 ) nor the ensuing spatial averaging could possibly have altered D’s parity:
Eqs. (15, 16) are as reversible as Eqs. (13, 14).
There is nothing wrong with rewriting the microscopic Maxwell equations as
Eqs. (15, 16) and averaging them to obtain Eqs. (17, 18). But being reversible,
these are not yet the macroscopic Maxwell equations. In fact, the actual reason
dissipative terms appear is because the constitutive relations, D̃ = ε(ω)Ẽ M and
H̃ M = B̃/μm (ω), close the Maxwell equations, rendering the dynamics of P, M
implicit. Eliminating fast dynamic variables to consider the low-frequency regime
is a consequential step, which breaks the connections E M = e , D = e + p ,
B = b . . . , established by coarse graining. Being a consequence of locality and
charge conservation (see below), the macroscopic Maxwell equations are always
valid, hence necessarily devoid of speciﬁcs. One may conceivably arrive at them
with varying constitutive relations, implying diﬀerently deﬁned ﬁelds. However,
the proper ﬁelds are the ones that also enter the Poynting vector, the Maxwell
stress tensor, and the macroscopic Lorentz force,
f ML = ρ E M + j  × B.

(23)

On a more basic level, one needs to be aware that the whole idea of averaging microscopic equations of motion to obtain irreversible, macroscopic ones
is ﬂawed [19]. The two concepts, (1) entropy as given by the number of available microstates and (2) paths in phase space connecting these microstates in a
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temporal order determined by equations of motion, are quite orthogonal. Asking
how many microstates there are for given energy, irrespective of how these states
are arrived at, obviously implies the irrelevance of paths, hence of equations of
motion. One reason for this is the fact that tiny perturbations suﬃce for the
system to switch paths which – in any realistic, chaotic system – deviate exponentially from each other. Frequently, the fact that macro- and micro-dynamics
are disconnected is obvious. For instance, irrespective of how energy is being
transferred microscopically, and by which particles – classical or quantum mechanical, charged or neutral – temperature always satisﬁes a diﬀusion equation
(assuming no spontaneously broken gauge symmetry such as in superﬂuid helium
is present). Although the micro- and macro-electrodynamics appear connected,
their shared structure is the result of locality and charge conservation, not an
indication that one is the average of the other.
Turning now to macroscopic electromagnetic forces, it is tempting to write
it as f L = ρe e + j e × b . Yet this formula is of little practical value, as we
do not usually have the detailed information that the microscopically accurate
ﬁelds ρe , j e , e, b represent. The macroscopic Lorentz force of Eq. (23) is obviously diﬀerent from f L , even if one assumes that one may indeed identify
e , b with E M, B, as ρe e = ρe e (similarly for j e × b ). This diﬀerence
is frequently taken to be Pi ∇EiM in the electric and Mi ∇HiM in the magnetic
case. (Summation over repeated indices is always implied.) Both are referred to
as the Kelvin force, with a derivation that presumes the dilute limit of small
polarization: First, one calculates the force exerted by an electric ﬁeld e on a
single dipole. Next, one assumes that the dipoles in the medium are too far apart
to interact and feed back to the ﬁeld, so the total force density is simply the
sum of the forces exerted on all the dipoles in a unit volume, or pi ∇ei . Without
any feedback, the microscopic ﬁeld is both the applied and the average ﬁeld,
ei = EiM . And the Kelvin force is pi ∇EiM = pi ∇EiM ≡ Pi ∇EiM – though
one should keep in mind that Pi ∇EiM ≈ Pi ∇Di = Pi ∇(EiM +Pi ), as Pi is small
in a dilute system.
Facing all these diﬃculties with averaging microscopic quantities, it is a relief
to remember that thermodynamics works exclusively on the macroscopic level,
deriving expressions and equations from general principles, without reference to
the microscopic ones. This is what we shall consider from now on.
2.2 The Key Role of Locality
Locality, a key concept of physics, is similarly relevant to subjects far beyond:
Market economy and evolution theory use local rules among individuals – contracts or the ﬁght for survival – to create socio-economic and biological patterns.
Conversely, planned economy and creationism rely on distant actions.
At the heart of the Maxwell equations lies locality. To understand this, one
needs to realize that the Maxwell equations may be seen as part of the hydrodynamic theory of condensed systems. If the system is a neutral ﬂuid, three locally
conserved densities serve as variables: energy, mass, and momentum. If charges
are present, it may appear obvious that this conserved quantity is to be included
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as an additional variable, yet exactly this would violate locality – hence the need
to introduce ﬁelds. Consider ﬁrst the microscopic case.
Taking the charge density ρe (r, t) as a variable, the change in ﬁeld energy
density is φ dρe with the Coulomb potential φ depending not only on the local
ρe , but on ρe everywhere. Hence, the associated energy φ dρe is not localizable,
and ρe is not a variable of a local theory. Taking instead the electric ﬁeld e(r, t)
as variable, the energy density is 1/2e2 , an unambiguously local expression. (A
preference for one of the two energy densities does not preclude the equality of
their spatial integrals.) The Coulomb force, with ρe as its variable, acts from
the distance; the Lorentz force, expressed in e (and b), is local and retarded.
Conspicuously, e remains partially indetermined for ρe = ∇ · e given. Yet this is
what enables e(r, t) to travel in a wave packet – even while the charge ρe (r, t)
(the acceleration of which in the past created the wave packet) is stationary
again. A local description clearly exacts the price of more variables.
Introducing the magnetic b-ﬁeld, via ∇ · b = 0, ensures local conservation
of energy and momentum in vacuum: The ﬁeld energy, 1/2(e2 + b2 ), satisﬁes
a continuity equation. The associated current is the Poynting vector c e × b
which, being the density of ﬁeld momentum, is itself conserved. If an electron is
present, ﬁeld energy and momentum are no longer conserved, but the total energy and momentum of ﬁeld and electron are, with the Lorentz force expressing
the momentum’s rate of exchange between them. With ρe as variable, it is not
possible to uphold local conservation of energy and momentum: Giving electromagnetism its local description is arguably the actual achievement of Maxwell’s
creative genius.
This understanding not only remains valid for the macroscopic case, it is
indispensable. Starting with ρ , the conserved, slowly varying charge density, we
deﬁne a native macroscopic ﬁeld D via ∇ · D ≡ ρ , which is (same as ρ ) even
under time reversal. The relation between D and ρ is the same as that between
e and ρe – only with D as variable is it possible to construct a local theory.
A further ﬁeld variable, now odd, is introduced via ∇ · B = 0. This exhausts
locality as input, and the next task is to derive the equations of motion for D
and B, or the temporal Maxwell equations (18).
2.3 Electro- and Magnetostatics
We denote the locally conserved total energy density as u, taking as its variables
the entropy density s, mass density ρ, and the ﬁelds D, B,
du = T ds + μdρ + E · dD + H · dB.

(24)

The conjugate ﬁelds E ≡ ∂u/∂D, H ≡ ∂u/∂B are deﬁned in exact analogy
to the temperature T ≡ ∂u/∂s, or the chemical potential μ ≡ ∂u/∂ρ. As T and μ,
the ﬁelds E, H are real functions of s, ρ, D, B. We do not assume that E, H are
necessarily
to the Maxwell ﬁelds, E M , H M of Eq. (18). In equilibrium, the
 equal
3
entropy s d r is maximal. And its variation with respect to D, B, u, ρ vanishes,

94

M. Liu and K. Stierstadt



d3 r{δs − [α δu − βδρ − Aδ∇·B
+φδ(∇·D − ρ )]} = 0.

(25)

The two constants α, β and the two functions A(r), φ(r) are
 Lagrange
 multipliers. The former ensures conservation of energy and mass, δ u d3 r, δ ρ d3 r =
0; the latter the validity of Eq. (17). Inserting Eq. (24) for δs, this expression
breaks down into a sum of four terms, each vanishing independently. The ﬁrst
two are


d3 r(T −1 − α)δu = 0,



d3 r(μ/T − β)δρ = 0.

As δu, δρ are arbitrary, the temperature T = 1/α and the chemical potential
μ = β/α are constants. After a partial integration, with all ﬁelds vanishing at
inﬁnity, the third term in the sum reads


d3 r [−H + ∇·A(r)] · δB = 0,

or ∇ × H = 0. With δρ = 0, the fourth term is


d3 r [E + ∇φ(r)] · δD = 0,

implying ∇ × E = 0. Summarizing, the conditions for equilibrium are
∇T = 0,

∇μ = 0,

∇ × E = 0,

∇ × H = 0.

(26)

Comparing the last two equations to (18), we see that in equilibrium,6
H M = H,

E M = E.

(27)

This demonstrates that the static Maxwell equations have the same physical
origin as the constancy of temperature or chemical potential – they result from
the entropy being maximal in equilibrium. Note that once Eq. (26) are given,
the associated boundary conditions ensure that the four thermodynamically introduced ﬁelds D, B, E, H may be measured in an adjacent vacuum.
If the system under consideration is a conductor,
the local density is not

constant, δρ = 0, though the total charge is, δ ρ d3 r = 0. This implies φ(r)
is constant, hence E = −∇φ = 0. In other words, the entropy may be further
increased by redistributing the charge and becomes maximal for E = 0.
A linear medium is given by expanding u to second order in the ﬁelds,
6

We have ∇ × H = 0 in Eq. (26), instead of ∇ × H = j  /c, because electric
currents are dissipative and vanish in equilibrium. Only for superconductors, capable
of sustaining currents in equilibrium, is the latter the proper condition. To derive it,
more variables are needed than have been included in Eq. (24). A frame-independent
version of this “superﬂuid thermodynamics” was derived recently and employed
to consider the London moment [20, 21]: If a superconductor rotates with Ω, it
maintains the ﬁeld B = 2 mc Ω/e in the bulk, instead of expelling it. Notably, m is
the bare mass of the electron and e its charge. This is a rare instance in physics that
the ratio of two macroscopic quantities, B/Ω, is given by fundamental constants.
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u = u0 + 12 (D2 /ε̄ + B 2 /μ̄m ),
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(28)

implying the constitutive relations, E ≡ ∂u/∂D = D/ε̄, H ≡ ∂u/∂B = B/μ̄m .
(Terms linear in D, B vanish in Eq. (28), because u − u0 is positive deﬁnite).
This eye-popping, purely macroscopic approach to electrodynamics, convincingly proving that electro- and magnetostatics are part of thermodynamics, is
fundamentally diﬀerent from the usual coarse-graining procedure. It can be found
in Sect. 18 of [15], though the section’s title is so ill chosen that it actually serves
to hide the subject. The authors express some reservations there, cautioning that
the calculation may be questioned, as non-physical ﬁelds (∇ × E, ∇ × H = 0)
were used to vary the entropy. We believe that this objection is quite unfounded:
Oﬀ-equilibrium, for Ḃ, Ḋ = 0, the quantities ∇ × E, ∇ × H are indeed ﬁnite,
and healthily physical.
2.4 Electrodynamics and Dissipation
Oﬀ-equilibrium, the ﬁelds D, B vary with time. Remarkably, the structure of the
temporal Maxwell equations is completely determined by charge conservation:
With ∂/∂t∇ · B = ∇ · Ḃ = 0, the ﬁeld Ḃ must be given as the curl of another
ﬁeld. Call it −cE M and we have Ḃ = −c∇ × E M . Analogously, with ∇ · Ḋ =
ρ̇ = −∇ · j  , the ﬁeld Ḋ + j  may also be written as the curl of something, or
Ḋ + j  = c∇ × H M . With Eq. (27) in mind, we write
EM = E + ED ,

HM = H + HD,

(29)

where E D , H D = 0 in equilibrium. Deriving the explicit expressions for E D , H D
needs to invoke the Onsager force–ﬂux relation and will be given in Sect. 5. Here,
we present a simple, intuitive argument, excluding conductors: Since equilibrium
is deﬁned by the vanishing of ∇ × E, ∇ × H, cf. Eq. (26), the dissipative
ﬁelds E D and H D will depend on these two vectors such that all four vanish
simultaneously. Assuming an isotropic medium, the two pairs of axial and polar
vectors will to lowest order be proportional to each other,
E D = βc∇ × H,

H D = −αc∇ × E.

(30)

Together with (24, 29), Eqs. (30) are the nonlinearly valid, irreversible constitutive relations. Assuming weak ﬁelds and neglecting magnetic dissipation,
i.e., Eq. (28) and α = 0, they reduce to E = D/ε̄ and E D = β Ḋ. Conversely,
we have H = B/μ̄m and H D = αḂ for β = 0, both the same as Eqs. (21, 22).
We consider the relaxation of the magnetization Ṁ = −(M − M eq )/τ to
estimate the size of the coeﬃcient α. In Fourier space, we have (1 − iωτ )M =
M eq , or for small frequencies, M = (1 + iωτ )M eq . This implies M = M eq −
τ Ṁ eq = M eq − τ (∂M eq /∂B)Ḃ. Inserting this into H M = B − M = B − M eq +
τ (dM eq /dB)Ḃ, and identifying B − M eq as H, we ﬁnd
α = τ (∂M eq /∂B) → τ χ/(1 + χ),

(31)

and analogously, β = τ (∂P eq /∂D). The sign → holds for linear constitutive
relation, where χ = M/H is the magnetic susceptibility.
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3 The Maxwell Stress and Electromagnetic Forces
While the material momentum ρv is no longer conserved in the presence of
electromagnetic ﬁelds, the sum of material and ﬁeld momentum is. This has
been mentioned in the introduction and will be dwelt on in great details in
Chap. 5. Denoting this conserved, total momentum density as gi , we take its
continuity equation ġi + ∇j Πij = 0 to deﬁne the associated stress tensor Πij ,
and write the force density within a continuous medium as
fibulk ≡ ġi = −∇j Πij .

(32)

We refer to Πij as the Maxwell stress – although this name is frequently used
for its electromagnetic part only. Our reason is that although gi and Πij are
well-deﬁned quantities, dividing them into material and electromagnetic contributions, as we shall see below, is a highly ambiguous operation. We believe only
the unique Πij is worthy of Maxwell as a label. Since all macroscopic electromagnetic forces, including the Lorentz and Kelvin force, are contained in Πij , we shall
consider it carefully, starting from the
 notion that the total force on anarbitrary,
simply connected volume is Fi = fibulk dV = − ∇j Πij dV = − Πij dAj ,
where the Gauss law is employed to convert the volume integral to one over the
surface, with the surface element dAj pointing outwards.
After the system reverts to stationarity and equilibrium, the force gi =
−∇j Πij vanishes. The stress Πij itself, however, same as the pressure P , remains ﬁnite. (The Maxwell stress reduces to the pressure in the ﬁeld-free limit
of a stationary system, Πij → P δij .) Being a function of densities and ﬁelds, the
stress is discontinuous at the system’s boundary if these are. Such a discontinuity
represents a surface force that is operative even in equilibrium,


in
ex
Fi = (Πij
− Πij
)dAj ≡ Πij dAj ,
(33)
where superscript in and superscript ex denote interior and external, respectively. To derive this expression, we broaden the surface of discontinuity to a
thin region enclosed by two parallel surfaces and ﬂatten the discontinuity Πij
into a large but ﬁnite ∇j Πij between these surfaces. Then we integrate −∇j Πij
over an arbitrary portion of this region, and again employ the Gauss law to
convert the volume integral into one over the total surface. Now contracting the
region’s width, only the two large, adjacent surfaces remain. (With dAj pointing
in
.) Deﬁning nj as the surface
outwards, there is an extra minus sign in front of Πij
normal along dAj , the surface force density is
in
ex
fisurf = nj (Πij
− Πij
) ≡ nj Πij .

(34)

We shall next derive the explicit expression for the stress Πij , and use it to
consider circumstances involving the force densities, f bulk and f surf .
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3.1 Derivation of the Stress
Generally speaking, the stress Πij contains contributions from dissipation and
ﬂow of the medium, expressed by terms containing quantities such as the dissipative ﬁelds H D , E D of Eq. (30) and the velocity v. These will be disregarded
for the moment and considered in Chap. 5.
Before deriving the explicit form of Πij , let us ﬁrst understand how the
expression for the pressure is thermodynamically derived. Changing the volume
V of a uniform, closed system, the change in energy is dU = −P dV . As we keep
the total entropy and mass constant, d(sV ) = d(ρV ) = 0, the energy density
du = T ds + μdρ may be written as du = −(T s + μρ)dV /V . Inserting this in
dU = d(uV ) = V du + udV = (u − T s − μρ)dV , we obtain P = −u + T s + μρ.
Clearly, the pressure is known if u(s, ρ) is, and it may be calculated as

∂u
∂u
∂(uV ) 
+s .
(35)
= −u + ρ
P ≡−

∂V sV, ρV
∂ρ
∂s
This method is easily generalized to include ﬁelds – all we need is to ﬁnd a
similar geometry in which all variables, including the ﬁelds, are constant, and in
ex
which the external Maxwell stress Πij
vanishes identically. Then the change in
in
energy, employing Eq. (34) with Πij ≡ Πij
, and Aj = Anj for a ﬂat surface, is
dU = −fisurf Adri = −Πij Aj dri .

(36)

in
= P δij , the formula dU = −P δij Aj dri = −P dV is reproduced.
If
[For Πij

ex
ex
ﬁnite, the energy change is δri (Πik
−
Πij or dri were non-uniform, and Πij
Πik )dAk .]
We proceed as outlined above, though heeding the fact that dU also depends
on the change in form, not only in volume. So we take Ak and δri each to
successively point in all three directions, evaluating Πik Ak δri for nine diﬀerent
conﬁgurations, obtaining enough information for all nine components of Πik .
Generalizing the energy density of Eq. (24) to include more than one conserved
densities ρα , α = 1, 2, . . . ,

du = T ds + μα dρα + E ·dD + H ·dB,

(37)

implying a summation over α, the Maxwell stress will be shown to be
Πik = Πki = −Ei Dk − Hi Bk
+(T s + μα ρα + E ·D + H ·B − u)δik ,

(38)

again an expression given in terms of u, its variables, and the derivatives with
respect to these variables.
Electric Contributions
Consider a parallel plate capacitor ﬁlled with a dielectric medium. Denoting its three linear dimensions as x, y, z, with x  y, z, the six surfaces
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Fig. 1. Two metal plates at Sx+ and Sx− with a dielectric medium between them.
Displacing Sx+ by δx and δz, respectively, compresses and shears the system

Sx± , Sy± , Sz± (with the outward pointing normal ±êx , ±êy , ±êz ) have the
areas Ax = yz, Ay = xz, Az = xy, and the volume V = xyz. Taking the two
metal plates as Sx± , the electric ﬁelds E, D are along êx , see Fig. 1. The capacitor
ex
≡ 0.
is placed in vacuum, so there is neither ﬁeld nor material outside, with Πij
(The small stray ﬁelds at the edges are neglected, because we may place an
identical capacitor there, executing the same compression and shear motion.)
We now successively displace each of the three surfaces, Sx+ , Sy+ , Sz+ , in each
of the three directions, δri = δx, δy, δz, while holding constant the quantities
entropy sV , masses ρα V of the dielectrics, and the electric charges ±q= ±DAx
on the two plates. (The last equality holds because q = ρ dV = D · dA.)
Displacing the surface Sx+ by δx, we obtain
δV = Ax δx, δs/s = δρα /ρα = −δx/x, δD = 0;

(39)

and we have δV , δs, δρα , δD = 0 if the displacement is δy or δz – implying a
shear motion of Sx+ . [There is no summation over α in Eq. (39).] Inserting all
three into Eqs. (36, 37), we have
Πxx δx = (T s + μα ρα − u)δx,

Πyx = Πzx = 0.

(40)

If the surface is Sz+ and the displacement δz, we have δV = Az δz and δs/s,
δρα /ρα , δD/D = −δz/z. If the displacement is δx or δy, we have δV , δs, δρα ,
δD = 0. Hence
(41)
Πzz δz = (T s + μα ρα + Ex Dx − u)δz,
and Πxz = Πyz = 0. Since the directions êy and êz are equivalent, we know
without repeating the calculation that a displacement of Sy+ yields Πzz = Πyy
and Πxy = Πzy = 0. (The term Ex Dx is a result of the metal plates being
squeezed, compressing the surface charges, δq/q = δD/D = −δz/z. The compressibility of the metal – though not that of the dielectric ﬂuid – is taken to be
inﬁnite. Otherwise, it would contribute an elastic term in the stress tensor.)
These considerations have yielded all nine components of Πik for a special
coordinate system. Because the stress of Eq. (38), for D, Eêx , and B = 0,
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produces exactly these components, it is the correct, coordinate-independent expression. This conclusion may appear glib, but is in fact quite solid: If two tensors
are equal in one coordinate system, they remain equal in any other. And we have
seen that the two are equal in the frame, in which E, D are along x̂. In other
words, the only way to construct a tensor with two parallel vectors, such that
Πzz , Πyy = Ex Dx , and Πik = 0 otherwise, is to write Πik = δik Ej Dj − Ei Dk .
[There seems to be an ambiguity in the oﬀ-diagonal part, as both Ei Dk and
Ek Di yield the same nine components derived here; but there is none, because
ED for B, v = 0; therefore, Ei Dk = Ek Di , cf. discussion leading to Eq. (164).]
Although this concludes the thermodynamic derivation of the electric part
of the Maxwell stress, it is instructive to understand that we could have done
it diﬀerently, say taking the same capacitor held at a constant voltage φ. Considering this modiﬁed system must lead to the same stress tensor, because the
stress is a local expression which must not depend on whether there is a faraway
battery maintaining the voltage. The calculation is similar: One replaces u in
Eq. (36) with the potential ũ ≡ u − E · D, as the system is no longer electrically
isolated.7 E is now the ﬁeld variable, with the constraint Ex = φ (which replaces DAx = q). Connecting the capacitor to a heat bath changes the potential
to F̃ = u − T s − E · D, and the constraint changes from constant sV to δT = 0.
(F̃ is the potential used in [15].) For the explicit calculation see the magnetic
case below, implementing B → D, H → E in Eqs. (42, 43, 44, 45, 46).
If the dielectric medium were simply a vacuum, Πxx = −1/2E 2 contracts
along êx , and Πzz = 1/2E 2 expands along êz . This reﬂects the tendency for the
diﬀerently charged plates to come closer and the charge in each plate to expand.
Magnetic Contributions
To obtain the magnetic part of the stress tensor, consider a rod along êx , of
square cross-section, made of a magnetizable material and placed in a vacuum.
The surfaces Sy± , Sz± are covered with a sheet of wire winding that carries a
current J ⊥ êx . With Ax  Ay , Az , the magnetic ﬁeld will be essentially along
êx and conﬁned to the interior of the rod, see Fig. 2. So again, there is neither
ex
≡ 0. If the system is isolated, the metal
ﬁeld nor material outside, with Πij
needs to be superconducting to sustain the current, and the constraint on the
variable B during a deformation is constant ﬂux, BAx = Φ. (Compare this to
the isolated electric case with DAx = q.) If the current J is held constant by a
battery, the attendant potential is (see Appendix
 A) ũ ≡ u − H · B, and the
constraint is Hx = J/c, from J = j · dA = c H·ds. (Compare Hx = J/c to
Ex = φ.)
The calculation of the isolated magnetic case repeats the isolated electric
one, with all above equations remaining valid taking the replacements D →
B, E → H. We now consider deformation of the rod at constant current and
temperature, so the energy needed to deform the system is
7

See Appendix A on Legendre transformations of ﬁeld variables.
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Fig. 2. A magnetic system with constant current J ⊥ x̂, fed by a battery, not shown.
Again, it is deformed by displacing Sx+ , Sz+ along x̂ or ẑ

δ(F̃ V ) = F̃ δV + V δ F̃ = −Ak Πik δri ,
δ F̃ = −sδT + μα δρα − B · δH.

(42)
(43)

We again successively displace the three surfaces Sx+ , Sy+ , Sz+ in all three
directions, δri = δx, δy, δz, while holding constant the quantities temperature,
mass, and the current, i.e., under the conditions, δT = 0, δ(ρα V ) = 0, and
δ(Hx) = 0. The ﬁrst surface to be displaced is Sx+ . When the displacement is
δx, we have
(44)
δV = Ax δx, δH/H = δρα /ρα = −δx/x;
and we have δV , δρα , δH = 0 if the displacement is δy or δz (implying a shear
motion of Sx+ ). Inserting these into Eqs. (42, 43), we obtain
Πxx δx = (T s + μα ρα − u)δx, Πyx = Πzx = 0.

(45)

If the surface is Sz+ and the displacement δz, we have δV = Az δz, δH = 0,
and δρα /ρα = −δx/x. If the displacement is δx or δy, we have δV , δρα , δH = 0.
Hence
(46)
Πzz δz = (T s + μα ρα + Hx Bx − u)δz,
and Πxz = Πyz = 0. Since the directions êy and êz are equivalent, we have Πzz =
Πyy and Πxy = Πzy = 0. This consideration again yields all nine components of
Πik . Because the stress of Eq. (38) produces the same components for B, Hêx ,
and D = 0, it is the correct, coordinate-independent expression.
Conclusions and Comparisons
The above considerations yield the macroscopic Maxwell stress Πik in equilibrium, for stationary systems v ≡ 0, with either the electric or the magnetic
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ﬁeld present. As we shall see in Chap. “Biomedical Applications of Magnetic
Nanoparticles,” this expression remains intact with both ﬁelds present at the
same time – though there are additional oﬀ-equilibrium, dissipative terms, and
corrections ∼ v to account for a moving medium.
Similar derivations exist in the literature, see Landau and Lifshitz [15] for
the electric case, and Rosensweig [16] for the magnetic one. We felt the need
for a rederivation, because the present proof is easier to follow and avoids some
inconsistencies: Of the six surfaces enclosing the considered volume, only the
capacitor plate is displaced in [15], implying that the surface normal nA is
kept parallel to the E-ﬁeld throughout, and (although a footnote asserts otherwise) only the components Πxx , Πyx , and Πzx have been evaluated. Second,
the magnetic terms are obtained in Sect. 35 of [15] by the replacement E → H,
D → B. The result is correct, as we know, but we also see that the geometry
is quite diﬀerent and the analogy hardly obvious. In Sect. 4 of his book on ferroﬂuids [16], Rosensweig aims to ﬁll this gap. Unfortunately, he starts from the
invalid assumption that a certain winding of the wires he speciﬁes gives rise to
a ﬁeld that is uniform and oblique,8 though it is not diﬃcult to convince oneself
that the ﬁeld is in fact non-uniform and predominantly parallel to êx .
3.2 Bulk Force Density and Equilibria
We now employ the expression for the stress, Eq. (38), to calculate the bulk force
density, −∇k Πik , cf. Eq. (32). Introducing the Gibbs potential,
G(T, μα , Hi , Ei ) = u − T s − μα ρα − Hi Bi − Ei Di ,
∇k G = −s∇k T − ρα ∇k μα − Bi ∇k Hi − Di ∇k Ei

(47)
(48)

(which in the notation of 3.1 should have been G̃), we write the stress as
Πik = −(Gδik + Hi Bk + Ei Dk ),
8

(49)

Rosensweig’s geometry is a slab with Ay , Ax  Az and current-carrying wires along
the surfaces Sy± , Sz± , see his Fig. 4. The winding of the wires is oblique, the currents
ﬂow along ±êy in the two larger plates Sz± , but has a component along ±êx in
the two narrow side walls Sy± – take them to be along ±m̂, a vector in the xzplane. Rosensweig maintains that the resultant ﬁeld is uniform and perpendicular
to the surface given by the winding, i.e., by êy and m̂. We do not agree. First the
qualitative idea: If the two much larger plates Sz± were inﬁnite, the ﬁeld would be
strictly parallel to êx . This basic conﬁguration should not change much if the plates
are made ﬁnite and supplemented with the two narrow side walls Sy± – irrespective
of the currents’ direction there. This argument is borne out by a calculation to
superpose the ﬁelds from various portions of the currents. First, divide all currents
along ±m̂ into two components, along ±êz and ±êx . Next, combine the ﬁrst with
the currents along ±êy , such that the four sections of the four surfaces form a closed
loop at the same x-coordinate. The resultant ﬁeld of all loops is clearly the main
one, and strictly along êx . The leftover currents are those at Sy± along ±êx and their
eﬀect is a small dipole ﬁeld.
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and its gradient as
∇k Πik = s∇i T + ρα ∇i μα − ρe Ei
+Bk (∇i Hk − ∇k Hi ) + Dk (∇i Ek − ∇k Ei )
∂
= s∇i T + ρα ∇i μα − 1c ∂t
(D × B)
1
−(ρ E + c j  × B)i .

(50)

(Remember that terms ∼ H D , E D are generally neglected in this chapter.)
This result may ﬁrst of all be seen as a rigorous derivation of the macroscopic
Lorentz force, ρ E + 1/cj  × B. But there are clearly also additional terms: For
neutral systems with stationary ﬁelds, the bulk force −∇k Πik reduces to
f bulk ≡ −(s∇T + ρα ∇μα ).

(51)

Note f
is ﬁeld dependent, because T ≡ ∂u(s, ρα , D, B)/∂s, and similarly
μα , are functions of the ﬁelds. As we shall see in Sect. 3.4, the Kelvin force is
contained in f bulk . [The discussion of the force, 1/c ∂/∂t(D × B), tiny in the
context of condensed matter physics, is postponed to Eq. (172) and the footnote
there.]
The remarkable point about f bulk , however, is that it vanishes quickly – on
the order of the inverse acoustic frequencies, as long as mechanical equilibrium
reigns. Inhomogeneities in temperature, concentration, and ﬁeld are easily and
quickly compensated by an appropriate and small inhomogeneity in the density.
To better understand this, we shall examine various equilibrium conditions
below. But we must ﬁrst specify the chemical potentials. For a two-component
system such as a solution, with ρ1 , ρ2 denoting the solute and solvent density,
respectively, one may take ρ1 and ρ2 , or equivalently, ρ1 and ρ ≡ ρ1 + ρ2 as the
independent variables. The same holds for ferroﬂuids, suspensions of magnetic
particles, where ρ1 denotes the average density of magnetic particles and ρ2
that of the ﬂuid matrix. (Variation of ρ1 arises primarily from increasing the
number of the particles in a unit volume, not from compressing each particle
individually.) In what follows, we shall always take the total density ρ as one of
the variables, hence
(52)
μα dρα ≡ μdρ + μ1 dρ1 .
Besides, we shall no longer display the electric terms explicitly from now on,
because these follow from identical considerations in all the ensuing formulas,
and are simply given by the replacements
bulk

B → D, H → E, M → P .
(53)
For linear constitutive relations (lcr), M = χm H, P = χe E, the replacements imply μ̄m = 1+χm → ε̄ = 1+χe . Note that the magnetic force is generally
speaking up to 5 orders of magnitude stronger than the electric one. This is connected to the fact that their respective, easily attainable
 ﬁeld values aresimilar
in SI units: Ê ≈ 107 V/m, Ĥ ≈ 107 A/m, i.e., E ≈ 30 J/m3 , H ≈ 104 J/m3 .
Also, both susceptibilities are similar in ferroﬂuids, and do not usually exceed
2
2
2
5
2
5
104 , hence we have μm
0 Ĥ = H ≈ ε0 Ê × 10 = E × 10 . In addition to the
greater ease and safety of handling, this frequently makes magnetic ﬁelds the
preferred ones when applying electromagnetic forces.
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True Equilibrium
Temperature and chemical potentials are constant in equilibrium,
∇T = 0, ∇μ = 0, ∇μ1 = 0,

(54)

so f
≡ 0, cf. Eq. (51). Constant chemical potentials μ, μ1 (as functions
of T, ρ, ρ1 , B) imply that a non-uniform B ﬁeld needs to be compensated by
varying densities ρ, ρ1 , if T is kept constant. In a one-component liquid, the ﬁeld
inhomogeneity works against the liquid’s compressibility, κT ≡ −∂ρ−1 /∂μ, hence
the density change is a small eﬀect. This is diﬀerent in two-component systems
such as ferroﬂuids, because concentration may vary without compression, and
the ﬁeld only works against the osmotic compressibility κos .
In this context, it is important to realize that in suspensions such as ferroﬂuids incompressibility does not mean δρ, ∇ · v = 0. Here, incompressibility
implies the constancy of the two microscopic densities, ρM of the magnetic particles and ρF of the ﬂuid matrix (where ρ1 = ρM , ρ2 = ρF , with the averaging
taken over a volume element containing many particles). Because the particles
are typically denser than the ﬂuid: ρM ≈ 5ρF , a variation of the particle concentration changes the total density, ρ ≡ ρ1 + ρ2 , without any compression taking
place. Since ρ1 /ρM is the fraction of volume occupied by the particles, and ρ2 /ρF
that occupied by the ﬂuid, we have ρ1 /ρM + ρ2 /ρF = 1. Taking ρM and ρF as
constant, this implies
bulk

dρ = γdρ1 ,

γ = 1 − ρF /ρM .

(55)

If the concentration changes, so does ∇ · v ∼ ρ̇ ∼ ρ̇1 = 0 . Inserting Eq. (55)
into μα dρα = μte dρ = μte
1 dρ1 , there is only one independent chemical potential,
either
(56)
μte = μ + μ1 /γ,
te
or μ1 = γμ + μ1 . (superscript te stands for true equilibrium.) And the equilibrium conditions are ∇T = 0, ∇μte = 0. In other words, an incompressible
two-component system is formally identical to a compressible one-component
system, with the usual compressibility substituted by the osmotic one (larger by
6 orders of magnitude, see Sect. 4.1),
te
−1
/∂μte .
κos ≡ −∂ρ−1
1 /∂μ1 = −∂ρ

(57)

Note that since our starting equation remains Eq. (37), in which μα dρα =
μdρ + μ1 dρ1 is replaced by μte dρ, all ensuing results remain valid, especially the
stress Πij and the bulk force f bulk .
Quasi-Equilibrium
Establishing equilibrium with respect to ρ1 , the density of suspended particles,
is frequently a slow process. Depending on the ﬁeld gradient, the geometry of
the experiment, and the particle size, it may take days to weeks [22, 23]. For a
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rough estimate, equate the Stokes with the Kelvin force to calculate the veloc2
ity v with which a magnetic particle moves: 6πηRv = (4πR3 /3) · χμm
0 ∇Ĥ /2.
−3
Taking the particle radius as R = 10 nm, the viscosity as η = 10 kg/ms, the
susceptibility as χ ≈ 1, the ﬁeld as B̂ = 0.1 T, and the ﬁeld gradient ∇B̂ as
1 T/mm, the velocity is around 10−3 mm/s, and the time the particles need to
achieve equilibrium at a distance of 100 mm is τ ≈ 100 mm/v ≈ 105 s – though
particles 102 times larger (R = 1μ) are 104 times faster, with τ ≈ 101 s.
After a ferroﬂuid with both ρ and ρ1 uniform is brought into contact with
an inhomogeneous magnetic ﬁeld, the establishment of heat and mechanical
equilibria are comparatively fast processes: The condition f bulk = −(s∇T +
ρ∇μqe ) = 0 is as mentioned satisﬁed within the inverse acoustic frequency.
Constant temperature takes somewhat longer, it is established after heat had
enough time to diﬀuse through the system. For timescales much smaller than the
above τ , only the concentration c ≡ ρ1 /ρ remains unchanged. With dρ1 = c dρ
dependent, the thermodynamics is accounted for by only one chemical potential,
μα dρα = μqe dρ, and the quasi-equilibrium conditions are given as
∇T = 0,

∇μqe ≡ ∇(μ + cμ1 ) = 0.

(58)

Again, all formulas including the stress and the bulk force remain valid if
we replace μ with μqe . Being essentially incompressible, the two-component ferroﬂuid in quasi-equilibrium usually maintains homogeneous densities, ∇ρ1 =
c∇ρ ≈ 0. (Only a slight spatial variation of ρ is necessary to compensate for the
presence of an inhomogeneous ﬁeld.) For the rest of this chapter, we shall conﬁne
our formulas to that of a one-component ﬂuid, μα dρα → μdρ, but employ
μ → μte ,

μ → μqe

(59)

to produce results appropriate for true or quasi-equilibrium, respectively.
Gravitation
It is not always possible to neglect gravitation when considering electromagnetic
forces. Including it in the energy, utot = u + ρφ, with φ = gz, yields dutot =
T ds + (μ + φ)dρ + · · · , so maximal entropy now implies constant μ + φ, or
∇μ = −∇φ = −gêz ,

(60)

or ∇μqe = −∇φ, or ∇μte = −∇φ. Inserting Eq. (60) in Eq. (51), the bulk force
density f bulk is seen to reduce to the gravitational force.
3.3 The Surface Force Density
Since the non-gravitative part of the bulk force density f bulk vanishes quickly,
only the surface force, f surf of Eq. (34), remains operative for typical experimental situations. This force is what we shall consider now.
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Stress in Equilibrium
The expression for the surface force may be considerably simpliﬁed. With the
equilibrium conditions given as in Eqs. (54), (58), or (60), the Gibbs potential G
is non-uniform only due to the inhomogeneities in the electromagnetic ﬁelds and
the gravitational potential φ, cf. Eq. (48). G may be separated into its zero-ﬁeld
and electromagnetic contributions, which respectively account for its value in the
absence of ﬁelds and the modiﬁcation when a ﬁeld is turned on,
G(T, μ, H) = G(0) + Gem ,

Gem (T, μ, H) = − B · dH|T,μ .

(61)
(62)

As indicated, the integral is to be taken for given T, μ. Without gravitation,
G(0) = −K is a spatial constant: G(0) is a function of T, μ, both uniform. With
gravitation but no ﬁeld, −∇k Πik = ∇i G(0) = ρ∇i φ, cf. Eqs. (48, 50, 60). Hence

G(0) = g ρ(0) dz − K,
(63)
where ρ(0) is the density without
 ﬁeld, the one that prevails when the ﬁeld is
turned oﬀ at given T, μ. (Note ρ(0) dz ≈ ρ(0)z for quasi-equilibrium, but not
the true equilibrium.) Inserting Eq. (61) into Eq. (49) yields

(64)
Πij = [−G(0) + Bi dHi |T,μ ]δij − Hi Bj ,
stating that we may calculate Πij for an arbitrary point of the medium, if we
know it at one point (ﬁxing the value of K) and the ﬁeld
 everywhere.
In true and quasi-equilibrium, the ﬁeld integral Bi dHi |μ is respectively
taken at given μte and μqe , cf. Eqs. (56, 58). It is instructive to compare both
integrals, as they lead to rather diﬀerent Gem . The magnetization is usually measured varying a uniform external ﬁeld in an enclosed system with a thermal contact, such that ρ, ρ1 , T stay constant.
 So the measured quantity is Mi (T, ρ, Hi ).
To evaluate Gem = −(1/2H 2 + Mi dHi |μ ), we need Mi (T, μ, Hi ) instead, a
quantity to be measured in an open system, one connected to a particle reservoir, which itself is not subject to a ﬁeld, so its chemical potential μ remains constant. Increasing the ﬁeld in the subsystem, magnetic particles from the reservoir
will enter it, resulting in a larger susceptibility than in a closed one. Of course,
instead of measuring ∂M /∂H|μ directly, we may also measure ∂M /∂H|ρ and
calculate the diﬀerence between the two susceptibilities,


2

∂M 
∂M 
∂M  ∂ρ 
=
+
.
(65)
∂H μ
∂H ρ
∂ρ H ∂μ H
(Hold T constant throughout, and assume M H, with M, H denoting the
magnitudes.) Equation (65) is derived by combining an identity with a Maxwell
relation,




∂M 
∂M  ∂ρ 
∂M 
=
+
,
(66)
∂H μ
∂H ρ
∂ρ H ∂H μ




∂ρ 
∂B 
∂M  ∂ρ 
=
=
.
(67)
∂H μ
∂μ H
∂ρ H ∂μ H
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For quasi-equilibrium, ∂ρ/∂μqe = ρ2 κT , with κT denoting the smallish
isothermal compressibility. So the diﬀerence between the two ∂M /∂H is negligible,


(68)
B · dH|μqe ≈ B · dH|ρ .
This is easy to understand, because the open system does not have time to
bring the magnetic particle into the ﬁeld region, so there can be no great diﬀerence to a closed system. For the compressible true equilibrium, circumstances are
diﬀerent, ∂ρ/∂μte = ρ2 κos , with the inverse osmotic compressibility κos larger by
around 106 , (see Sect. 4.1). So the diﬀerence between these two susceptibilities
is signiﬁcant. For lcr, Eq. (65) reduces to
χm (μte ) = χm (ρ) + (ρ∂χm /∂ρ)2 κos H 2 ,

(69)

showing that the diﬀerence between the two susceptibilities is of second order in
the ﬁeld and may be neglected if one strictly adheres to lcr. On the other hand,
this calculation also shows when the second term may no longer be neglected:
3
Estimating ρ(∂χm /∂ρ) ≈ χm ≈ 1, and κ−1
os ≈ 10 Pa (see Sect. 4.1 below), we
2
4
ﬁnd κos H ≈ 1 for Ĥ ≈ 3 × 10 A/m.
Boundary Conditions
Assuming absence of surface currents, the ﬁeld boundary conditions are Bn =
0, Ht = 0, where
(70)
A ≡ Ain − Aex
is deﬁned as in Eq. (34), and the subscripts n and t denote the components
normal or tangential to the interface: Ht ≡ H · t, Bn ≡ B · n. (n, t are the
normal and tangential unit vectors.) Inserting them into the stress, Eq. (38),
we ﬁnd that the oﬀ-diagonal part of the surface force density Πij vanishes
identically, Πtn ≡ (Πik ti nk ) = −(Ht Bn ) = −Bn Ht − Ht Bn = 0. The
to the
diagonal part, Πnn ≡ (Πik ni nk ), does not vanish and contributes

surface force. Starting from Eqs. (64), Πnn = −G(0) + 12 H 2 + Mi dHi − Hn Bn ,
we employ 12 (Ht2 + Hn2 − 2Hn Bn ) = 21 (Mn2 + Ht2 − Bn2 ) = 12 Mn2 to obtain

Πnn = [−G(0) + Mi dHi |T,μ + 12 Mn2 ].
(71)
At a free surface, because Πnn and the surface tension are the only operative forces, the force equilibrium,
Πnn = α(R1−1 + R2−1 ),

(72)

with α > 0 denoting the surface tension and R1 , R2 the principle radii of curvature, is the proper boundary condition.
If one side of the interface is air, we

have M ≡ 0 and −G(0) = Patm − g ρair (0)dz ≈ Patm being the atmospheric
pressure. Then the boundary condition [employing Eq. (63)] is


K − g ρ(0)dz + Mi dHi |T,μ + 1/2Mn2
= Patm + α(R1−1 + R2−1 ).

(73)
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The Total Surface Force
We evaluate the force on a magnetizable body, submerged in a ﬂuid that is differently magnetized. Because dAj = nj dA, Πtn ≡ 0, and Πij = δik Πkj =
(ni nk + t1i t1k + t2i t2k )Πkj , Eq. (33) takes the form

(74)
F = Πnn dA.
We insert
Eqs. (63, 71), note that the surface integral over any constant

vanishes, KdAi = 0, and separate F = F mag + F grav into a magnetic and
a gravitational part, to obtain


F mag =  [ Mk dHk |T,μ + 12 Mn2 ] dA
(75)



=  [ Mt dHt |T,μ + Mn dBn |T,μ ] dA,
(76)
F grav = −gêz V ρ(0).

(77)

Equation (77), with V the volume of the body and êz the unit vector pointing
upward, may be somewhat of a surprise, as ρ(0) is the zero-ﬁeld density, and not
the actual one, as eﬀected by magnetic ﬁeld gradients. Clearly, the diﬀerence is
hidden in the magnetic part of the force, see Eq. (79).
Note taking ∇T = 0, we have ∇ Bi dHi ≡ −∇Gem (μ, T, Hi ) = (−∂Gem /∂μ)
with −∂Gem /∂μ = ρ − ρ(0), ∇μ = −gêz , and
∇μ

 + Bi ∇Hi . Furthermore,
∇ Mi dHi = ∇ Bi dHi − Hi ∇Hi , we have

∇ Mi dHi = Mi ∇Hi − [ρ − ρ(0)]gêz .
(78)
Using it to consider a magnetizable body in vacuum, we may ﬁrst eliminate
the  in Eq. (75), and then employ the Gauss law to formerly write


2
1
F mag =
M
dA
+
Mk ∇Hk d3 r − [ρ − ρ(0)]gêz V.
(79)
n
2
This is sometimes construed as proof that Mk ∇Hk is the bulk Kelvin, and
1/2Mn2 a surface force density [16]. This is incorrect: All forces are located at
the surface.
Although it is sometimes diﬃcult to discern non-locality in a static context,
this is an easy task in a dynamic one: The appropriate question is always, which
volume element is going to be accelerated if force balance suddenly fails. As long
as we adhere to the deﬁnition of Eq. (32), we are sure that the force is where the
accelerated volume element resides. This connection gets lost only after the force
density is integrated over, especially when the Gauss law has been employed.
If the magnetizable body is a plate, with the ﬁeld gradient normal to its
surface, refer to Eq. (76) to realize that if the ﬁeld is either predominantly
tan
gential or normal to its surface, the respective magnetic force is Mk ∇Hk d3 r or
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Mk ∇Bk d3 r, see [24]. Conversely, the force on a non-magnetic body submerged
in ferroﬂuid of magnetization M is



(80)
F mag = − [ Mt dHt |T,μ + Mn dBn |T,μ ] dA.
Two diﬀerent force expressions are found in the book by Landau and Lifshitz
[15]. (The calculations are in electric quantities and assume linear constitutive
relation, see Sect. 16. They are converted to magnetic quantities and generalized
to nonlinear constitutive relation here.) The ﬁrst is


(81)
Fimag = dAj (Hi Bj − δij Bk dHk |T,μ ).
in
in Eq. (34),
It is easily derived if gravitation is neglected: First eliminate Πij
 in

in 3
because Πij dAj = ∇j Πij d r vanishes in mechanical equilibrium. Then inex
to obtain the above expression. Note the integral may be
sert Eq. (64) into Πij
taken rather far away from the enclosed body, as long as the external medium
is in mechanical equilibrium,
because the integral over any closed surface within

ex
vanishes. The second force expression is only
the external medium dAj Πij
valid in vacuum, or any other non-magnetizable medium,

(82)
F mag = Mi ∇Hi d3 r,

where Hi = Bi is the external ﬁeld in the absence of the body. The proof in [15],
of the equivalence between Eqs. (81) and (82), is quite protracted, spread over
many sections. The essence is as follows: One starts from the energy equation (37)
to deduce the form of the Maxwell stress, from which Eq. (81) is deduced. And
one may employ this force to calculate the energy change associated with the
displacement of the magnetized body, δU = Fimag δri . Equivalently, δU may be
calculated employing Eq. (37) directly, integrating it over the whole space for
the two positions, before and after the displacement, of the magnetized body.
And the diﬀerence in energy is δU , same as above. Moreover, as shown
in [15],

instead of employing Eq. (37), one may calculate δU by using δU = M ·δH d3 r,
which conveniently prescribes an integration over the magnetizable body only.
we have
Since δH= (δri ∇i )H with δri constant for a solid-body displacement,

δU = δri Mk ∇i Hk d3 r = Fimag δri , or Eq. (82). (F mag = Mi ∇i H d3 r is also
valid since ∇ × H = 0.)
Given this long-winding reasoning, there has been some misunderstanding in
the literature [25, 26], and it is useful to provide a direct proof [27] of the equivalence between Eqs. (81) and (82): Writing H ≡ H + h and B ≡ B + b deﬁnes
the additional ﬁelds h, b which arise due to the presence of the magnetizable
body, represented as the shaded area (marked “int” for internal) in Fig. 3. With
∇ · B = 0, ∇ × H = 0 and ∇ · B = 0, ∇ × H = 0, we also have ∇ · b = 0,
∇ × h = 0. Besides, H ≡ B hold generally, and H ≡ B, h = b hold outside the
magnetized body (in the region marked
 “ext” for external). This is why we may
write the magnetic force, Eq. (81), as ext dAj (Hi Bj −1/2H 2 δij ). (The subscript
ext notes that we are to take the values of the discontinuous ﬁeld on the external
side of the body.) Dividing the ﬁelds as deﬁned, the force is
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Fig. 3. Force on a magnetizable body


Fimag

=
ext

(Hi Bj − 12 H2 δij + hi bj − 12 h2 δij

(83)

+Hk hk δij − Hi bj − hi Bj )dAj .
With Bi , Hi continuous,
we may employ theGauss law to show that the ﬁrst two

terms cancel: d3 r∇j (Hi Bj − 12 H2 δij ) = d3 r(Bj − Hj )∇j Hi = 0. The next
two terms also vanish, as the surface
of integration may be

 displaced into inﬁnity: ext dAj (hi bj − 12 h2 δij ) = R→∞ dAj (hi bj − 12 h2 δij ) + ext d3 r(hj − bj )∇j hi .
The ﬁrst term falls oﬀ as R−3 R−3 R2 = R−4 , because its longest reaching contribution is dipolar; the second term is zero because hj = bj . The last three
terms 3are continuous and may be written as int dAj (Hk hk δij − Hi bj − hi Bj ) =
d r[(Bj −Hj )∇j hi +(bj −hj )∇
int
 j Hi ] which, with Bj = Hj and Mi = Bi −Hi =
bi − hi , is the proof of Fimag = d3 rMi ∇j Hi . (These three terms are continuous because, with dAj nj , nj being the normal vector, they may be written as
(Ht ht +Hn hn )ni −Hi bn −hi Hn , where the subscripts n and t refer to the normal
and tangential components, respectively. This vector is given by two components:
Ht ht + Hn hn − Hn bn − hn Hn = Ht ht − Hn bn along n and −Ht bn − ht Hn perpendicular to it. It is continuous because Hi = Bi , ht , and bn are all continuous.)
Summarizing, we note that all the above formulas account for the same force,
strictly located at the surface. Mk ∇Hk and Mi ∇Hi are valid only after a volume
integration, they should not be interpreted as body force densities.
3.4 Zero-Field Pressure and the Kelvin Force
In this section, we shall consider two ambiguous quantities which are nevertheless frequently employed: the zero-ﬁeld pressure and the Kelvin force. Their
introduction is based on a seemingly self-evident premise that one can divide
the Maxwell stress, Πij , into a ﬁeld-independent part, called zero-ﬁeld pressure, P δij , and a ﬁeld-dependent one, given less obviously by the Kelvin force,
Mj ∇i Hj . Accepting this, the momentum balance, ġi + ∇j Πij = 0, is frequently
written as [28]
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ġi + ∇i P − Mj ∇i Hj = 0.

(84)

(There is also a third term, 1/2∇ × (M × B), deemed to enter the equation
only when the ﬂuid contains the degree of freedom of “internal rotation.” We
shall discuss it with other oﬀ-equilibrium terms, in the next chapter.) Equation (84) and the premise leading to it are fallacious on three accounts: (1)
First, however one deﬁnes the zero-ﬁeld pressure, it is never a universally ﬁeldindependent quantity, and some ﬁeld eﬀects are always contained in P . (2) Even
neglecting the ﬁrst point, writing ∇j Πij as ∇i P − Mj ∇i Hj requires preconditions far more severe than is usually acknowledged. As a consequence, they are
frequently violated when the Kelvin force is applied. (3) Finally, as we discussed
in Sect. 3.2, the bulk force density f bulk = −∇j Πij vanishes quickly, within the
inverse acoustic frequency. So whatever the ﬁeld-dependent part of the stress is,
Mj ∇i Hj or not, it does not account for any electromagnetic action at longer time
spans. (The following consideration neglects gravitation and again treats true
and quasi-equilibrium simultaneously, with μ → μqe , μte where appropriate.)
Diﬀerent Zero-Field Pressures
As with the Gibbs energy, Eq. (61), one may also divide the free energy densities
F ≡ u − T s and F̃ ≡ F − H · B into a ﬁeld-free and ﬁeld-induced part,

(85)
F = F (0) + Fem , Fem = H · dB|T,ρ ,

F̃ = F̃ (0) + F̃em , F̃em = − B · dH|T,ρ ,
(86)
with F (0) = F̃ (0) a function of T, ρ and the integrals taken at given T, ρ. With
−G(0) given as −u(0) + T s(0) + μρ(0), cf. Eq. (61), it appears quite natural
to refer to it as the zero-ﬁeld pressure P (0). In a similar vein, one may take
(ρ ∂/∂ρ − 1)F (0) ≡ ρμ(0) − F (0) as P (0). Unfortunately, these two pressures are
diﬀerent. P (μ) ≡ −G(0) is the pressure that remains turning oﬀ the ﬁeld at given
μ, T , while P (ρ) ≡ (ρ ∂/∂ρ − 1)F (0) is the pressure at given ρ, T . Because the
chemical potential μ changes turning oﬀ the ﬁeld at given density, and vice versa,
the density changes at given μ; these two pressures diﬀer by a ﬁeld-dependent
quantity. [If the ﬁeld is turned oﬀ adiabatically, rather than isothermally, the
result is yet another zero-ﬁeld pressure: P (s, ρ) ≡ (ρ∂/∂ρ + s∂/∂s − 1)u(0).]
Generally speaking, when choosing an appropriate set of variables, it is useful
to keep in mind that ρ is the variable that remains unchanged when a ﬁeld is
turned on in a closed system. Therefore, F (0) is frequently a temporal constant,
in contrast to G(0), a spatial constant.
Writing G, either in terms of F , F̃ , or directly, we have
∂
− 1)F − H · B = P (ρ) +
− G = (ρ ∂ρ

∂
)M |ρ ,
+ 12 H 2 − 12 M 2 + dB · (1 − ρ ∂ρ
∂
−G = (ρ ∂ρ
− 1)F̃ = P (ρ) +

∂
)M |ρ ,
+ 12 H 2 + dH · (1 − ρ ∂ρ

1 2
−G = P (μ) + 2 H + dH · M |μ ,

(87)

(88)

(89)
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where the density derivatives are taken at constant B in Eq. (87) and at constant
H in Eq. (88). Equating Eq. (88) with (89), we ﬁnd
 ∂
M ) · dH|ρ + ,
(90)
P (μ) = P (ρ) − (ρ ∂ρ


 ≡ dH · M |ρ − dH · M |μ
(91)
where  is negligible only for quasi-equilibrium, μ = μqe , see Eq. (68).
There are in fact two basic problems with the notion of a zero-ﬁeld pressure.
First, there are simply no universally ﬁeld-independent quantities: Choosing one
set of independent thermodynamic variables, the dependent ones are ﬁeld dependent. Second, while temperature and chemical potential are well deﬁned in the
presenceof ﬁeld, cf. Eq. (37), the pressure is not. The usual notion of pressure,
P ≡ −∂ ud3 r/∂V, is ill deﬁned, because ponderable systems in the presence of
ﬁeld are anisotropic, and the energy depends not only on volume changes, δV ,
as implied by this deﬁnition, but also on variations of the shape, cf. Sect. 3.1.
And the appropriate quantity to deal with is the Maxwell stress.
In isotropic liquids, the pressure is directly measurable, and it encompasses
many concepts that we ﬁnd convenient, even intuitive: as the surface force density, as the momentum current, and as a quantity that is continuous across interfaces. Hence there is widespread reluctance to abandon the pressure at ﬁnite
ﬁelds. Unfortunately, though there are numerous ways to generalize the pressure
that will preserve some of these properties, none covers all. So one may either
deﬁne many diﬀerent pressures – an approach [16] we eschew as it requires great
care and tend to confuse – or face up to the Maxwell stress, as we do here.
There is a second pitfall worthy of attention. In dilute systems, the magnetization is usually proportional to the density, or M = ρ(∂M/∂ρ). Inserting this
into Eqs. (87) and (88) respectively, we ﬁnd
− G = P (ρ) + 12 (H 2 − M 2 ),

−G = P (ρ) + 12 H 2 ,

(92)

a clear contradiction. It arises because M = ρ(∂M/∂ρ) at given B or H is
mathematically inequivalent. Physically, when we assume M ∼ ρ, this is meant
as an approximation for dilute systems, implying that higher order terms ∼
ρ2 , ρ3 , · · · may be neglected. But consistency dictates that we must neglect all
higher order terms, including M 2 ∼ ρ2 . This implies that M is also to be treated
as a small quantity, M  H and χm  1. Then the diﬀerence of 12 M 2 is
quadratically small, and the contradiction evaporates. Inserting the second of
Eq. (92) in Πik = −[Gδik + Hi Bk ], we ﬁnd a popular form for the Maxwell
stress tensor, Πik = (P + 12 H 2 )δik − Hi Bk . Clearly, it is to be taken with a large
grain of salt, as it is valid only for dilute systems and vanishing magnetizations,
M  H.
Diﬀerent Kelvin Forces
Although we know that the bulk force density, f bulk = −∇j Πij = −s∇T −ρ∇μ,
is a quantity that vanishes quickly, we may nevertheless (taking the temperature
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as constant) divide the term ρ∇μ into the gradient of the zero-ﬁeld pressure and
a ﬁeld-induced “ponderomotive force” f P . The fact that their sum vanishes is
then accepted as force equilibrium. Employing ρ, T as variables, we write
f bulk = −ρ∇[μ(0) + μem ] = −∇P (ρ) + f P ,

(93)

−f P /ρ ≡ ∇[∂Fem /∂ρ]B = ∇[∂ F̃em /∂ρ]H .

(94)

Because ∇Fem = (∂Fem /∂ρ)∇ρ + Hi ∇Bi , we may also write f P as ∇[Fem −
ρ∂Fem /∂ρ] −Hi ∇Bi , or similarly, as ∇[F̃em − ρ∂ F̃em /∂ρ] +Bi ∇Hi , implying
 ∂
f P = Mi ∇Hi + ∇ (ρ ∂ρ
− 1)Mi dHi ,
(95)
 ∂
(96)
= Mi ∇Bi + ∇ (ρ ∂ρ − 1)Mi dBi ,
which are equivalent expressions for the Helmholtz force. For lcr, M = χm H =
χm B/(1 + χm ), both reduce to f P = ∇(1/2H 2 ρα ∂χm /∂ρα ) −1/2H 2 ∇χm . Assuming ρ∂M /∂ρ = M , for either given H or B, the respective Kelvin force
is
(97)
f P = Mi ∇Hi , f P = Mi ∇Bi .
Again, as discussed below, Eq. (92), ρ∂M/∂ρ ≈ M , is a physically sensible
approximation only for M  H, B. But then of course Mi ∇Hi ≈ Mi ∇Bi .
This point is not widely appreciated. Many authors take Mi ∇Hi to be valid
also for M ≈ H, while the expression Mi ∇Bi is usually spurned for no good
reasons [29, 30]. Similarly, Pi ∇Ei is preferred over Pi ∇Di . (One source of confusion may be Eq. (79), which seemingly states that the bulk force density is
Mi ∇Hi , irrespective of how large Mi is in comparison to Hi . But as discussed
there, this is a seriously ﬂawed interpretation.)
The Magnetic Bernoulli Equation
The magnetic Bernoulli equation (MBE) by Rosensweig [16],

∂
ρgz + P (ρ) − ρ ∂ρ
Mi dHi = constant,

(98)

is a useful, extensively employed relation. It is contained in Eq. (63), or
g ρ(0)dz − G(0) = K. The connection is given by Eqs. (89, 90), showing

 ∂
Mi )dHi |ρ +  = K.
(99)
g ρ(0)dz + P (ρ) − (ρ ∂ρ
For quasi-equilibrium, ρ(0) ≈ ρ is a constant, and  ≈ 0, see Eq. (91). So the
equation’s left side reduces to the MBE. For true equilibrium, MBE needs to be
taken as given by Eq. (99). [The velocity-dependent terms in the original MBE
are not included here, because considerations of mass currents in ferroﬂuids need
to include viscosities. Besides, some of the velocity-dependent terms in the stress
tensor are missing in [16], cf. Eq. (158).]
This section ends here. No summary is given, though the reader is advised
to revisit the introduction, which should now provide a rather clear overview of
all the derived results.

Thermodynamics, Electrodynamics, and Ferroﬂuid Dynamics

113

4 Static Experiments
Four experiments are collected here which either have been, or are well suited
for being, carried out in ferroﬂuids. They serve the purpose of illustrating the
expressions derived above, for both the bulk and the surface force density.
4.1 Field-Induced Variations in Densities
Density variation of a magnetizable liquid in the presence of ﬁeld inhomogeneity
is referred to as electro- or magnetostriction. It is frequently calculated with the
Kelvin force, Mi ∇Hi , assuming it balances the gradient of the zero-ﬁeld pressure,
arising from a density variation. As discussed above, this force expression is
not valid for large magnetization. Besides, it is quite easy to use the generally
valid equilibrium conditions (60) instead. For a one-component liquid, taking
the chemical potential μ as a function of ρ, T, H, we have ∇μ = [∂μ/∂ρ]∇ρ+
[∂μ/∂H]∇H = −∇φ. With ∂μ/∂ρ = 1/(ρ2 κT ) and ∂μ/∂H = −∂B/∂ρ, this
implies the density gradient


∂B 
2
∇H − ∇φ .
(100)
∇ρ = ρ κT
∂ρ H
This diﬀerential relation may be integrated to Δρ = ρ2 κT Δ( 12 H 2 ∂χm /∂ρ −
gz) for lcr, with Δ denoting the diﬀerence of any quantity behind it at two
points in the liquid, if κT and ρ may be taken as essentially constant (i.e.,
Δρ  ρ).
In a two-component ﬂuid, not much changes for quasi-equilibrium, but circumstances are quite diﬀerent in true equilibrium. Although the calculation remains formally unchanged, the much larger κos replaces κT in Eq. (100).
To our knowledge, ﬁeld-induced density variation has only been measured in
one-component liquids [31], not in any two-component ones. This is unfortunate,
because the variation of solute or particle density is so much more pronounced. To
estimate its magnitude in ferroﬂuids, we write the linearized version of Eq. (100)
1 2
m
as Δρ1 /ρ1 = κos (ρ1 ∂χm /∂ρ1 ) Δ(μm
0 2 Ĥ ). Approximating (ρ1 ∂χ /∂ρ1 ) ≈ 1,
−3
−2
κos ≈ 10 /Pa, we ﬁnd Δρ1 /ρ1 ≈ 0.1 for B̂ = 10 T. And with Eq. (55), a
similar size eﬀect in the total density, Δρ/ρ ≈ 0.1. Contrast this with the tiny
change in the total density, Δρ/ρ = 5 · 10−8 at the same ﬁeld – a result of
the small compressibility, κT = 5 · 10−10 /Pa. [The value for κos is obtained by
considering a ferroﬂuid with 10% of its volume occupied by magnetic particles
of the radius r = 10 nm, so the particle density is n1 = 0.1/(4πr3 /3). Assuming
ideal gas behavior, the inverse osmotic compressibility κ−1
os is equal to the osmotic
pressure, Pos = n1 kB T , so κos = 10−3 /Pa if T = 300 K.]
4.2 Current-Carrying Vertical Wire
We consider a vertical wire that goes through a dish ﬁlled with ferroﬂuid. Feeding
the wire with an electric current J will drag the ferroﬂuid toward the wire (at
r = 0 and along ez , in cylindrical coordinates). The ferroﬂuid surface is given by
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z(r), with z(r → ∞) ≡ 0. We ﬁnd K = Patm evaluating the boundary condition
Eq. (73) for z = 0, because the magnetization vanishes with the ﬁeld, and the
curvature radii diverge. The boundary condition at z(r), with Mn ≡ 0, yields


Mi dHi |μ = α(R1−1 + R2−1 ) + g ρ(0)dz,
(101)
a display of force, balance between gravitation, magnetic surface force and surface
tension. Neglecting
α and assuming quasi-equilibrium, ρ − ρ(0)  ρ(0),


Mi dHi |μ ≈ Mi dHi |ρ , see Eq. (68), this equation is the same as the associated result in [16]. Especially for lcr, Mi = χm Hi , the left side reduces to
1 m 2
2 χ H , with H = J/(2πr). And we have a hyperbolic proﬁle of the interface,
8π 2 ρgz = J 2 χm /r2 .
The eﬀect of α is more important for weak currents, J small. It may be
neglected in any case for z → 0, where both curvature radii are large enough
to be ignored. For z large and r small, one curvature radius is r and the other
∞. So this part of the ferroﬂuid column is accounted for by g ρ(0)dz + α/r =
J 2 χm /(8π 2 r2 ), with the term ∼ r−2 being asymptotically (r → 0) the dominant
one. In between, where the actual bend from the horizontal to the vertical takes
place, both curvature radii (of diﬀerent signs) are ﬁnite and should be included.
4.3 Hydrostatics in the Presence of Fields
In a system of two connected tubes, with only the second subject to a magnetic
ﬁeld, we expect the ferroﬂuid column to be higher in this tube, as ferroﬂuid
is attracted to the region of stronger ﬁelds, see Fig. 4. To calculate the level
diﬀerence, we employ the boundary condition Eq. (73) for the (ﬂat) liquid–air
interface in both tubes. Since
 z the ﬁeld vanishes in the ﬁrst, the boundary condition states Patm = K − g 0 1 ρ(0)dz. Inserting this into the boundary condition
for tube 2, we obtain
z

g z12 ρ(0)dz = Mi dHi |μ + 12 Mn2 ,
(102)
again a display of force balance. If the ﬁeld is predominantly tangential (Hn , Bn ≈
0) or
 normal (Ht ,Bt ≈ 0) to the liquid surface, the right side is respectively given
as Mi dHi and Mi dBi , or 1/2 H 2 χm and 1/2 H 2 χm (1 + χm ) for lcr.
Next we consider the quantity that a pressure gauge measures in a ferroﬂuid.
Characterized by a stress tensor, ﬁeld-exposed ferroﬂuids do not possess a unique
pressure, yet a pressure gauge will still give some reading, and the question is
what this is. Think of the gauge as an enclosed volume of air, at the pressure Patm , see Fig. 5. One side of this volume is an elastic membrane, which
is displaced if the external stress tensor deviates from the internal one. A ﬁnite
displacement d stores up the elastic energy kd2 /2 per unit area of the membrane.
(Take the membrane to be stiﬀ, i.e., k large and d small, then we need not worry
about the pressure change inside.) The elastic energy implies a force density
kd, rendering
 the boundary condition
 across the membrane as Πnn = kd, or
K − Patm + Mi dHi |μ + 12 Mn2 − g ρ(0)dz = kd, see Eq. (73). (d is taken to be
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Fig. 4. A U-tube ﬁlled with ferroﬂuid, with only the left arm exposed to a ﬁeld

positive when the membrane protrudes into the gauge.) We have d = 0 in the
atmosphere down to the liquid surface of tube 2, and also just below the surface –
take this as point 2. Moving further down the liquid column, to an arbitrary point
3, d becomes ﬁnite to maintain force equilibrium. Employing the above boundary
condition for both point 2 and 3, and subtracting one from the other, we ﬁnd


(103)
kd = Δ( Mi dHi |μ + 12 Mn2 − g ρ(0)dz),
with ΔA ≡ A(3) − A(2). Note ΔMn2 ≡ Mn2 (3) − Mn2 (2), where Mn (3) is the
magnetization at point 3 normal to the pressure gauge membrane, and Mn (2)
the magnetization at point 2 normal to the liquid surface – both components are
not necessarily parallel. If the ﬁeld is uniform, if the membrane of the gauge is
parallel to the liquid surface, and if quasi-equilibrium holds, Eq. (103) reduces to
the zero-ﬁeld hydrostatic relation, gρ(z2 −z3 ) = kd; otherwise, ﬁeld contributions
abound – even if the pressure gauge is simply rotated at point 3 in the presence of
a uniform ﬁeld. (All ﬁelds are the actual ones, distorted by the gauge’s presence.)

Fig. 5. A vessel ﬁlled with ferroﬂuid is subject to a ﬁeld. The pressure inside the
ferroﬂuid, as measured by the membrane displacement of a pressure gauge, changes
with height, orientation, and the ﬁeld strength
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4.4 Magnetic O-Rings and Scrap Separation
In this section, we address the physics of some technical applications: magnetic
O-rings, self-levitation, and scrap separation. Consider scrap separation ﬁrst. An
inhomogeneous magnetic ﬁeld which becomes weaker with increasing height may
lift non-magnetizable bodies submerged in ferroﬂuids oﬀ the ground and hold
them at speciﬁc heights which depend on the shape and density of the bodies.
Balancing the gravitational and magnetic force, F mag + F grav = 0, we have
F grav given by Eq. (77) and F mag by (80).
Because scrap separation is an equilibrium phenomenon, we may also consider
energy instead of force. Take ﬁrst the fact that ferroﬂuid is attracted to regions
of higher magnetic ﬁeld. If the ﬁeld B is given, the ﬁeld energy is B 2 /2 in air and
B 2 /(2μ̄m ) in ferroﬂuids. With μ̄m > 1, the second expression is always smaller.
So given the choice, a volume element of ferroﬂuid will occupy the region with
the highest possible ﬁeld. Conversely, a non-magnetizable object submerged in
ferroﬂuid will tend to occupy the region of lowest ﬁeld strength. If a diﬀerence in
height is involved, all these happen only as long as the gain in ﬁeld energy is larger
than the loss in gravitational energy. (If instead H is given, F̃em ≡ Fem − HB
is larger in vacuum than in the ferroﬂuid: −H 2 /2 > −μ̄m H 2 /2.) Similarly, a

Fig. 6. Self-levitation in ferroﬂuid of a magnetizing body

permanently magnetized body submerged in ferroﬂuid tends to collect as much
liquid in the region of its ﬁeld as possible – even at the price of levitating itself
oﬀ the bottom, a phenomenon that is sometimes referred to as “self-levitation”
[16]. If the magnetic body consists of a periodic array of north and south poles,
with periodicity λ, the ﬁeld extends one or two λ into the ferroﬂuid. Levitated
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approximately that far from the bottom, the body will usually have reached its
equilibrium position, as no further gain in ﬁeld energy may be achieved levitating
itself yet higher, see Fig. 6.
Magnetic O-rings may be found in most computer hard disk drives and are
perhaps the most widely deployed ferroﬂuid device. In these, some ferroﬂuid is
positioned as an O-ring between a highly permeable rotating shaft and the pole of
a permanent magnet, see Fig. 7. Serving as a pressure seal, it enables the rotary
component to work in vacuum. Note that we are dealing with a metastable state
here, as it is always energetically more favorable to remove the ferroﬂuid seal
ﬁrst, have the pressure equalized, and then return the seal to its original place
at the poles. So the quantity of interest is the lowest energy barrier that must
be overcome, which in any realistic problems is notoriously diﬃcult to ﬁnd. The
correct force balance, on the other hand, is


(104)
AΔPatm = Δ ( 12 Mn2 + Mk dHk |μ )dA,
between the diﬀerence in the magnetic surface force, Eq. (75), and the diﬀerence
in external pressure. [Clearly, the appropriate replacement is given by μ → μte ,
cf. Eq. (59).] The ﬁeld is strongest in the middle of the O-ring and decays toward
both ends. If ΔPatm were zero, the force F mag would be the same on both
surfaces, and the ferroﬂuid stays in the middle of the O-ring. Increasing the
pressure on the left (surface 1) pushes the ferroﬂuid toward right, such that
surface 1 is in the region of higher, and surface 2 is in the region of weaker,
ﬁelds. Equilibrium is achieved when the diﬀerence in F mag balances ΔPatm .
The strongest pressure diﬀerence maintainable is when one surface is at the ﬁeld
maximum and the other is ﬁeld free. Assuming for simplicity that the magnetic
ﬁeld is predominantly tangential and that lcr holds, we have ΔP = 12 χm H 2 .
2
5
With χm ≈ 1, H 2 = μm
0 Ĥ , and taking Ĥ as of order 10 A/m, this pressure
5
2
diﬀerence is about 10 N/m , approximately the atmospheric pressure.

Fig. 7. Magnetic pressure seal: (a) principle and (b) enlarged view of the ferroﬂuid
plug
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5 Electrodynamics Including Dissipation
Turning now to dynamics and oﬀ-equilibrium phenomena, we ﬁrst note that
there are two types of theories: the high-resolution theory for a low-density system, with at most one particle per inﬁnitesimal volume element (or per grain, as
in photographs) and the low-resolution theory for a high-density system, with
many particles per grain. The microscopic Maxwell equations and the Newtonian equation of motion (including the Lorentz force) belong to the ﬁrst type.
There are no hidden charges, polarization, or magnetization here, and we know
the whereabouts of every single particle. The second type includes the macroscopic Maxwell equations or any thermodynamic and hydrodynamic theories.
The problems about dissipation and the coarse-grained electromagnetic force
arise here.
We shall consider three systems with increasing densities, to be accounted for
by theories of decreasing resolution and growing complexities: The ﬁrst system
(Sect. 5.1) is a dilute gas of charged particles, well accounted for by the Newtonian equation of motion and the microscopic Maxwell equations. The next
system (Sect. 5.2) is a slightly dissociated liquid of particles possessing negligible electric and magnetic dipole moments. So there are many neutral particles,
but at most one charge carrier, per grain. The appropriate theory here is of
a mixed type, a combination of the hydrodynamic theory and the microscopic
Maxwell equations. The ﬁrst accounts for all particles, the latter for the spatially
slowly varying ﬁeld, produced by the charge carriers that are few and far apart.
Finally, in Sect. 5.3, we consider a dense system possessing dipole moments and
hidden sources, which needs to be accounted for by the genuinely low-resolution,
hydrodynamic-type Maxwell theory that is our goal to derive and consider in
detail. The advantage of this successive approach is that ﬁnding the more complicated expressions in the dense medium is rendered very much simpler and
transparent by the considerations of the previous two dilute systems – but we
do not, even loosely, derive one from the other.
5.1 Rareﬁed Plasmas
The microscopic Maxwell equations (13, 14) account for the time evolution of
the ﬁnely resolved ﬁelds e and b for given sources, the electric charge density
and its current; while the feedback of the ﬁelds on the motion of the sources is
given by the Newtonian equation of motion,
mα v̇ α = q α (e + v α × b/c),

(105)

one for each particle α. Equations (13, 14, 105) represent a closed theory, frequently rather too detailed but conceptually simple. However, it does contain
a notational inconsistency: The Maxwell equations are an Euler-type theory,
accounting for the time evolution of ﬁelds at a given point in space, while the
Newtonian equation is of the Lagrange type, which concentrates on a given particle. (So the term j e = ρe v in Eq. (14) denotes the electric current at a space
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point, while v α in Eq. (105) is the velocity of particle α.) As only the Euler formulation lends itself to a reduction of the resolution, we shall ﬁrst ﬁnd the Euler
version of Eq. (105), with a resolution high enough that each grain contains at
most one particle. (This theory is meant as a starting point, to clarify a few
concepts important for the more complex theories of the following chapters. So
we shall simply discard the possibility that even in a rareﬁed gas, two particles
will occasionally come close to each other.)
The Eulerian Newtonian Equation
Taking the volume of the grain as VG , we may identify its velocity, mass, and
charge with that of the particle occupying it at a given instance and take
all three to be zero if there is no particle: v α → v(r, t), mα /VG → ρ(r, t),
q α /VG → ρe (r, t), deﬁning three highly discontinuous ﬁelds. After some very
moderate coarse graining rendering these ﬁelds diﬀerentiable, the many Newtonian equations of motion reduce to one ﬁeld equation,
d
v ≡ ρ[v̇ + (v · ∇)v] = ρe (e + v × b/c).
ρ dt

(106)

It is now essential to include the continuity equation,
ρ̇ + ∇ · (ρv) = 0,

(107)

which in the Lagrange version is implicit, nearly incidentally contained in the
fact that one does not loose any of the many equations (105). The energy and
momentum density are, respectively,
uM = ρ(c2 + v 2 /2),

g M = ρv,

(108)

where the energy comprises of the rest energy and the (nonrelativistic) kinetic
energy. Employing Eqs (106, 107), we ﬁnd
u̇M + ∇ · QM = j e · e,
M
ġiM + ∇k Πik
= (ρe e + j e × b/c)i ,

(109)
(110)

QM = uM v,

(111)

M
Πik
= giM vk .

The Field Contributions
The ﬁeld contribution to the energy and momentum density is
uF = 12 (e2 + b2 ),

g F = e × b/c.

(112)

From the Maxwell equations (13, 14) we deduce
u̇F + ∇ · QF = −j e · e,
F
ġiF + ∇k Πik
=
F
2
Πik = (e + b2

QF = c e × b,

−(ρe e + j e × b/c)i ,
− uF )δik − ei ek − bi bk .

(113)
(114)
(115)
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Note the relationship g F = QF /c2 . This is far from accidental and derives
F
F
= Πβα
,
from the symmetry of the relativistic energy–momentum 4-tensor, Παβ
F 2
F
F
F
F
F
because cgk = Πk4 , Qk /c = Π4k . Less formally, g = Q /c may also be seen
as ﬁeld angular momentum conservation for ρe → 0. The angular momentum
density F ≡ r × g F is a locally conserved quantity in neutral systems. Rewriting
F
F
Eq. (114) (with ρe → 0) as ∂F
i /∂t + ∇m (εijk rj Πkm ) = εijk Πkj , we observe that
the angular momentum F
i satisﬁes a continuity equation only if the stress tensor
is symmetric. Although this argument seems to require merely the symmetry of
F
F
F
F
= Πki
, a nonvanishing Πk4
− Π4k
in one inertial
the momentum 3-tensor, Πik
system will foul up the symmetry of the 3-tensor in other systems, as the antisymmetric parts of any 4-tensor mix in a Lorentz transformation. Yet angular
momentum is conserved in every inertial system.
Since this reasoning is so general, it also holds for the material part, g M =
QM /c2 . Hence the expression for the momentum density is in fact g M = ρv[1 +
v 2 /(2c2 )], cf. Eqs. (108, 111) – though we are quite justiﬁed to neglect the second
term in the nonrelativistic limit. Later, when we have no prior knowledge of the
form of the momentum density, we shall deduce it from that of the energy ﬂux,
as angular momentum is also conserved in dense systems.
We register the fact that while the expression for the energy density uF =
1/2(e2 + b2 ) is a genuine input – independent of and in addition to the Maxwell
equations, the formula g F = e × b/c is not, since QF is given once uF is. Moreover, since Eq. (114) then follows from the Maxwell equations and because total
momentum is conserved, the Lorentz force is a result as well.
Energy and Momentum Conservation
The preceding two sections allow the simple and noteworthy conclusion that
our starting equations imply local conservation of total energy, momentum, and
angular momentum in the presence of charge, ρe = 0. Taking u ≡ uF + uM and
g ≡ g F + g M , we ﬁnd
u̇ + ∇ · Q = 0, ġi + ∇k Πik = 0,
F
M
+ Πik
, Q = QF + QM ,
Πik = Πki = Πik

(116)
(117)

Q/c2 = g ≈ ρv + e × b/c.

(118)

These results have been collected here because local conservation of these quantities is always true, independent of the above derivation tailored to a dilute and
ﬁnely resolved system. So we may use them as input next.
5.2 Weakly Dissociated Liquids
Now we consider a dense macroscopic system in its hydrodynamic regime: To
the above gas of dilute charge carriers we add a dense system of neutral particles
with vanishing electric and magnetic dipole moments. This is still a comparatively simple system, as the highly resolving, vacuum Maxwell equations (13,
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14) remain valid – and with them all the equations under the title “The Field
Contributions,” including the expressions on ﬁeld energy and ﬁeld momentum.
The other equations concerning the material contributions, under the title “The
Eulerian Newtonian Equation,” must be modiﬁed. These are now accounted for
by three smooth and slowly varying hydrodynamic variables: the coarse-grained
densities of mass, energy, and momentum ρ , uM , g M , while the entropy
density s, being a function of these variables, is not independent. (The coarsegraining brackets are dropped below to keep the notation simple.)
The Material Contributions
We ﬁrst consider the hydrodynamic theory of a neutral, isotropic liquid. It consists of continuity equations for the densities of mass, energy, and momentum,
ρ, uM , g M , and a balance equation for the entropy s, with a source term RD /T ,
ρ̇ + ∇·j = 0, ṡ + ∇·f = RD /T,
M
= 0.
u̇M + ∇·QM = 0, ġiM + ∇k Πik

(119)
(120)

M
The ﬂuxes j, f , QM , Πik
and the entropy production RD are not yet speciﬁed
and need to be determined. As we retrace how they are derived [32], we learn to
use the same method to set up the equations for our third system, to derive the
hydrodynamic Maxwell theory.
The present theory is in two points fundamentally diﬀerent from the previous
one. First, dissipative terms appear in the equations of motion, breaking their
time-reversal symmetry. These will be marked by a superscript D. Second is
our ignorance of the explicit form of uM , the material energy. Nevertheless,
g M = ρv remains an excellent approximation, because the energy ﬂux QM is
still dominated by the term c2 ρv, accounting for the transport of rest energy,
cf. Eqs. (108, 111). In nonrelativistic physics, it is not customary to include
the rest energy in uM . This represents a shift to a diﬀerent set of conserved
M
quantities: from uM , ρ to ūM = uM − ρc2 , ρ, implying Q̄ = QM − c2 ρv.
This changes the link between the momentum density and the energy ﬂux to
M
g M = Q̄ /c2 + ρv ≈ ρv. We follow this convention, but drop the bar, from here
on.
To compensate for our ignorance of uM , we resort to thermodynamics. Assuming that the energy is a function of s and ρ in the rest frame of the liquid
(denoted by the subscript 0), we write

duM
0 =

∂uM
∂uM
0
0
ds +
dρ ≡ T ds + μ0 dρ.
∂s
∂ρ

(121)

M 2
In a liquid with a ﬁnite velocity v, we have uM = uM
0 + (g ) /2ρ. Because
d[(g M )2 /2ρ] = v · dg M − 12 v 2 dρ, Eq. (121) is generalized to

duM = T ds + μdρ + v · dg M ,
where μ = μ0 − 12 v 2 is the lab-frame chemical potential.

(122)
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Taking the time derivative of Eq. (122), u̇M = T ṡ +μρ̇ + v · ġ M , we have a
relation which Eqs. (119, 120) must identically satisfy – irrespective of how uM
(and T, μ, v) depend on s, ρ, g M . This is therefore a strong constraint, enough to
unambiguously determine all the ﬂuxes. (This approach is sometimes referred to
as the “standard procedure,” see [17, 32]. It was ﬁrst applied to electromagnetism
in [2–4] to derive the dissipative terms.) A remarkable result is that the ﬂuxes
are given in terms only of the variables and the conjugate variables appearing
in Eq. (122). Without an explicit expression for uM , the equations clearly must
be written in these general quantities, and we may take this observation as
an indication that hydrodynamic theories contain only conservation laws and
thermodynamics as input – the reason for its general validity.
Deﬁned as the energy change if the volume changes at constant entropy and
mass, the pressure P is related to the variables and conjugate variables of uM
via the Duhem–Gibbs (or Euler) relation, cf. Eq. (35),

3
M
P ≡ −∂( uM
0 d r)/∂V = −u0 + T s + μ0 ρ
= −uM + T s + μρ + v · g M .
(123)
Specifying that one term in the momentum ﬂux of Eq. (120) is the pressure,
M
Πij
= P δij + πij (there is no loss of generality, as πij must now be determined),
we combine Eqs. (122, 123) to obtain ∇P = s∇T + ρ∇μ + gkM ∇vk and write
u̇M = T ṡ + μρ̇ + v · ġ M as
∇·QM = ∇i (μji + T fi + vk πik ) − (ji − ρvi )∇i μ

(124)

−R − (fi − svi )∇i T − (πik − vk gi )vik ,
D

where vik ≡ 12 (∇i vk + ∇k vi ). Postponing the question of uniqueness for a moD
D
ment, we identify QM
i = μji + T fi + vk πik , set fi ≡ svi − fi , Πik ≡ vk gi − πik ,
D
D
D
and ji −ρvi = 0, to obtain R = fi ∇i T +Πik vik . (The dissipative mass current,
jiD ≡ ji −ρvi , is a relativistically small quantity that we shall neglect, see [33] and
D
as the dissipative ﬂuxes, ∇i T , vik
the footnote in Sect. 5.2.) Identifying fiD , Πik
as the thermodynamic forces, we follow the Onsager prescription to take them
as pairwise proportional [34], yielding heat conduction and the viscous stress,
fD
i = κ∇T,

D
0
Πik
= 2η1 vik
+ η2 v δik ,

(125)

0
where vij
≡ vij − 13 δij v . Clearly, all ﬂuxes have now been determined, especially
M
D
fi = svi − fiD and Πik
= P δik + vk gi − Πik
. Without the dissipative terms, the
M
M
=
(u
+
P )vi , Πik
= giM vk + P δik , and the
energy and momentum ﬂux are QM
i
only diﬀerence to Eqs. (111) is the pressure P . This and the dissipative terms
are the indicators for a dense and interacting system.
The question remains whether the conclusion we draw from Eq. (124) is
unique. The answer is yes, because all terms must be written such that they can
be assigned to one of two groups. Either it is the divergence of something, then
it belongs to the energy ﬂux QM ; or it vanishes in equilibrium, like ∇i T , vij ,
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then it is part of RD . For instance, the term T ṡ = −T ∇i fi + · · · must be written
as fi ∇i T − ∇i (T fi ), with the ﬁrst term contributing to RD and the second to
QM . All terms in Eq. (124) clearly belong to one of the two groups, and there
is no possibility to change them such that this feature is maintained.
The Field-Dependent Contributions
Next, we consider ﬁnite electric charges and currents. Collecting all terms derived
above, and adding the ones that become ﬁnite with ρe , j e , we have
ρ̇ + ∇·(ρv) = 0,

ṡ + ∇·(sv − f D ) = RD /T,

D
u̇ + ∇i [(u + P )vi − T fiD − vk Πik
] = j e · e,
M
M
D
ġi + ∇k (P δik + gi vk − Πik ) = (ρe e + j e × b/c)i ,
D
RD = fiD ∇i T + Πik
vik + (j e − ρe v) · e0 .
M

M

(126)
(127)
(128)
(129)

The right sides of Eqs. (127, 128) have the given form because the source terms
of Eqs. (113, 114) remain unchanged, and summing up the respective right sides
must yield nil, as in Eq. (116), such that total energy and momentum remain
conserved. The third term in RD of Eq. (129) goes beyond the sum of microscopic Maxwell equations and the hydrodynamics of neutral ﬂuids. It needs to
be derived. The reason for this term is that j e is no longer given by ρe v as in
Sect. 5.1, because v is now the velocity of a volume element containing many
particles. Given a ﬁnite electric ﬁeld, e0 = e + v × b/c, in the rest frame of
the volume element, electric charge carriers will move with respect to this volume. This is indeed what we obtain starting from Eq. (129), identifying j e − ρe v
as the rest-frame current, e0 as the thermodynamic force, and taking them as
proportional,
(130)
(j e − ρe v)i ≡ (j D
e )i = σij (e + v × b/c)j ,
where σij = σ bi bj +σ⊥ (δij −bi bj )+σH εijk bk , with σ , σ⊥ being the conductivity
along and perpendicular to b, and σH accounting for the Hall eﬀect.
Now, we derive the third term in RD , Eq. (129), by taking the temporal
= −RD +
derivative of Eq. (122), u̇M = T ṡ + μρ̇ + v · ġ M , ﬁnding ∇i QM
i
M
e · j e − v · (ρe e + j e× b/c) · · · , where the second term is from u̇ , the third
from ġ M , and the dots denote terms not containing e or b. Combining them
as j e (e − b × v/c) −e · ρe v = (j e − ρe v)e0 , because e · v = e0 · v, we obtain
D
∇i QM
i = −R · · · + (j e − ρe v)e0 . Because e0 = 0 in equilibrium, the last term
D
is part of R , concluding the proof.
Inserting ∇P = s∇T + ρ∇μ + gjM ∇vj and the ﬁrst of Eq. (126) into (128),
we obtain an equation that will prove useful for later comparison,
d
ρ dt
vi + s∇i T + ρ∇i μ + gkM ∇i vk

(131)

D
= ∇k Πik
+ (ρe e + j e × b/c)i .

Adding the Maxwell equations (13, 14), the system of equation is closed and
the description complete. With ρe given by ∇ · e and uM by Eq. (122), the
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independent variables are ρ, s, g M , e, b. Referred to as magneto-hydrodynamics,
these are realistic equations, used for describing plasma at low frequencies [15].
Usually, σ , σ⊥ are large, hence ρe , e0 = e + v × b/c are negligibly small.
The 2-Field Theory
In the low-resolution theory of the next chapter, we shall be dealing with dense
systems containing hidden charges and dipole moments. The obvious consequence is the appearance of four ﬁelds (E, D, B, H) – replacing (e, b) here.
An equally important diﬀerence is the fact that (the possibility of an expansion
notwithstanding) we no longer have a general expression for the ﬁeld energy uF –
which was important for arriving at the right-side terms of Eqs. (127, 128), especially the Lorentz force. In fact, it will not even be possible to separate the total,
conserved energy density u into uF and uM , such that the former depends on the
ﬁeld variables alone and the latter only on the material ones. In the simple example u = ũ(ρ, s)+ 12 B 2 /μ̄m (ρ, s), the temperature T = ∂u/∂s+ 12 B 2 ∂(1/μ̄m )/∂s is
a function of B, and H = B/μ̄m depends on s. As a result, none of the variables
or conjugate variables is unambiguously assigned to either ﬁeld or material. (This
is the reason why attempts to divide the total, conserved momentum density g
into g M and g F is such a futile exercise, see the discussion in [2].)
Fortunately, neither the Lorentz force nor a division of u and g into material and ﬁeld contributions is necessary for deriving the hydrodynamic Maxwell
theory. As a ﬁrst step, we shall convince ourselves that the present theory can
be equally well written in the variables u ≡ uF + uM , g ≡ g F + g M , such that
the Lorentz force never appears. We do this by adding to the material equations
the ﬁeld contributions from Sect. 5.1, same as we did there, obtaining
D
u̇ + ∇i (QR
i − Qi ) = 0,
R
D
ġi + ∇k (Πik
− Πik
) = 0,

(132)
(133)

QR ≡ (T s + μρ + v · g M )v + c e × b,
R
Πik
≡ giM vk − ei ek − bi bk + δik

(134)

g=g

M

×(T s + μρ + v · g M − u + e2 + b2 ).
+ e × b/c = ρv + QR /c2 .

(135)
(136)

D
D
D
The dissipative terms, Πik
and QD
i ≡ T fi + vk Πik , remain as given above.
Note QD does not contribute to the total momentum density,9 see Eq. (136).
The expression for du is obtained by adding the ﬁrst of Eqs. (112) to Eq. (122),
9

This is a subtle point. The quick argument is that as a variable, g must not contain
terms of diﬀerent time-inversion parity. The more complete argument is that the
existence of a ﬁnite QD is in fact the result of subtracting the rest energy from the
total – without which the dissipative energy, ﬂux vanishes identically. As shown in
[33], there is a connection between this and the vanishing of the dissipative mass
current, j D : Taking the mass, energy and total energy conservation as ρ̇ + ∇i (ρvi +
tot
+ ∇i Q̃i = 0, we have utot = u + ρc2 and
j D ) = 0 u̇ + ∇i (Qi − QD
i ) = 0, u̇
2
2
D
D
D
2
Q̃i = Qi + ρvi c = gi c , with Q̃i = 0 or jiD c2 − QD
i = 0. Because ji = Qi /c is a
relativistically small quantity, it is usually neglected.
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du = T ds + μdρ + v · dg M + e · de + b · db
= T ds + μdρ + v · dg + e0 · de + b0 · db.
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(137)
(138)

Equation (138) is algebraically identical to Eq. (137), because v · d(g M − g)c =
−v·d(e×b) = −(v×e)·db+(v×b)·de, where e0 ≡ e+(v/c)×b, b0 ≡ b−(v/c)×e
are the respective rest-frame ﬁelds.
Containing ρ, s, u, g, e, b as variables, the new theory is given by the Maxwell
equations (13, 14), the equations for mass and entropy (126), and all the displayed equations of this section. It is closed, complete, and quite equivalent to
the old one. We may refer to it as the “2-ﬁeld” theory and require that the
genuinely low-resolution “4-ﬁeld” theory reduces to it by setting E D, H D = 0,
and
E = D → e, H = B → b,
(139)
implying also E 0 = D 0 → e0 , H 0 = B 0 → b0 .
Radiation Damping
Let us brieﬂy address the old problem of radiation damping, which has created
considerable confusion in some textbooks, with the result that a good number of
physicists take it to be an indication for the inconsistency of the Maxwell theory.
The basic physics of radiation damping is in fact given by the equations derived
in Sect. 5.2, stating conservation of total energy and momentum. So it is an easy
conclusion to draw that if a charged body’s acceleration generates radiation, it
will lack exactly the energy and momentum that is being carried away by the
radiation. This is all we need to know about radiation damping, and there is no
reason whatever why it is not consistently accounted for by the above equations.
The problems such as discussed in [1] arise from two sources: First and foremost, it is the usual yet unreasonable insistence to reduce the above-derived set
of diﬀerential equations to a term or two, ∼ v, v̈, in the Newtonian equation of
motion for the charged body. Failure of this oversimpliﬁed description is not connected to any inconsistencies of the Maxwell theory. Second, and less centrally,
it also stems from the fruitless attempt to describe point charges employing the
Maxwell theory – constructed to account for ﬁnite charge densities. Although
electrons may well be inﬁnitely small, one can at most criticize the Maxwell
theory for not being realistic (in this extreme quantum limit), but not for being
inconsistent.
5.3 The Hydrodynamic Maxwell Theory
The low-resolution, hydrodynamic Maxwell theory we are going to derive and
consider is a fairly general one, valid for arbitrarily strong ﬁelds and nonlinear
constitutive relations, with the medium moving and the electromagnetic ﬁeld
time dependent. However, it is a local equilibrium theory with a conﬁned frequency range. To go beyond it, additional, nonhydrodynamic variables such as
magnetization and polarization need to be included, as in Sects. 7 and 8.
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Galilean versus Lorentz Transformation
Another constraint of the hydrodynamics Maxwell theory is that it is only nonrelativistically valid, conﬁned to small medium velocities, v  c. Unfortunately,
the ﬁrst-order Lorentz transformation is quite diﬀerent from the Galilean transformation. For instance, with ∇0 denoting the rest-frame spatial derivative, the
former takes it to change as ∇ = ∇0 − 1/c2 v∂t , while the latter sees no difference, ∇ = ∇0 . The Lorentz transformation is of course the fundamentally
correct one. And we could, as a matter of principle, construct a fully covariant
theory and employ the theory expanded to linear order in v/c. This has in fact
been done [35–37] but the result is unnecessarily complicated and highly unpractical as an account for laboratory physics – there is simply no need to include
relativistic terms distinguishing ∇0 from ∇ say in Eqs. (119, 120). And the
question remains whether the theory may be simpliﬁed in a consistent fashion.
The semi-macroscopic theory in Sect. 5.2, on weakly dissociated liquids, has
an easy way out. Because the material and ﬁeld variables are cleanly separated
there, we may simply employ the Galilean transformation for the material variables, and the Lorentz transformation for the ﬁeld variables, applying the same
dichotomy to ∇, depending on what kind of variables it is applied to. This does
not work for a dense, strongly interacting system, as it becomes quite impossible
to distinguish ﬁeld from material variables. For instance, since temperature or
chemical potential is a function of s, ρ, B, we would not know which transformation to prescribe for ∇μ = [∂μ/∂ρ]∇ρ + [∂μ/∂H]∇H + · · · .
Facing this dilemma, a practical solution is to assume true Galilean behavior,
taking the variables of the two temporal Maxwell equations (18) as invariant,
D = D0 ,

B = B0,

(140)

and its ﬂuxes to transform as
E ≡ E 0 − (v/c) × B, H ≡ H 0 + (v/c) × D.

(141)

(Compare this with the continuity equation (107), in which the density ρ
is invariant, while the ﬂux transforms as j = ρv + j 0 .) As we shall presently
see, this transformation maintains the form invariance of the Maxwell equations.
(See [38] for a thoughtful, more formal derivation.) As a result, the theory to be
derived and considered is fully Galilean invariant. And one may convince oneself
that all relevant terms from the covariant equations in [36–38] are included, with
the excluded ones quite obviously numerically insigniﬁcant.
Unfortunately, there is one inconsistency. Starting from the rest-frame energy,
Eq. (24), to ﬁnd the associated expression for an arbitrary frame, and requiring
it to reduce to Eq. (138) under the prescription of Eq. (139), the only possibility
is
(142)
du = T ds + μdρ + v · dg + E 0 · dD + H 0 · dB,
where g is the conserved total momentum density. The inconsistency is that this
expression is a result of a ﬁrst-order Lorentz transformation, see Appendix B.
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However, since there is no clear prescription for transforming the energy in
Galilean-invariant systems, we may simply take Eq. (142) as the correct starting expression from which to derive the hydrodynamic Maxwell theory. [Equation (142) is not needed after the equations are set up, since all constitutive
relations, T, μ, E 0 , H 0 as functions of s, ρ, D, B are obtained from the rest-frame
energy.]
Frame-Independent Thermodynamics
Starting from Eq. (142), the associated equilibrium conditions are
∇ × H 0 = 0, ∇ × E 0 = 0 (or E 0 = 0),
∇T = 0, vij = 0, v̇ + ∇μ = 0.

(143)
(144)

The three equations of the ﬁrst line are deduced starting from Eq. (142), going
through the same steps as those leading to Eqs. (26). Clearly, in spite of the more
general starting point, these conditions have not changed and are still given by
setting, in the local rest frame, either the curl or the ﬁeld itself to zero, nicely
illustrating that the fact of being in equilibrium does not depend on the frame of
reference. ∇T = 0 is also unchanged, and the last two equations are obtained by
keeping momentum angular momentum, and the booster constant: vanishing vij
allows only motions that are combinations of translation and solid-body rotation.
Not being Galilean invariant, the chemical potential μ has additional terms when
the system rotates and translates. The gradient of these terms is canceled by v̇.
(The details are in [33] and not reproduced here, because it is oﬀ the present
focus on the Maxwell theory.)
First, given the fact that the charge density ρ = ∇ · D is (to linear order in
v/c) a scalar, D must also be one. Since ∇ · B = 0 is also a scalar, so is B. In
equilibrium and for a medium at rest, because both Ḃ = −c∇×E M and ∇×E 0
vanish, we deduced in Sect. 2.3 that E M = E 0 and Ḃ = −c∇ × E 0 ; similarly,
also Ḋ = c∇ × H 0 . For a translating and rotating medium in equilibrium, D
and B move with the medium, such that each material point keeps their values,
and the temporal derivatives in the local rest frame, dt D and dt B, vanish. They
relate to the laboratory derivatives as given in Eq. (3),
dt D ≡ Ḋ + (v · ∇)D − Ω ×D = 0,
dt B ≡ Ḃ + (v · ∇)B − Ω ×B = 0,

(145)
(146)

where Ω ≡ 1/2(∇ × v). So the properly generalized equations are
dt D = c∇ × H 0 ,

dt B = −c∇ × E 0 .

(147)

On the other hand, because of locality and charge conservation, we know
that the Maxwell equations always have the structure
Ḃ = −c∇ × E M ,

Ḋ + j  = c∇ × H M .

(148)

Deﬁning E = E M , H = H M to be the Maxwell ﬁelds of an arbitrary inertial
frame in equilibrium, we ﬁnd that Eqs. (148) and (147) are equivalent with the
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identiﬁcations j  = ρ v and Eq. (141). (Terms ∼ vij are neglected, since it
vanishes in equilibrium.)
In a satellite containing a superconducting coil and a magnetizable medium,
the ﬁeld is in general non-uniform. Yet if coil and medium co-rotate and cotranslate, dt D, dt B = 0, the system may stay in equilibrium, ∇×E 0 , ∇×H 0 = 0,
maintaining its motion for ever and keeping its momentum and angular momentum constant. In an earth-bound laboratory, the magnetic coil is frequently ﬁxed,
and the ﬁeld stationary in the lab frame Ḃ, Ḋ = 0. If the medium rotates, with
Ω×B = 0, all four quantities, dt D, dt B, ∇ × E 0 , ∇ × H 0 , are ﬁnite and the system is not in equilibrium, implying the motion is dissipative and will eventually
stop. This combination of ﬁeld dissipation and transformation is the basic physics
for magneto-viscous eﬀects such as ﬁeld-enhanced viscosity and rotational ﬁeld
deﬂection, see Sect. 6.2 and 6.3. As this consideration is so general, there is no
doubt that any magnetic suspensions (Brownian or not), or in fact any uniform
magnetizable ﬂuids, are capable of showing these eﬀects, though the associated
magnitude will depend on the relaxation time of the magnetization and be very
diﬀerent. Usually, of course, magneto-viscous eﬀects are derived by considering
the term Ω × M in the relaxation equation for the magnetization, set up for
the speciﬁc case of suspended particles relaxing in a Brownian fashion (i.e., with
the magnetization ﬁxed to the particles and the particle rotating against the
ﬂuid matrix) [13, 14, 16]. As a result, the false impression was established in the
ferroﬂuid community that Brownian relaxation is a necessary precondition for
magneto-viscous eﬀects.
With Eqs. (140, 141), we may rewrite the energy, Eq. (142), as
du = T ds + μdρ + v·dg M + E ·dD + H ·dB,
g

M

≡ g − D × B/c,

(149)
(150)

generalizing Eq. (137). Note that Eq. (150) is only a shorthand, the result of going
from Eqs. (142) to (149). As we shall see, in all the ﬂuxes of the hydrodynamic
equations, this g M will replace the material momentum density g M = ρv of
Sect. 5.2. But there is no further implication, especially not that this g M were
the (unambiguous) material part of the momentum density.
In their classic book, De Groot and Mazur devoted a chapter to considering
macroscopic electromagnetism, aiming to set up a hydrodynamic theory capable
of accounting for polarizable and magnetizable condensed systems. Yet because
they oversaw the crucial diﬀerence between g and g M and started from the
superﬁcially plausible thermodynamic relation, du = · · · + v · dg + E · dD +
H · dB, and because they did not include the dissipative ﬁelds, H D and E D ,
their results diﬀer signiﬁcantly from those given below.
The Standard Procedure
The complete set of equations of motion, valid also oﬀ-equilibrium, is
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Ḋ = c∇ × H M− j  , Ḃ = −c∇ × E M,
ρ̇ + ∇ · (ρv) = 0, ṡ + ∇ · f = RD /T,

(151)
(152)

u̇ + ∇ · Q = 0,

(153)

ġi + ∇k Πik = 0,

stating that conserved quantities satisfy continuity equations, while the ﬁeld
variables satisfy the Maxwell equations – expressing locality and charge conservation. To obtain the ﬂuxes, H M , E M , f , Q, Πik , and the entropy production
RD , we ﬁrst introduce some ﬂuxes with a superscript D, as a pure deﬁnition,
though they will turn out to be the dissipative contributions,
R
D
f = sv − f D , Πik = Πik
− Πik
, j  = ρ v + j D
 ,
M
D
M
D
E =E+E , H =H +H ,

(154)
(155)

then we proceed as in Sect. 5.2, inserting the equations of motion into the temporal derivative of Eq. (142), u̇ = T ṡ + μρ̇ + v · ġ + E 0 · Ḋ + H 0 · Ḃ, and sorting
the terms to be either part of a divergence or proportional to a thermodynamic
force that vanishes in equilibrium. The result is ∇ · Q = ∇ · Q1 + RD − R1 =
∇ · Q2 + RD − R2 and contains a non-uniqueness, with Q2 = Q1 + E D × H D ,
R2 = R1 + ∇ · (E D × H D ), where
R
R1 ≡ (j  − ρ v) · E 0 − (fi − svi )∇i T − (Πik − Πik
)vik
M
M
+(E − E) · c∇ × H 0 − (H − H) · c∇ × E 0 ,
R
Q1i ≡ T fi + (μρ + v · g M )v + (Πik − Πik
)vk
M
+c[E ×H + (E − E)×H 0 + E 0 ×(H M − H)]i .

(157)

− Ei Dk − Hi Bk + δik
×(T s + μρ + v · g M − u + E · D + H · B),

(158)

D
R2 ≡ f D ·∇T + Π̃ik
vik + H D ·dt B + E D ·dt D + j D · E M
0 ,
M
M
2
M
D
Qi ≡ T fi + (μρ + v · g )vi − Π̃ik vk , +c[E ×H ]i

(159)
(160)

R
Πik

≡

(156)

giM vk

+ 21 (Bi HkD − Bk HiD + Di EkD − Dk EiD )vk
R
D
Πik ≡ Πik
− Π̃ik
+ (Bj HjD + Dj EjD )δik

− 21 (Bk HiD

+

Bi HkD

+

Dk EiD

+

(161)

Di EkD ).

We may either conclude Q = Q1 , RD = R1 , or Q = Q2 , RD = R2 , with both
satisfying all general principles and the diﬀerence mainly notational. In the ﬁrst
case, the thermodynamic forces are c(∇ × H 0 ), c(∇ × E 0 ). In the second, they
are the rest-frame derivatives, dt Bi and dt Di , connected to the ﬁrst pair as
dt Bi = −c(∇ × [E0 + E D ])i − Bi vkk + Bk vik ,
dt Di = (c∇ × [H0 + H D ] − j D )i − Di vkk + Dk vik .

(162)
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[dt Bi and dt Di are deﬁned by Eqs. (145, 146), and the above two expressions are
the oﬀ-equilibrium generalization of Eqs. (147).] Therefore, a diagonal Onsager
matrix in the second will have oﬀ-diagonal terms in the ﬁrst, and vice versa.10
We choose the second representation, as ferroﬂuids tend to be diagonal in it.
In equilibrium, all forces vanish, ∇T , vik , ∇ × H 0 , ∇ × E 0 dt Bi , dt Di → 0
(possibly also E 0 → 0,) and we have f = sv, j  = ρ v, E M = E, H M = H,
R
and
especially Πik = Πik
Q = (T s + μρ + v · g M )v + c E × H.

(163)

These expressions correctly reduce to the 2-ﬁeld theory, especially Eqs. (134,
R
135). Also, for v = 0, the stress Πik
reduces to that of Eq. (38).
For vanishing ﬂuid velocity and linear constitutive relations, v ≡ 0, ε̄E = D,
and μ̄m H = B, the symmetry of the stress tensor is obvious. Consider the
rotational invariance of the energy u to see that the stress is generally symmetric,
R
R
= Πki
: Rotating the system by an inﬁnitesimal angle dθ, the scalars are
Πik
invariant, du, ds, dρ = 0, while the vectors change as dg M = g M × dθ, dD =
D × dθ, dB = B × dθ. Inserting these into Eq. (149) yields,
εijk Πkj = (v × g M + E × D + H × B)i = 0.

(164)

With dissipation, RD = 0, the ﬂuxes are amended by dissipative contributions.
Identifying Q = Q2 , RD = R2 , and assuming a diagonal matrix, we have
H D = αdt B, E D = βdt D, j D = σE M
0 ,
f

D

= κ∇T,

D
Π̃ik

=

0
2η1 vik

+ η2 v δik ,

(165)
(166)

where α, β, σ, κ, η1 , η2 are transport coeﬃcients [or matrices as in Eq. (130)] and
0
≡ vij − 13 δij v as before. Insert
functions of thermodynamic variables. Note vij
the expressions into Eq. (155), to ﬁnd E M , H M ; into Eq. (161) to ﬁnd the stress
Πik ; into Eq. (154) to ﬁnd the entropy ﬂux f and electric current j  . Though
oﬀ-diagonal terms are generally needed for a complete account, these ﬂuxes are
frequently a good approximation, e.g., for ferroﬂuids exposed to weak ﬁelds.
Summary of the Results
First, we write down the explicit formulas for the energy and momentum ﬂux,
10

Since the energy ﬂux and the entropy production were slightly altered, by the term
∇ · (E D × H D ), the two sets of expressions are in fact inequivalent – if both E D
and H D are ﬁnite. [The term ∇ · (E D × H D ) is both the divergence of something
and vanishes in equilibrium, it can therefore be part of either the energy ﬂux Q
or the entropy production RD , a rare instance of inconclusiveness of the standard
procedure.] This mainly concerns the so-called sq-modes, considered in [6] and relevant for systems, in which both the magnetic and electric dissipation are suﬃciently
large, such that neither α nor β may be neglected.
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0
Qi = (sT + μρ + v · g M )vi − κ∇i T − (2η1 vik
+ η2 v δik )vk


M
M
1
+ cE ×H + 2 v × (αB × dt B + βD × dt D) ,

(167)

0
Πik = Aδik − (2η1 vik
+ η2 v δik ) + giM vk − EiM Dk − HiM Bk
+ 12 (αBk dt Bi − αBi dt Bk + βDk dt Di − βDi dt Dk ).

(168)

i

A

≡ T s + μρ + v · g M + E M · D + H M · B − u.

For stationary media, v ≡ 0, the energy ﬂux is Q2 = cE M × H M − T f D ,
demonstrating the validity of the Poynting theorem in the presence of dissipation.
However, for a moving medium, the additional terms ∼ vdt B do show up the
limit of the Poynting theorem. For a solid-body rotation, these terms are ∼
v × Ω · (αB 2 + βD2 ) and imply an energy current either converging onto, or
escaping from, the center, possibly causing a temperature gradient to form. The
stress may also be written as
0
Πik = Aδik − (2η1 vik
+ η2 v δik )
M
1
− 2 [Ei Dk + EkM Di − giM vk + (i ↔ k)],

(169)

which renders it explicitly symmetric, and seemingly a straightforward extension
of Eq. (38). In this context it is of some interest to revisit the discussion in
Sects. 80, 81 of [15], in which the authors lamented our ignorance about the
form of the Maxwell stress in the presence of dissipation. It is also instructive to
retrace the considerations of Sect. 3.2 to obtain the oﬀ-equilibrium expression
for the bulk force density, the generalization of Eqs. (50) and (131). Inserting
d M
∂
gi /ρ and ∂t
(D × B)i /c = ∇k (Bk HiM + Dk EiM ) −
ġiM + ∇k (giM vk ) = ρ dt
M
M
M
Bk ∇i Hk − Dk ∇i Ek − ρ Ei − (j  × B)i /c into ġi + ∇k Πik = 0, with Πik
given by Eq. (168), we ﬁnd
d
0
ρ dt
(giM /ρ) + s∇i T + ρα ∇i μα + gkM ∇i vk − ∇k (2η1 vik
+ η2 v δik )

= (ρ E M + j  × B/c)i − αdt Bk ∇i Bk − βdt Dk ∇i Dk
+ 12 [∇ × (αB × dt B + βD × dt D)]i .

(170)

Clearly, the bulk force is s∇i T + ρα ∇i μα + gkM ∇i vk , and the Lorentz force
is now given in terms of E M . Two purely dissipative forces are operative,
one longitudinal and the other transversal. For the magnetic case, the ﬁrst is
αdt Bk ∇i Bk , ﬁnite if dt BB; the second is 1/2∇ × (αB × dt B), ﬁnite when
dt B ⊥ B. This is the case when the ﬁeld rotates while the medium is stationary, or more usually, when the medium rotates in the presence of a stationary
ﬁeld, Ḃ = 0, Ω = 0. If BH, one can write this force as 1/2∇ × (M × B),
because B × dt B = B × H D = B × H M ≡ M × B. This force is routinely used
in ferroﬂuids to account for dissipative behavior, see [16], and widely believed
to be a consequence of ferroﬂuids being suspensions, as it is derived from the
internal angular momentum of the particles [13, 14]. Yet as we now realize, it is
quite generically the transversal part of the dissipative force. There is no reason
whatever it should not exist in homogeneous systems, ﬂuid or solid.
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To generalize the boundary conditions discussed in Sect. 3.3, we note that
the connecting conditions for ﬁelds are now Dn , Bn , EtM , HtM = 0. As a
result, especially the condition Πtn = 0 is no longer automatically satisﬁed and
hence contains useful information. At a free surface contiguous to atmosphere,
inserting Eq. (168) with vn = 0 into Πtn = 0 (i.e., neglecting surface tension),
we ﬁnd
(171)
Bn HtD − Bt HnD + Dn EtD − Dt EnD = η1 (∇n vt + ∇t vn ).
We shall use this boundary condition for instance to consider the shear force
exerted by a rotating ﬁeld on the surface of a magnetizable liquid, in Sect. 6.2.
The Total Momentum Density
Since all expressions of this section are derived starting from Eq. (142), without
the total, conserved momentum density g ever being speciﬁed, they remain valid
irrespective of its explicit form, whether g is given by ρv + E × H/c, or say
ρv + D × B/c, to pick a historically popular form, see the discussion in [2]. Yet
the rigorous identity, g = Q/c2 discussed in Sect. 5.1, or its rewritten version,
the second of Eq. (136), really leaves us with no choice other than
g = ρv + E × H/c

(172)

[again neglecting (T s+μρ+v ·g M )/ρc2  1]. Being a term of zeroth order in the
velocity, E × H/c may not be neglected – though the diﬀerence to E 0 × H 0 /c
may. Our considerations make abundantly clear that the conserved momentum
density is the sum of material and ﬁeld contributions, with the Maxwell tensor
being the associated ﬂux. Nevertheless, the numbers in the context of condensed
matter are such that ρv
E × H/c, and the second term may usually be
neglected.11 Given Eq. (150), or g M = ρv +(E ×H −D ×B)/c, Eq. (170) yields
∂
(E × H − D × B)/c, the Abraham force [39]. And since D × B
the term ∂t
and E × H are of the same order of magnitude, it is again a negligible quantity.

6 Oﬀ-Equilibrium Experiments
Having been derived from thermodynamics, conservation laws, and the transformation properties, the expressions of Sect. 5 are fairly general, valid for all
magnetizable and polarizable liquids, from single-component paramagnetic ﬂuids to suspensions such as ferroﬂuids and their respective electric counterparts.
In the case of ferroﬂuids although one is tempted to think that the properties
11

3
7
7
4
Taking
ρ as 1 g/cm , v as 1 cm/s, Ĥ = 10 A/m, Ê = 10 V/m (i.e., H as 10 and E
2
as 30 J/M ), we still have ρvc/EH ≈ 3000. And if we are to compare ∂(E×H )/c∂t
with the dissipative force ∇ × (B × αḂ), we ﬁnd their quotient to scale with the
small quantity, t/τ , where t = L/c is the time light needs to cross the system of
extension L, while τ is the relaxation time of magnetization or polarization, because
∇ ∼ 1/L ∼ 1/ct and α ∼ τ .
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of the ferromagnetic particles, the magnetic moment and internal angular momentum, would be important, this is true only at higher frequencies or at higher
resolutions. On a coarse scale relevant for many experiments, of which four are
discussed below, the present theory is quite adequate, even appropriate for being
not unnecessarily detailed.
6.1 Induction and Incompatible Equilibria
First, we examine the familiar case of the Faraday law of induction and the
eddy current break, from the perhaps unusual view angle of equilibria in different frames [40, 41]. As similar “transformational physics” is also at work in
the ensuing sections on various experiments in (non-conducting) ferroﬂuids, this
example builds a useful analogy.
The third of Eqs. (143) states that equilibrium requires the electric ﬁeld in
the conductor’s local rest frame to vanish,
E 0 = E + v × B/c = 0.

(173)

If E 0 is ﬁnite, the entropy is not maximal, and an electric current j e = j D =
σE 0 is cranked up to redistribute the charge, forcing E 0 toward zero. Inserting
j e = σE 0 into Ḋ = ∇×H M −j e (and taking D = E as appropriate for metals)
leads to a relaxation equation for E,
Ė = c∇ × H M − E 0 /τ,

(174)

with τ ≡ 1/σ around 10−19 s for copper. This fact allows us to cast a fresh look
on the Faraday’s law of induction.
If a metallic object starts to move with the velocity v in the presence of a
magnetic ﬁeld B, the equilibrium condition, E 0 = 0, is established very quickly,
as described by Eq. (174) – implying a ﬁnite lab-frame ﬁeld, E = −v × B/c,
and an appropriate charge separation. Now consider a loop, with only a section
of it moving, as in the classic setup of Fig. 8. Because there are two inequivalent
paths, “frustration” sets in: The moving section, as just discussed, strives to
establish a ﬁnite lab-frame ﬁeld E by separating charges, while the stationary

Fig. 8. Equilibrium requires the rest-frame electric ﬁeld of both the stationary and
moving sections of the wire to vanish. As this cannot happen simultaneously, a current
is generated “out of frustration”
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part works just as hard to eliminate it. It is the incompatibility of these two
equilibria that maintains a ﬁeld and gives rise to circulating current. Both exist
as long as the velocity of the moving section v is ﬁnite.
Integrating the Maxwell equation in the form Ḃ = −c∇ × (E 0 − v × B/c)
around a conducting loop, we arrive at dA · Ḃ + B · (v × d) = −c E 0 · d.
Identifying the conductor’s velocity v with that
the area A changes, the two

terms
on
the
left
may
be
combined
as
d/dt
B
·
dA. The term on the right,

−c j e · d/σ, may be integrated assuming constant current I. In the example
of Fig. 8, this gives −c(R1 +R2 )I, with R1 , R2 denoting the respective resistance.
The result is the Faraday’s law of induction,

d
d
φ≡
(175)
B · dA = −c(R1 + R2 )I.
dt
dt

Frequently, the term motional electro-motive force is used for E0 · d. It is
a label (and not an understanding)
for a quantity that looks like a potential yet

·
d
is non-zero. Yet the point is, every portion
cannot
possibly
be
one,
as
E
0

of E0 · d that is in the same rest frame is certainly a healthy potential in this
frame. Their sum is ﬁnite simply because they are potentials in diﬀerent frames.
Equation (173) may be understood in two diﬀerent ways. The ﬁrst takes E0
as the ﬁeld in its local rest frame: E0 is diﬀerent from E in the moving wire, but
the same in the stationary one. The second takes E0 as a Lorentz-transformed
ﬁeld. It is the ﬁeld of the frame moving with v in the lab frame, and always
diﬀerent from E. To distinguish this second ﬁeld from the ﬁrst, we refer to it
and
as E2 . Both E2 and the lab-frame ﬁeld E are stationary in our example

=
−∇U
,
E
=
−∇U
,
but
E
does
not.
So
E
·
d
is
possess a potential:
E
2 
2
1
0
0

there
is
no
reason
why
we
ﬁnite, while E · d = E2 · d = 0. Nevertheless,


E0 · d
may not identify E0 · d across R2 with E2 · d = ΔU2 = R2 I,
across R1 with E · d = ΔU1 = R1 I, and rewrite the law of induction as
d/dt φ = ΔU1 + ΔU2 , with each of the two potential drops well deﬁned –
although their sum does not vanish, because they are given in diﬀerent frames.
R1 ,
There are two limiting cases worth a brief pause. In the ﬁrst, R2
the resistance of the sliding bar is much larger than that of the stationary arc.
Because the latter wins out ﬁghting to maintain its equilibrium, we have E ≈ 0,
ﬁeld and potential are negligible in the lab frame. Vice versa, for R2  R1 ,
E2 ≈ 0 holds; there is no ﬁeld or potential in the moving frame. However, in
neither case does E0 vanish, and the current that ﬂows remains the same as long
as the sum R1 + R2 is the same, and given by Eq. (175).
The next example is the eddy current break, a metal plate moving with v,
with only part of the metal exposed to a stationary magnetic ﬁeld. Typically,
the plate is rotating, with Ω, and the ﬁeld-exposed region sits oﬀ-center, at radius R. Equilibrium is given by E = 0 outside the ﬁeld-exposed region, and by
E = −v × B/c inside it, same as in the previous example. The only diﬀerence
is that the inhomogeneity is now in B rather than v. Again, the ﬁeld-exposed
region wants to maintain a charge separation, while the ﬁeld-free region works
to eliminate it, and the result is a frustration-induced eddy current. For homogeneous conductivity, both regions work equally hard, and the two residual ﬁelds
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are equal in magnitude: E = −E 0 . So the current is j e = σE 0 = 1/2σv × B/c,
see [42]. To calculate the breaking force of the eddy current, start from Eq. (131),
assume ρe = 0, constant T and μ, small velocity v, and b = B, to arrive at
ρ∂/∂t v = j e × B/c, or
ρ∂v/∂t = 1/2σ(v × B) × B/c2 .

(176)

This implies a relaxation time τ = 2ρc2 /σB 2 for v ⊥ B. Assuming σ =
σ̂/ε0 ≈ 1019 s, ρ ≈ 104 kg/m3 , c = 108 m/s, and B̂ in T, we have τ ≈ 10−5 B̂ −2 s.
If the magnetic ﬁeld (i.e., the ﬁeld-producing coil) also moves, and is stationary in the frame of the metal plate, the total system is in equilibrium.
There is then no current, dissipation, or force. If it moves with u, the current is
j e = 1/2σ(v − u) × B, proportional to the metal’s velocity in the frame of the
ﬁeld. The dissipation RD is always j e E 0 = j 2e /σ, see Eq. (129).
6.2 Rotational Field deﬂection
Similar “transformational physics” also exists in non-conductors. As we shall
see, in all three following experiments, it is the need for ﬁeld and medium to be
stationary in the same frame before they can equilibrate. (All experiments are
magnetic, though of course the exact same electric ones, obtained by employing
Eqs. (53) and α → β, also exist.)
Consider a long cylinder ﬁlled with ferroﬂuid, rotated along the cylinder axis
and subject to a perpendicular external ﬁeld H ex , see Fig. 9. The internal ﬁelds
H M , B are related to the external one as H M + B = 2H ex , see Sect. 8 of
[15]. With Eq. (165), the internal ﬁelds are related as H M = H(B) − αΩ × B.
So H M , H may be expressed by B, which in turn is given by H ex . For lcr,
(1 + χ)H = B, we have


1
H M = (1+χ)
− αΩ× B,
(177)


1
H ex = 12 1 + (1+χ)
− αΩ× B.
(178)

Fig. 9. Due to dissipation, a real (rather than imaginary) contribution in the permeability μm , the ﬁelds B and H M are misaligned in a rotating ferroﬂuid
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The expression in the bracket of the ﬁrst formula contains the inverse permeability. Note the term αΩ × B that is both dissipative and real. If the
external ﬁeld H ex also rotates, resulting in Ḃ = ω × B, we have instead
H M = H(B) + α(ω − Ω) × B, see Eqs. (146, 165). And dissipation vanishes
for ω = Ω.
To calculate the torque T exerted by the rotating ﬁeld on the container,
dragging it to co-rotate, Ω → ω, we consider the entropy produced in the
sample, RD V = (H D )2 V /α = αB 2 (ω − Ω)2 V , see Eqs. (159, 165), and equate
it with the change in kinetic energy, U̇kin = (ω − Ω) · T , to obtain
θ Ω̇ ≡ T = αB 2 (ω − Ω)V.

(179)

Clearly, the time the system needs to come to a stop is θ/αB 2 V , with θ
denoting the system’s moment of inertia. Although this time has the same ﬁeld
dependence as that of the eddy current break, see Eq. (176), it is, with α =
χ
) [see Sect .7: χ is the susceptibility and τ the relaxation time of the
τ ( 1+χ
magnetization], typically a few orders of magnitude larger.
6.3 Field-Enhanced Viscosity
Next, we consider how ﬁeld dissipation (terms ∼ α) gives rise to an enhanced
viscosity [43]. Take (i) neutrality, (ii) small, stationary, incompressional ﬂow, and
(iii) time-independent and spatially constant ﬁeld, temperature, and chemical
potential in Eq. (170) to obtain [5]
∇k {2η1 vik + 12 α[Bi (B × Ω)k − Bk (B × Ω)i ]} = 0.

(180)

The viscosity is η, if BΩ, and it is maximally enhanced if B ⊥ Ω. For a
plane shear ﬂow, |vik | = |Ω| = 12 ∇x vy , the eﬀective viscosity is ηe = η + 12 αB 2 .
This result was ﬁrst derived by Shliomis [13, 14], as mentioned, from considering
the angular momentum and the magnetic moment of the suspended particles
in ferroﬂuids explicitly. Neither is obviously necessary, and a one-component
paramagnetic ﬂuid will in principle display the same enhancement. However,
due to the timescales typical in these ﬂuids, α is many orders of magnitude
smaller.
6.4 A Magnetic Pump
Finally, we consider an experiment probing the force exerted by a time-dependent,
uniform ﬁeld. Assume planar geometry and consider a slab of ferroﬂuid extending from a solid bottom at y = 0 to the free surface at y = L. Given a B-ﬁeld
rotating in the x̂/ŷ plane, there will be a velocity v along x̂: Because the ﬁeld
is uniform, Eq. (170) reduces to the shear ﬂow equation, ρv̇ = ηe ∇2 v (with
ηe = η + 12 αB 2 , cf. Sect. 6.3). We solve the equation employing the boundary
conditions:
(181)
ηe ∇n v = 12 α(Bn Ḃt − Bt Ḃn )
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Fig. 10. Due to dissipation, a real (rather than imaginary) contribution in the permeability μm , the ﬁelds B and H M are misaligned in a rotating ferroﬂuid

at y = L, cf. Eq. (171), and v = 0 at y = 0. (The physics is that since the
coeﬃcient α is discontinuous at the free surface, the dissipative ﬁeld H D = αdt B
delivers a ﬁnite contribution there and represents a surface force.) Taking the
rotation frequency of the 
rotary ﬁeld as ω, we have Bn Ḃt − Bt Ḃn = B 2 ω. For
L, the ﬂow ﬁeld is linear,
large penetration depths, ηe /ρω
v = 12 αB 2 Ωy/ηe ,

(182)

with its maximal value v = 1/2αB 2 ΩL/ηe at the surface. This experiment has
already been performed in a special geometry, with excellent agreement, see
[44, 45].
A static, normal ﬁeld Bn ŷ and an oscillatory, tangential one, Bt = Bt
× exp(−iωt)x̂, lead to the time-dependent velocity v(x) = (αx/2ηe )Bn Ḃt . The
results for curved interfaces (causing a spin-up of the ferroﬂuid) or for higher
frequencies may be found in [5].

7 Ferroﬂuid Dynamics
As discussed and demonstrated in detail in the last two sections, the hydrodynamic Maxwell theory is well capable of accounting for magneto- and electroviscous eﬀects, when the ﬁelds, H M and B, or E M and D, are not in equilibrium
with each other, either being misaligned or not having the appropriate magnitude. Yet this is only true for small frequencies, ωτ  1, and small shear rates,
γ̇τ  1, where τ is the relaxation time of either the magnetization M or the
polarization P . At higher frequencies, ωτ  1, or higher shear rates, γ̇τ  1,
M or P need to be included as independent variables, complete with an own
equation of motion. In this section, we discuss the inclusion of the magnetization. (The inclusion of the polarization is done somewhat diﬀerently, and found
in Sect. 8.1.)

138

M. Liu and K. Stierstadt

There are broadly speaking three theories applied to understanding ferroﬂuids: The quasi-equilibrium theory [16] was introduced by Rosensweig, who employed it in the ﬁrst seven chapters of his book [16] to account for a wide range of
static eﬀects. In this theory, the magnetization is taken in local equilibrium with
the magnetic ﬁeld, M (r, t) = M eq [H(r, t)], and not an independent variable.
Although it is widely believed that this is the reason the quasi-equilibrium theory does not account for magneto-viscous eﬀects, we have seen that the reason
is rather the neglect of the dissipative ﬁeld, H D ∼ dt B.
To account for magneto-viscous eﬀects, especially the fact that the shear
viscosity is enhanced by a static magnetic ﬁeld [43], Shliomis [13, 14] (see also
[46, 47]) started from the intuitive picture of magnetic particles rotating against
the viscosity of the carrier liquid as the actual source of dissipation, and included
both the magnetization M and the angular momentum density S as additional
variables (though the latter is usually adiabatically eliminated afterwards). This
theory contains the relaxation equation for magnetization and an extra term
in the momentum ﬂux, ΔΠij = 1/2εijk (H × M)k . Frequently referred to as
the Shliomis theory, it does its job well for ωτ  1, but is less competent
to quantitatively account for “negative viscosity” [48, 49], a phenomenon at
ωτ  1. As a consequence, Shliomis referred to a more elaborate evolution
equation for M , see [50, 51], derived from a microscopic, statistical investigation
of rotating magnetic particles. Since the equation was solved with the assistance
of the eﬀective ﬁeld method, this second variant is commonly denoted as the
eﬀective ﬁeld theory, or eft. The eft considerably improved the agreement
to the “negative viscosity” experiment. More recently, it was found that if the
ferroﬂuid is polydisperse, the larger magnetic particles form short chains when
subject to ﬁeld, showing as a consequence polymer-like behavior such as shear
thinning and normal stress diﬀerences [52–58], see the accompanying article on
rheology by Ilg. So the conclusion seems that the Shliomis theory is only valid for
low frequency, ωτ  1, and that even eft fails for non-Newtonian ferroﬂuids.
Some of these common beliefs have been contradicted in [10], especially (1)
the Shliomis theory and eft share the same basic structure. And the only difference lies in the coeﬃcients the relaxation equation for the magnetization is
adorned with – because they were derived from diﬀering microscopic assumptions. (2) Frequently, the most eﬃcient way to construct a macroscopic theory
is to establish its structure from general principles, employ a few experiments
to determine its coeﬃcients, and avoid a microscopic derivation altogether. Take
for instance the Navier–Stokes equation, which may be set up in accordance to
momentum conservation and the second law of thermodynamics. Then one measures the viscosity in a simple geometry – rather than trying to calculate it. With
both pieces of information present, this theory develops great predictive power
in a broad range of circumstances, for any geometry and boundary conditions.
(3) Including the magnetization as an independent variable, one may employ
thermodynamics to yield the general structure for its relaxation equation, which
contains especially a coeﬃcient λ2 that accounts for the coupling to elongational
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ﬂows (measured to be between 0 and 0.88 in [59]). (4) Choosing appropriate
values for the relaxation time τ and coeﬃcient λ2 , experiments in the range of
ωτ
1 are well accounted for, see [60–62]. There is no reason why this should
not be the case also with polydisperse, non-Newtonian ferroﬂuids.
7.1 Polydispersity
In this and the next section, we present a theory for polydisperse, chain-forming
ferroﬂuids that consists of (1) a relaxation equation for the magnetization M 1 of
the chains (or any other aggregates) and (2) the hydrodynamic Maxwell theory
to account for the particles that remain single. The latter possesses a wide range
of relaxation times, all smaller than τ2 , typically at around 10−4 s. And M 1 ’s
relaxation time τ1 is orders of magnitude larger than τ2 , as it is determined not
only by how fast the chains may be oriented but also how quickly particles can be
transported and assembled, to form chains or aggregates of the appropriate shape
and size. Although all particles above a certain critical radius would contribute
to chain formation, and they also possess a range of intrinsic relaxation times
before chain formation sets in, we may expect, and shall at any rate assume, that
chains are formed with a mixture of particles, and the associated relaxation time
is fairly well deﬁned. (τ1 is probably typically around a few seconds – though the
τ2 .) Clearly, the resulting
actual numbers are less important than the fact τ1
theory is valid for arbitrary values of ωτ1 and γ̇τ1 , as long as ωτ2 , γ̇τ2  1 hold.
When the hydrodynamic Maxwell theory was derived in Sect. 5, no assumption whatever was made with respect to the microscopic makeup of the
magnetic ﬂuid, certainly not that it must consist of magnetic particles of
identical radius. So it is naturally valid for polydisperse ferroﬂuids. Here, we
only generalize the evaluation of α, from that given around Eq. (31) to a
ferroﬂuid characterized by many diﬀerent magnetizations Mq , each relaxing
with τq . Starting from Ṁq = −(Mq − Mqeq )/τq with q = 1, 2, 3, ..., we have
(1 − iωτq )Mq = Mqeq , or for small frequencies, Mq = (1 + iωτq )Mqeq . This
implies Mq = Mqeq − τq Ṁqeq = Mqeq − τq (dMqeq /dB)Ḃ. Inserting this into



H M = B − Mq = B − [Mqeq + τq (dMqeq /dB)Ḃ] and identifying B − Mqeq
as H we ﬁnd



(183)
α = τq (dMqeq /dB) → τq χq /(1 + χq ),
where the sign → (here and below) holds for linear constitutive relations. This
formula clearly holds however ﬁnely graded the particle populations are deﬁned,
one can even substitute the sums by integrals. Of relevance is only the insight
that the eﬀect of magnetization relaxation in a polydisperse ferroﬂuid is well
accounted for by a single coeﬃcient α, a quantity that is easily measured.
7.2 Magnetization of the Chain-Forming Particles
The hydrodynamic Maxwell theory of Sect. 5 describes, as it is, a polydisperse
ferroﬂuid without chain formation. Adding the associated magnetization M 1 as
an independent variable, the energy density of Eq. (149) has the additional term,
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du = . . . + h · dM 1 ,

(184)

where . . . stands for the terms of the hydrodynamic Maxwell theory as given in
Sect. 5. For linear constitutive relations and in the rest frame, u → u0 (ρ, s) +
1/2B 2 /μm −B·M +1/2μm (1+χ1 )M12 /χ1 , we have H ≡ ∂u/∂B → B/μm −M 1
and h ≡ ∂u/∂M 1 → μm (1 + χ1 )M 1 /χ1 − B. (The magnetic permeability
μm is from the non-chain-forming particles.) The total ﬁeld is still given as
H M = H + H D = H + αdt B, but now depends on M 1 via H.
The relaxation equation for M 1 is
dt M 1 = X D ,

(185)

where dt is the rest-frame derivative of Eq. (3), while X D couples to the dissiD
in a Onsager matrix relation and is given as
pative stress Π̃ij
D
0
Π̃ik
= 2η1 vik
+ η2 v δik + 12 λ2 (Mi hk + Mk hi ),

XiD

= −ζhi +

0
λ2 Mk vik
,

(186)
(187)

0
where vij
≡ vij − 13 δij v . Characterizing the anisotropy of the system, the Mi
here are the total magnetization. In fact, because of the anisotropy, many more
coeﬃcients are allowed by symmetry, see [10]. Aiming to keep the theory as
simple as possible, only the respective term ∼ λ2 is included, as the only oﬀdiagonal one, because they are demonstrably large and relevant in the presence
of chain formation [59].
Given the above expressions, the energy ﬂux, the stress tensor, and the entropy production of Eqs. (167, 168, 159) are necessarily modiﬁed. The added
terms are

Qi = . . . − 12 λ2 (Mi hk + Mk hi )vk + 12 [v × (h × M )]i ,
Πik = . . . − 12 λ2 (Mi hk + Mk hi ) + 12 (hk Mi − hi Mk ),

(188)
(189)

D
RD = . . . + Π̃ik
vik − X D · h.

(190)

These are the complete set of equations for a polydisperse, chain-forming ferroﬂuid sporting a dielectric ﬂuid matrix.
7.3 Shear Thinning
Because ferroﬂuids display non-Newtonian behavior when the magnetic particles
form chains [52–58], the analogy to polymer solutions appears fairly obvious, and
one is led to expect the need to amend ferroﬂuid dynamics with some ingredients
from polymer physics. On the other hand, polymer solutions and ferroﬂuids do
diﬀer in fundamental ways: Polymer strands are entangled without shear, but
get aligned along the ﬂow by it, while magnetic chains are aligned along the ﬁeld
without shear and broken into pieces by it [52–54]. Being a negative statement,
the term “non-Newtonian” lacks speciﬁcity, and there may well be diﬀerent
versions of it requiring diﬀerent descriptions.
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In this section, we demonstrate12 that ferroﬂuid dynamics already has the
proper structure to account for shear thinning [40, 41, 66]. We consider the
equations,
d
dt Mi

+ (M × Ω)i − λ2 Mj vij = −(Mi − Mieq )/τ,

(191)

Πij = P̃ δij − 2η1 vij − Hi Bj +
+ 12 [(Mi hj − Mj hi ) − λ2 (Mi hj + Mj hi )],

(192)

and for simplicity neglect the contribution from the single particles that do not
form chains, by setting α = 0. (A ﬁnite α only delivers a constant ﬁeld-induced
viscosity enhancement that is independent of shear, and hence oﬀ the present
focus.) We also conﬁne our considerations to incompressible ﬂow, ∇i vi = 0, and
linear constitutive relations. This makes an analytic solution possible, which
alone could incontrovertibly establish the fact that the observed non-Newtonian
behavior of ferroﬂuids may indeed be accounted for by magneto-relaxation. The
scalar P̃ in Eq. (192) contains all diagonal terms. They are not further speciﬁed,
as they are relevant only for compressional ﬂows such as considered in [11].
We employ Eqs. (191, 192) to consider simple shear, v = γ̇y x̂, with the
velocity along x̂ and the gradient along ŷ (see inserts of Figs. 11, 12), so the
equilibrium magnetization M eq is also in the xy-plane. Assuming stationarity,
d/dt M = 0, Eq. (191) is a linear, 2x2 matrix equation, AM = M eq . Inverted,
it reads
4Mxeq + 2 (1 + λ2 ) ξMyeq
,
4 + (1 − λ22 ) ξ 2
4Myeq − 2 (1 − λ2 ) ξMxeq
My =
,
4 + (1 − λ22 ) ξ 2

Mx =

(193)
(194)

where ξ ≡ γ̇τ . These two expressions already contain the essence of shear thinning: The magnetization goes to zero in the limit of strong shear, ξ → ∞,
implying the vanishing of any magneto-viscous eﬀect, because the second line of
Eq. (192) also vanishes.
The force density on an inﬁnitely extended plate in the xz-plane, being
air
ff
−Πxy
. The stress of
dragged along x̂ on top of a ferroﬂuid layer, is Πxy ≡ Πxy
air
ff
, is −Hx By , that of the ferroﬂuid, Πxy
, is given by Eq. (192). (Because
air, Πxy
Hx By is continuous, Πxy is calculated from the second line, in addition to the
12

Polymers are characterized by transient elasticity, and its rheology is well accounted
for by a relaxing strain ﬁeld [63, 64]. There are magnetic ﬂuids which also need the
strain ﬁeld as an extra variable: If the magnetic particles are large enough, they will,
in the presence of a strong ﬁeld, form long chains bridging the whole system. This
is the jamming transition, after which the system is truly elastic [65]. Close to it,
the strain should be a critical, relaxing variable (because two chains, neither quite
bridging the system, temporarily get in the way of each other). This implies transient
elasticity. We shall deal with magnetic ﬂuids here that are either incapable of the
jamming transition or far enough away from it and refer to them as ferroﬂuids. The
accepted term for the polymer-like magnetic ﬂuids is magneto-rheological ﬂuids.
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Fig. 11. The magneto-viscous contribution to the shear viscosity (in units of τ B02 ) as
a function of ξ ≡ γ̇τ , from λ2 = 0 to λ2 = 0.9, in steps of 0.1, for a perpendicular
external ﬁeld B0 , with χ=1 (from [66]). Shear thinning is obvious

term −2η1 vij .) Taking the total viscosity as η1 + ηr ≡ −Πxy /γ̇, the magnetoviscous contribution, ηr , is evaluated by inserting Eqs. (193, 194) into (192) for
given boundary conditions, of which we consider two, perpendicular and parallel
external ﬁeld B0 (see inserts of Figs. 11 and 12).
The experimentally most convenient conﬁguration is given by B0 along ŷ,
perpendicular to the plate. Because By , Hx are continuous, the internal ﬁelds
are B = (Mx , B0 ), H = (0, B0 − My ), and M eq = χ(0, B0 − My ). Using these
in Eqs. (192, 193, 194), we ﬁnd
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Fig. 12. The magneto-viscous contribution to the shear viscosity as a function of
ξ ≡ γ̇τ , from λ2 = 0 to λ2 = 0.9, for a parallel external ﬁeld B0 , with χ = 1 (from
[66]). A growing λ2 diminishes the eﬀect, possibly because the chains are already aligned
along the ﬂow, same as polymer strands at high shear
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ηr⊥ =

(1 + λ2 )2 [4 + (1 − λ2 )2 ξ 2 ]
τ χB02 .
[4(1 + χ) + (1 − λ22 )ξ 2 ]2

143

(195)

For vanishing shear, ξ → 0, the viscosity ηr⊥ grows with τ, χB02 , and λ2 . More
generally, ηr⊥ decreases monotonically with shear if χ < (1 + 3λ2 )/(1 − λ2 ),
and displays shear thickening (i.e., a maximum) otherwise. Figure 11 shows the
monotonic decay of the magneto-viscous contribution, as a function of shear, for
χ = 1 and 10 diﬀerent values of λ2 , from 0 to 0.9.
If the external ﬁeld B0 is parallel to the plate, along x̂, again because By , Hx
are continuous, the internal ﬁelds are B = (B0 + Mx , 0), H = (B0 , −My ), and
M eq = χ(B0 , −My ). Using these in Eqs. (192, 193, 194), we ﬁnd


2
2
2
(1 − λ2 ) 4 (1 + χ) + (1 + λ2 ) ξ 2
ηr =
τ χB02 .
(196)
2
2
2
[4(1 + χ) + (1 − λ2 ) ξ ]
In the limit of low shear, ξ → 0, ηr still grows with τ, χB02 , but now decreases
with λ2 . (For λ2 = 0 and χ  1, both shear viscosities are the same, ηr⊥ = ηr ,
as they should.) For ﬁnite shear, ηr decreases monotonically with ξ, if χ >
1/2(3λ2 − 1)/(1 − λ2 ), see Fig. 12.

8 Extensions
8.1 The High-Frequency Regime
If we draw a diagram of ﬁeld strength versus frequency, see Fig. 13, we have a
vertical A-stripe along the ω-axis — arbitrary frequency but small ﬁeld strength
— that is the range of validity for the linear response theory, E M ∼ D, H M ∼
B. The hydrodynamic theory presented above is valid in the horizontal B-stripe,
given by arbitrary ﬁeld strength and small frequencies: With only terms linear
in ω included, dissipation is accounted for, but not dispersion.

Fig. 13. Diverse ranges of validity
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Curiously, only limited results about ﬁeld energy and momentum exist in
the vertical A-stripe, for linear response theory. Assuming (1) linear constitutive
relations, (2) lack of dissipation (i.e., real ε, μm ), (3) quasi-monochromacy (small
variation around one frequency), and (4) stationarity (no ﬂuid motion, v ≡ 0),
Brillouin showed in 1921 that the additional energy due to the presence of ﬁelds
is
2
2
m
1
1
(197)
2 E d(ωε)/dω + 2 H d(ωμ )/dω,
where the average is temporal, over a period of oscillation. Forty years later,
Pitaevskii showed that under essentially the same assumptions, the stress tensor
retains its form from equilibrium, Eq. (38), and remarkably, does not contain any
frequency derivatives. Both results may be found in Sects. 80, 81 of [15]. Note
neither expression is valid in the entire A-stripe, only in patches disjunct from
the ﬁeld axis. This is because leaving the ﬁeld axis (ω = 0), the ﬁrst corrections
are linear in ω – therefore odd and dissipative.
The C-space electrodynamics must be a theory that can simultaneously account for dissipation and dispersion, allowing nonlinear constitutive relations
and ﬁnite velocities for the medium. Although one might expect principal diﬃculties — due to the apparent lack of a small parameter — the system is in fact,
up to the optical frequency ∼ 1015 Hz, still in the realm of macroscopic physics,
as the associated wavelengths remain large compared to the atomic graininess, in
spite of the clearly ballistic frequency. So a universal, hydrodynamic-type theory
should still be possible, and would be useful, for answering questions such as
what the average force on a volume element exerted by a laser beam is. (The
averaging has a temporal resolution larger than the time needed to establish local equilibrium, and much larger than the light’s oscillatory period.) A ﬁrst step
toward such a theory has been quite successful [9]. It includes the polarization as
an additional variable, the equation of motion of which is a nonlinear diﬀerential
equation of second order in the time. The theory reduces to the hydrodynamic
Maxwell theory of Sect. 5 for small frequencies and reproduces the linear response results of Brillouin and Pitaevskii for small ﬁeld strength and vanishing
dissipation. Further work is needed here to make connections to experiments,
clarifying questions such as whether the Poynting theorem holds for dissipative
systems, cf. [67] and the discussion of Eq. (167).
8.2 Ferronematics and Ferrogels
The works on ferronematics and ferrogels, by Harald Pleiner, Helmut Brand, and
co-workers, are reported in this section. Ferroﬂuids are suspensions of magnetic
nanoparticles in a suitable carrier liquid. They are polymer coated or charged
in order to prevent coagulation. They show various distinct material properties,
like superparamagnetism (large magnetic susceptibility, high saturation magnetization in rather low ﬁelds), sensitivity to magnetic Kelvin forces, and a rather
complicated inﬂuence of magnetic ﬁelds on their ﬂow behavior [16, 52–54]. This
has led to a host of important applications as seals (in hard disk drives), active dampers (suspensions), thermal conductors (loudspeakers), as well as in the
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medical sector (hypothermia, drug targeting in cancer therapy). The favorable
ferroﬂuid properties are generally preserved when dealing with more complex
systems, like ferronematics and ferrogels. In addition, new features are coming
into play leading to quite unusual and novel type of behavior. Ferronematics are
obtained if the carrier liquid is a lyotropic or thermotropic nematic liquid crystal, while ferrogels are polymer melts swollen by ferroﬂuids and cross-linked into
a gel [68]. If the latter process is done in an external ﬁeld, a uniaxial ferrogel
with a frozen-in magnetization is obtained [69]. Pleiner and Brand are interested in the unconventional macroscopic dynamic behavior of usual ferroﬂuids
and, in particular, in the unusual behavior of unconventional “ferroﬂuids,” like
ferronematics and ferrogels.
Viewed as binary mixtures of magnetic particles and carrier ﬂuid, ferroﬂuids
have rather extreme properties. With the grain size being large on molecular
length scales, the particle mobility (or concentration diﬀusivity) is extremely
small (very small Lewis number L), allowing to disregard the concentration dynamics in most cases [70, 71]. However, this simpliﬁcation does not hold for
thermal convection, since due to the pronounced Soret eﬀect of these materials
in combination with a considerable solutal expansion (large separation ration
ψ), the resulting solutal buoyancy forces are dominant. By considering the classical Rayleigh–Bénard setup it is shown [72] that both the linear as well as the
nonlinear convective behavior are signiﬁcantly altered by the concentration ﬁeld
as compared to single-component systems. Starting from an initial motionless
conﬁguration with a uniform concentration distribution, convective perturbations are found to grow even at Rayleigh numbers well below the threshold Ra0c
of pure-ﬂuid convection. It turned out that the actual critical Rayleigh number
Rac is drastically smaller, but experimentally inaccessible due to the extremely
slow growth of convection patterns for Ra  Rac requiring extremely large observation times. On the other hand, operating the ferroﬂuid convection experiment
<
at Rayleigh numbers Rac < Ra ∼ Ra0c reveals considerable positive growth rates,
which lead to a saturated nonlinear state almost as fast as pure-ﬂuid convection
does at Ra > Ra0c .
In an external magnetic ﬁeld the apparent imperfection of the bifurcation is
even more pronounced. Magnetophoretic eﬀects as well as magnetic stresses have
been taken into account in the static and dynamic parts of the equations leading
to rather pronounced boundary layer proﬁles (with respect to the concentration
and magnetic potential). This boundary layer couples eﬀectively to the bulk
behavior due to the magnetic boundary condition [73].
Another interesting case is ferroﬂuids with negative separation ratio (negative Soret coeﬃcient). When heating from below molecular binary mixture with
negative separation ratio, the thermal and solutal density gradients are opposed
such that the linear stationary thermal instability is suppressed for ψ < −1.
Instead, this antagonistic behavior leads to a linear convective instability of the
oscillatory type at Ra0c , the critical Rayleigh number for the onset of convection
in the single ﬂuid case. This feature is found for ferroﬂuids too, but the nonlinear
treatment shows that the linearly unstable oscillatory states are transients only
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and decay after some time, rendering the ﬁnal convection-free state stable [74].
Above a second threshold, somewhat higher than Ra0c , a ﬁnite amplitude stationary instability is found, while small amplitude disturbances do not destroy
the convection-free state. When heating from above molecular binary mixtures
with negative separation ratio ψ < −1, a linear stationary instability is found,
which is basically driven by the solutal buoyancy and only slightly modiﬁed by
thermal variations. In ferroﬂuids, however, the concentration and temperature
dynamics show completely diﬀerent behavior. Thus, this stationary instability
is very diﬀerent from that obtained by heating from below with a positive separation ratio. In the former case small scale structures arise at very high Ra
numbers, whose wavelength decreases strongly with increasing Ra. For smaller
Ra numbers (|Ra| ∼ Ra0c ) the procedure of using the separation of thermal
conduction and concentration diﬀusion times breaks down.
In the nonlinear domain the question of pattern formation and competition
has been discussed numerically and using model amplitude equations for ferroﬂuids with positive and negative separation ratios [75].
Ferronematics
If the carrier liquid is a nematogen, several phases are possible. Using a Landautype free energy function one can describe the phase transitions from an isotropic
(superparamagnetic) ferroﬂuid to a ferromagnetic nematic liquid crystal either
directly or via a superparamagnetic nematic liquid crystal [76]. These two nematic phases are usually called “ferronematic,” although they are distinct phases.
Both show nematic ordering, but only the ferromagnetic phase shows spontaneous magnetic ordering, additionally. In the presence of a strong external
magnetic ﬁeld these transitions are smeared out and the diﬀerent ferronematic
phases become rather similar to each other. In nature no ferromagnetic ferronematic phase has been found until today, so the theoretical considerations have
been restricted to the superparamagnetic variant.
In equilibrium the orientation of the nematic director and of the magnetization (induced by an external magnetic ﬁeld) is locked. The macroscopic dynamics of ferronematics can be described on two diﬀerent levels, either assuming the
magnetization to be relaxed to its static value or it can be treated as an additional dynamic (relaxing) degree of freedom. In the latter case the equations are
structurally the same as for an ordinary nematic liquid crystal, except for the
fact that the inﬂuence of the magnetic ﬁeld is much more intense. However, in
ordinary nematics magnetic ﬁeld eﬀects in the dynamics have never been discussed or detected, possibly due to their smallness. In ferronematics there is a
good chance to ﬁnd those eﬀects, which come by various linear ﬁeld (Hall-like)
contributions to the ﬂuxes [77]. They are of opposite thermodynamic signature
(reversible/irreversible) compared to the ﬁeld-free contributions. These new dynamic eﬀects predicted come in four classes. First, the alignment of the nematic
director in shear ﬂow is modiﬁed by an external ﬁeld such that the director has
a component out of the shear plane, even if the ﬁeld is in the shear plane. Second, the heat ﬂux due to a temperature gradient, in a magnetic ﬁeld orthogonal
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to the latter, induces an additional reversible heat current that is perpendicular to both. Third, a linear ﬁeld contribution to viscosity leads, for a magnetic
ﬁeld orthogonal to the propagation direction of a sound wave, to a force on a
tracer particle in the third direction. Fourth, when the director is reoriented in
an external magnetic ﬁeld, its relaxation is accompanied by an oscillation not
observed in usual nematics.
Another possibility to probe the dynamic linear ﬁeld contributions is the detection of their qualitatively new eﬀects on some well-known instabilities [78]. In
the Rayleigh–Bénard instability with the temperature gradient adverse to gravity one gets, in addition to convection ﬂow in the form of one-dimensional rolls,
a vorticity ﬂow. As a consequence, in the homeotropic case (the director parallel
to the ﬁeld) the streamlines are oblique to the roll cross-section, while in the planar case (the director perpendicular to the magnetic, but parallel to an electric
ﬁeld) the rolls themselves are tilted with respect to the director depending on
the magnetic ﬁeld strength. In the Saﬀman–Taylor viscous ﬁngering instability
of a growing interface between ﬂuids of diﬀerent density, the new linear magnetic
ﬁeld contributions lead to a rotation of the ﬁnger structure.
The complete set of macroscopic dynamic equations for ferronematics includes
the magnetization as an independent slowly relaxing variable [79]. Orientational
changes of the magnetization are coupled to nematic director reorientations
not only in the statics but in the dynamics as well. In addition, there are reversible and dissipative dynamic cross-couplings between (compressional, shear,
and elongational) ﬂow (rotations and changes of the absolute value of the) magnetization and director reorientations. Some of these couplings are only possible,
when an external magnetic ﬁeld is present. Some combinations of the parameters
that describe these cross-couplings can be measured employing sound waves and
the rheology of shear. For a sound wave propagating in a direction oblique to
the preferred directions (equilibrium magnetization, nematic director) compressional ﬂow (and changes of the absolute value of the magnetization) is coupled to
shear ﬂow (and rotations of the director and the magnetization). There is also a
ﬁeld-dependent contribution to sound damping. In addition, the linear response
of the system to oscillatory shear ﬂow has been discussed concentrating on frequencies below the transverse magnetization relaxation frequency. This shows
directly the inﬂuence of the magnetic dynamic degree of freedom on the director
dynamics. Even without a magnetic ﬁeld the modiﬁed nematic director diﬀusion
couples to the ﬂow and the apparent viscosity is diﬀerent from the bare one. In
the presence of an external ﬁeld the director diﬀusion/relaxation is shifted to a
ﬁnite frequency, which approximately increases with the third power of the ﬁeld
strength.
Ferrogels
Due to the cross-linking in ferrogels a network is created that gives rise to elasticity. The truly hydrodynamic variable describing elasticity is the displacement
ﬁeld, or more appropriate for nonlinear theories, the strain tensor. Isotropic ferrogels are superparamagnetic and the magnetization is an additional independent
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slowly relaxing variable, which allows us to study the system for high frequencies as well [80]. The fact that magnetic grains are attached to the network
is expressed by the static coupling of the magnetization and the strain tensor
(magnetostriction). This leads to an additional ﬁeld-dependent contribution to
the sound spectrum. The contribution to the transverse sound modes depends
on the relative angle between an external ﬁeld and the wave vector. From the
low-frequency limit of the sound spectrum one can obtain information about
the eﬀective, magnetic-ﬁeld-dependent elastic moduli. However, these moduli
are diﬀerent from those measured by static elongations or shear deformations
in an external ﬁeld. The reason is that due to the ﬁnite magnetostriction the
linear response theory is not applicable. Only in the limit of a vanishing ﬁeld
are they equal and match the true elastic moduli. In the high-frequency limit
one gets a shift in the sound velocities proportional to the dynamic coupling
between the ﬂow and the magnetization. This reﬂects the fact that the magnetization is an independent variable. Finally, a shear excitation experiment in an
oscillating temperature gradient plus a gradient of the magnetic ﬁeld has been
proposed.
Ferromagnetic gels are uniaxial, if the frozen-in magnetization denotes the
only preferred direction. Such materials are potentially very interesting for a
variety of applications. Uniaxial magnetic gels show on the one hand similarities
to other anisotropic gels, like nematic elastomers, and to isotropic ferroﬂuids
and ferrogels, but the combination of preferred direction, magnetic degree of
freedom, and elasticity makes them unique and very peculiar. Prominent features are [81] the relative rotations between the magnetization and the elastic
network, which couple dynamically ﬂow, shear, and magnetic reorientation. As
a result, shear ﬂow in a plane that contains the frozen-in magnetization induces
a rotation of the magnetization, not only within the shear plane but also out of
the shear plane. This behavior is qualitatively diﬀerent from that of other types
of materials. The basic results hold, even if the constant shear ﬂow is replaced
by an oscillating one, which is very likely done in actual experiments, although
the formulas for that case will become much more complicated. Another outstanding aspect of the hydrodynamics of this material is the diﬀerence between
the mass current density (mass density times velocity) and the momentum density due to a nonvanishing magnetization vorticity. Unheard of in other classical
condensed phases, it is known from some uniaxial quantum ﬂuids, where, however, experiments on this aspect are impossible. In uniaxial ferromagnetic gels
the static susceptibilities for momentum ﬂuctuations (the long wavelength limit
of the static momentum correlation functions) are given by the (bare) density
for some geometries only, but show an increased renormalized eﬀective density
for other directions. Finally, an oscillating external magnetic ﬁeld induces not
only an oscillation of the magnetization in the direction of the external ﬁeld but
also oscillating shear strains. The latter are found in planes that contain the
frozen-in magnetization and either the external ﬁeld or the third, perpendicular
direction. In addition, the external ﬁeld also induces a magnetization component
perpendicular to both the ﬁeld and the frozen-in magnetization. The reversible
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transport coeﬃcient that governs this eﬀect can be calculated by referring to
the microscopic quantum mechanical spin-type dynamics for magnetic moments
and using the projector formalism to evaluate the frequency matrix. This coefﬁcient vanishes with the magnetization and is, thus, characteristic for this type
of ferromagnetic gel.
Surface undulations of the free surface of viscous liquids are known to be
able to propagate as gravity or capillary waves. In more complex systems like
viscoelastic liquids or gels the transient or permanent elasticity allows for modiﬁed transverse elastic waves at free surfaces [82]. They are excited, e.g., by
thermal ﬂuctuations or by imposed temperature patterns on the surface. In ferroﬂuids magnetic stresses at the surface come into play. In particular, in an
external magnetic ﬁeld normal to the surface there is a focusing eﬀect on the
magnetization at the wave crests of an undulating surface with the tendency
to increase the undulations [16]. At a critical ﬁeld strength no wave propagation is possible and the surface becomes unstable with respect to a stationary
pattern of surface spikes (Rosensweig or normal ﬁeld instability). The same linear instability mechanism is operative when dealing with (isotropic) ferrogels
where elasticity comes into play as an additional stabilizing factor. Using linearized dynamic equations and appropriate boundary conditions one gets [83]
the general surface wave dispersion relation for ferrogels (in a normal external
ﬁeld), which contains as special cases those for ferroﬂuids and non-magnetic
gels and can be generalized to viscoelastic ferroﬂuids and magnetorheological
ﬂuids. A linear stability analysis reveals the threshold condition above which
stationary surface spikes grow. This critical ﬁeld depends on gravity, surface
tension, and the elastic (shear) modulus of the gel, while the critical wavelength of the emerging spike pattern is independent of the latter. As in the case
of ferroﬂuids neither the threshold nor the critical wavelength depends on the
viscosity.
A linear theory can determine neither the actual spike pattern nor the true
nature of the instability (forward, backward, etc.). The standard weakly nonlinear (amplitude expansion) theory that provides suitable amplitude equations, by
which those questions can be answered, is hampered in the present situation by
two problems. First the driving force of the instability is manifest in the boundary conditions, but not in the bulk equations, and second the surface proﬁle (the
location where the boundary conditions have to be applied) changes with the
order of the amplitude expansion. Thus, for ferroﬂuids a diﬀerent path has been
chosen [84]. Neglecting the viscosity (and any other dissipative process) from the
beginning, the system is Hamiltonian and its stability governed by a free energy,
more precisely by the surface free energy, since the magnetic destabilization acts
at the surface. This approach is generalized to (uniaxial) ferrogels by taking into
account the elastic free energy, additionally. The results have to be taken with
the caveat that the neglect of the viscosity is justiﬁed at the (linear) instability
threshold, but is an unproven assumption for the nonlinear domain and for the
pattern forming and selecting process.
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8.3 Microscopics of Magnetization Relaxation
The results of Berkov and co-workers are reported here, who studied the magnetization relaxation after switching oﬀ the external ﬁeld and showed that the
magnetization decay time (rather the initial slope) rapidly increases with the
particle concentration [85]. Such a behavior results from the formation of clusters due to the magnetodipolar particle interaction. The average equilibrium size
of clusters grows with the particle concentration (if the applied ﬁeld magnitude is
kept constant), so that after switching the ﬁeld oﬀ the magnetization relaxation
of the system is slower for larger concentrations. The concentration dependence
of the ac-susceptibility χ(w, T ) of a ferroﬂuid is also studied. According to simulations, ac-susceptibility itself increases with the particle concentration c due to
a collective response involving many particles (“dynamic clusters”). The peak
of the Im(χ(w)) dependence (for T = const) is slightly shifted toward higher
frequencies with increasing concentration. This behavior is probably due to two
competing trends: remagnetization of a cluster should occur slower than for a
single particle (larger size), but demagnetizing interaction inside the clusters
should lead to a faster magnetization relaxation. Comparing the above results
with the corresponding dependencies obtained for rigid dipoles model (where the
magnetic moment is ﬁxed with respect to the particle), Berkov and co-authors
demonstrated that for the magnetic anisotropy values typical for commonly used
ferroﬂuid materials (like magnetite) inclusion of “magnetic” degrees of freedom
is essential to obtain a correct description of ferroﬂuid dynamics [86]. Using the
theory of magnetization relaxation in ﬁne magnetic particle systems consisting of
mechanically ﬁxed particles, a new and powerful method for the measurement of
the energy barrier density in polydisperse ferroﬂuids and their characterization
is developed [87, 88].

Appendix A Legendre Transformations of Fields
To derive the Maxwell stress, some steps in Sect. 3.1 involve the Legendre transformations u − E · D and u − H · B. They may not seem quite self-evident,
because the constancy of the conjugate variable (say temperature T ) is usually
a crucial input. Yet only very few geometries sport a constant ﬁeld. And the
question is, are Legendre transformations generally valid for the ﬁeld variables?
First we summarize the considerations of a usual Legendre transformation,
taking the
The energy change of a closed system
 F as an example.

 free energy
is dU = d3 r du = d3 r T ds = T d3 r ds = T dS, as T is a spatial constant in
equilibrium. Two systems that come into thermal contact will exchange entropy,
S1 + S2 = 0, to achieve equal temperature. If one of the two systems is much
larger than the other – call them bath and subsystem, respectively – the bath
temperature will not be changed by the contact, Tbath = T = constant, though
its entropy will, Sbath + S = 0. (The quantities without a subscript belong
to the subsystem.) So its energy may be written as a function of the subsystem’s
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variables, Ubath = T Sbath = −T S = −(T S). The change in combined
energy (U + Ubath ) is therefore

(198)
(U + Ubath ) = (U − T S) = d3 r(u − T s) = F (T ),
the same as the change in the free energy, making it a very useful thermodynamic
quantity.
This consideration does not appear transferable to ﬁeld variables, as E
(unlike the temperature T ) is not generally
 constant in equilibrium. And our inability to write the energy change dU = d3 rE · dD as an expression analogous
to T dS stalls an analogous deduction at its very ﬁrststep. To circumvent
 3 this dif3
r
E
·
dD
=
d r φdρ =
ﬁculty,
we
partially
integrate
the
expression,
dU
=
d

φ d3 r dρ = φdQ, shifting the energy from the dielectric region to that of the
charge-carrying metal, where the potential φ is a spatial constant. The charge Q
is a conserved quantity, so Q1 + Q2 = 0 holds when two pieces of metal are
brought into contact. Now the analogy T → φ, S → Q works, and a Legendretransformed potential U − φQ makes sense, say for a smallish capacitor as the
subsystem and a very large one (or a good battery) as the bath that maintains
the potential. Clearly, U − φQ is, as in the case of the heat bath, equal to the
change of the combined energy,


(199)
(U + Ubath ) = (U − φQ) = d3 r(u − φρ ) = d3 r(u − E · D).
The last step, again involving a partial integration, shows that the combined
change in energy density may also be written as (u − E · D), which is therefore
by a perfectly healthy potential. In fact, if we insist on a potential density that
is locally valid, only ũ ≡ u − E · D with dũ = T ds + μdρ − D · dE will do.
For magnetic variables, there is a similar need to consider systems in which
the current is conﬁned to a certain region, say a coiled wire. As we need to
consider a closed system in equilibrium maintaining a persistent current,
we

start
with
superconducting
coils.
Deﬁning
the
magnetic
ﬂux
as
Φ
=
B
·
dA
=

A · ds, where A is the vector potential and s the line element, we employ
∇ × H = j  /c to write the magnetic energy as


 3
(200)
d r du = d3 r H · dB = d3 r j  · dA/c = JdΦ/c.
Again, the second equal sign involves a partial integration, while the third takes
the current J = j  · dA, obtained by integrating j  over the cross-section of
the wire, as a constant, because ∇ · j  = ∇ · (c∇ × H) = 0. The thermodynamic
relation dU = · · · + φdQ + JdΦ/c shows Q, Φ are the quantities remaining constant in an isolated system and that the magnetic counterpart to the conserved
charge Q is the ﬂux Φ, both remaining constant when the system is compressed
or sheared – as is known to be true for superconductors.
Breaking the currents in both circuits and reconnecting them such that the
current goes through them consecutively, in “thermodynamic talk,” may seen as
follows: Two connected coils “exchanging ﬂux Φ to equalize their current J.” And
there is also the possibility of a ﬂux bath that imposes its current onto a coil with
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far fewer windings.13 So the replacements T → J, S → Φ are thermodynamically
sound,


(U + Ubath ) = (U − JΦ/c) = d3 r(u − A · j  /c) = d3 r(u − H · B), (201)
and the potential ũ(H) ≡ u − H · B denotes the energy change of the total
system.
Of course, we do not usually deal with superconducting coils. But we may
substitute the ﬂux bath by a battery (that maintains a constant voltage, and
because of the Ohm law also a constant current), the subsystem coil by one
made of normal metal. Concentrating on the physics outside the wires, where
the magnetizable medium only probes the local ﬁeld, not how it is generated,
there is no reason why ũ(H) ≡ u − H · B does not yield a perfectly valid
thermodynamic description. [The closed system, described by u(B), needs to be
emulated by an adjusting battery that maintains the ﬂux.]

Appendix B The General Frame Thermodynamic Energy
The validity of Eq. (142) is shown here directly by transforming the rest-frame
expression. More speciﬁcally, we demonstrate ∂(u − v · g)/∂D = E 0 , holding s,
ρα , v, and B constant. We start with the pleasingly simple expression
u = u0 (D 0 → D, B 0 → B) + 12 ρv 2 ,

(202)

that is a result of the accidental cancellation of the terms from the ﬁrst-order
Lorentz transformation with that of the Tailor expansion,
u(D, B) = u0 (D 0 , B 0 ) + 2v · g 0 + 12 ρv 2
= u0 (D 0 , B 0 ) + 2v · (E × H)/c + 12 ρv 2
= u0 (D, B) + 12 v 2 .
Assuming lcr, or u = 12 (D2 / + ρv 2 ) with D 0 = E 0 , we have
u − v · g tot = 12 (D2 / − ρv 2 ) − v · (E × H)/c
= 12 (D2 / − ρv 2 ) − v · (D × H)/c + O(v 2 /c2 ),

(203)

and deduce
∂(u − v · g tot )/∂D
= (D + v × H/c)/ = D 0 / = E 0 .
13

(204)

The more windings, the larger the ﬂux for a given current J. A coil with many
windings, or a large ∂Φ/∂J, therefore corresponds to a system with a big heat
capacity, a large ∂S/∂T .
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Higher order terms (such as one ∼ D4 in the energy u) do not invalidate this
result. The terms in the magnetic ﬁeld behave analogously.
In Eq. (203), the explicit form of g in the lab frame was employed to deduce
the lab-frame energy, Eq. (142), from which the lab-frame energy ﬂux, Eq. (157),
is then deduced. This may appear as an inconsistency, but is not, because with
the rest-frame expression for g 0 given, we already know that the term ∼ v is
from the rest mass. No detailed information about the energy ﬂux is necessary
here.
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Abstract We report on recent progress in understanding the formation of surface
protuberances on a planar layer of ferroﬂuid in a magnetic ﬁeld oriented normally to
the surface. This normal ﬁeld or Rosensweig instability can be tackled by a linear and
a nonlinear description. In the linear regime of small amplitudes we focus on the wave
number of maximal growth, its corresponding growth rate and the oscillatory decay
of metastable pattern, accessible via a pulse technique. A quantitative comparison of
measurements with predictions of the linear stability analysis is performed, whereby
the viscosity and the ﬁnite depth of the liquid layer are taken into account.
In the nonlinear regime the fully developed peak pattern can be predicted by a
minimization of the free energy and by numerics employing the ﬁnite element method.
For a comparison with the results of both methods, the three-dimensional surface
proﬁle is recorded by a radioscopic measurement technique. In the bistable regime
of the ﬂat and patterned state we generate localized states (ferrosolitons) which are
recovered in analytical and numerical model descriptions. For higher ﬁelds an inverse
hysteretic transition from hexagonal to square planforms is measured. Via a horizontal
ﬁeld component the symmetry can be broken in the experiment, resulting in liquid
ridges and distorted hexagons, as predicted by theory. Replacing ferroﬂuid by ferrogel
also an elastic energy contribution has to be taken into account for a proper model
description, yielding a linear shift of the threshold and an increased bistability range.
Parametric excitation in combination with magnetic ﬁelds is widening the horizon
of pattern formation even further. For the mono-spike oscillator harmonic and subharmonic response as well as deterministic chaos is observed and modeled. In a ring
of spikes the formation of domains of diﬀerent wavelengths and spatio-temporal intermittency is quantitatively studied. For an extended layer of ferroﬂuid we predict that
a stabilizing horizontal ﬁeld counteracted by vertical vibrations will result in oblique
rolls with preselected orientation.
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Fig. 1. Peaks of magnetic
ﬂuid at a supercritical
induction B > Bc in a
Teﬂon R vessel with a
diameter of 12 cm. Photo
courtesy of A. Beetz,
Univ. Bayreuth. A movie
showing the formation of
Rosensweig pattern can
be accessed at [1]

1 Introduction
Static liquid mountains are emerging on the free surface of a magnetic ﬂuid3
(MF), when a critical value of the vertical magnetic induction is surpassed,
as shown in Fig. 1. This is a fascinating phenomenon, because it is at the ﬁrst
glance counterintuitively, that protuberances of a liquid surface can persist without motion. This pattern-forming instability has been uncovered by Cowley and
Rosensweig [3] soon after the synthesis of the ﬁrst ferroﬂuids [4]. Since then it
has served as a kind of icon for the ﬁeld of ferroﬂuid research. However, despite its popularity, the physics of the instability has not been characterized
so far on a suﬃcient quantitative level, and there are also recent discoveries
which have to be studied in their qualitative aspects, as a start. There are
three main motivations to improve the understanding of surface instabilities in
ferroﬂuids.
First, an incentive comes from the general point of view of pattern formation. The formation of patterns has mostly been investigated in systems driven
far from equilibrium [5], like Rayleigh–Bénard convection, Taylor–Couette ﬂow
or current instabilities [6]. This lopsided orientation is partly due to the belief that mainly systems far from equilibrium can bring us a step forward to
unravel fundamental riddles like the self-organization of structures, including
life on earth [7]. However, patterns evolve as well in systems with a conservative stationary state, like in elastic shells under a buckling load [8–10], which
have recently been found to describe polygonal planforms on plants [11]. Closely
related are surface instabilities of dielectric liquids in electric ﬁelds [12, 13]
and their magnetic counterpart, the Rosensweig instability [3]. In comparison
with shell structures, the ﬁeld-induced surface instabilities are experimentally
more accessible because the external ﬁeld can serve as a convenient control
parameter. Because of voltage breakthroughs electrostatic surface instabilities
have experimental disadvantages when compared to the magnetostatic ones.
Thus, in order to study the patterns in the equilibrium the Rosensweig or normal
ﬁeld–instability is an excellent choice.
3

For deﬁnition and properties of magnetic ﬂuids (also termed ferroﬂuids) see part 1
of this book or [2].
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By applying a parametric driving via a magnetic or the gravitational ﬁeld dissipation can be introduced at measure and one arrives at the Faraday instability
[14], a most popular conﬁguration for the investigation of pattern formation and
spatio-temporal chaos. Because the dispersion relation of a magnetic ﬂuid can be
tuned by the applied magnetic ﬁeld, a rich variety of phenomena occurs, especially in the advent of the Rosensweig instability. These phenomena comprise, for
example, coexisting domains of diﬀerent wavelengths [15], the suppression of the
Faraday by the Rosensweig instability [16] or the formation of superlattices [17].
Second, from the point of view of technical applications not the instability,
but the stability of a magnetic ﬂuid surface is of great importance [18]. Thus in
several cases, like rheology [19] or magneto-ﬂuidic positioning systems [20], the
normal ﬁeld instability is a nuisance, which has to be suppressed. However, in
contrast to a normally oriented ﬁeld, a tangentially oriented ﬁeld has a stabilizing
eﬀect on the free surface. For example in rotary feedthroughs, which make up
to 80% of the economic potential of ferroﬂuids, a tangential ﬁeld stabilizes the
free surface of the ferroﬂuid. Thus, investigating the eﬀect of a normal, tilted,
or tangential orientated static magnetic ﬁeld with respect to the surface on the
stability of the free surface paves ground for future technical applications. The
same is true for the stability of a surface against periodic vibrations, as captured
by the Faraday instability.
Third, surface instabilities in magnetic ﬂuids can serve as a tool to improve
the understanding of these ﬂuids and their behavior itself. Because magnetic
ﬂuids are opaque, the standard measurement techniques of ﬂuid dynamics, like
laser Doppler anemometry or shadowgraphy, are not applicable. However the
surface relief is still accessible. Thus the sensitivity of the surface instabilities on
viscous, magneto-viscous, magneto-visco-elastic, and elastic parameters (the latter only for the case of magnetic gels) is an important test for our understanding
of the physics of magnetic ﬂuids and soft magnetic matter.
In the remaining part of the introduction, we sketch two basic approaches
to the Rosensweig instability on a more introductory level, in order to ease the
understanding of the following sections for the general reader.
1.1 Linear Approach
In its simplest form surface waves on a MF are described by the following dispersion relation, where neither the viscosity of the MF nor a ﬁnite depth of the
liquid layer is taken into account. The dispersion relation of this semi-inﬁnite
layer of an inviscid MF has been derived in [3] in close analogy to its electrostatic
counterpart [12, 21],
ω 2 = g0 q −

(μr − 1)2
σ
B 2 q2 + q3 .
ρ(μr + 1)μ0 μr
ρ

(1)

Here ω is the frequency, g0 = (0, 0, −g0 ) the acceleration due to gravity, q = |q|
the wave number of the wave vector q, B the absolute value of the magnetic
induction B in the ﬂuid, μr the relative permeability of the MF, ρ its density,
and μ0 the permeability of the free space. Without surface tension (σ = 0) and
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Fig. 2. Dispersion relation accordingly to (1). It is becoming nonmonotonous beyond
B ≈ 0.93Bc,∞ (long-dashed line) and touches the abscissa at Bc,∞ (dashed line). The
ﬂuid parameters are ρ = 993.8 × 103 kg/m3 , σ = 2.4 × 10−2 N/m, and μr = 1.8

magnetic ﬁeld (1) reduces to ω 2 = g0 q. This captures the dispersion relation
of gravity waves, when the wavelength is small compared to the depth of the
liquid layer (see, e.g. [22]). This term, linear in q, dominates the r.h.s. of (1)
for small q or large wavelengths (λ = 2π/q). It is contributing the linear part
to the upper most curve in Fig. 2 which is labeled by “0 Bc,∞ ”. On the other
hand, for large q or small wavelengths capillarity is the important eﬀect and (1)
reduces to ω 2 = σq 3 /ρ. These capillary waves are contributing the cubic part to
the “0 Bc,∞ ” curve in Fig. 2. On a stormy day the sea displays both, the nervous
crispations with small amplitude and wavelength (capillary waves) and the slow
modulations of the long gravity waves.
Whereas the ﬁrst and the third term, are common for all ﬂuids, the second
one is speciﬁc for magnetic ﬂuids. As B is increased the negative contribution
of this term is getting more and more important. At

4 3
Bc,∞ ≈ 0.93Bc,∞
(2)
Binﬂ =
4
√
the curve has a horizontal inﬂexion point at qinﬂ = qc / 3, and for B > Binﬂ
the dispersion relation is becoming nonmonotonous. For even larger B the curve
touches at the critical induction

√
2μ0 μr (μr + 1) ρgσ
(3)
Bc,∞ =
(μr − 1)
the abscissa for the capillary wave number

ρg0
.
qc =
σ

(4)

Notably, qc is independent from any magnetic quantities. For B > Bc,∞ the ﬂat
liquid layer loses its stability, because the l.h.s. of (1) is becoming negative, and
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ω has to be purely imaginary: ω = iω2 with ω2 real. Following the linear stability
analysis, any small disturbance of the surface will evolve according to


(5)
A = A0  e−i(ωt−qr) .
With ω purely imaginary, the disturbance will develop with time as e−iωt =
e−iiω2 t = eω2 t , i.e., it has a positive growth rate for ω2 > 0. With growing
amplitude the regime accessible to linear stability analysis is left. In order to
determine the amplitude and shape of the ﬁnal pattern, as depicted in Fig. 1,
we have to perform a nonlinear analysis.
The dispersion relation for MF has been measured in an annular trough [23]
and in a circular vessel [24]. A dispersion relation structured like (1) holds also
for related systems, like the surface instability of dielectric liquids [12, 13] or the
interface instability of 3 He–4 He mixtures in the presence of ions and an electric
ﬁeld. Particularly for the latter system, it has been measured three decades ago
[25, 26].
1.2 Nonlinear Approach
In the introduction we have mentioned that the Rosensweig instability is at
a ﬁrst glance counterintuitively. That is, because the newly deformed surface
has an increased surface and hydrostatic energy compared with a plane surface.
Obviously the increase is caused by the costs of energy to lift up the ﬂuid against
gravitation and to create more surface area. Therefore gravitation and surface
tension stabilize the plane surface. The destabilization of the ﬂat reference state
is caused by the magnetic ﬁeld because it favors a deformed surface proﬁle, as
sketched in the following. Let us look at the sinusoidal surface deformation in
Fig. 3, which is symmetric with respect to the even surface, denoted by a dashed
line. In a crest the ﬁeld lines stay a prolonged distance within the MF which
results in a decline of the magnetic energy due to the increased magnetization

Fig. 3. Scheme of the magnetic ﬁeld lines compressed and uncompressed by the peak
and the troughs. In this way the magnetic energy is reduced compared to the reference
state of a plane surface. For details see text
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within the MF. For a homogeneous ﬁeld within the MF this loss in a crest would
be equal to the gain in a valley. However, shifting ﬁeld lines from the valleys to
the crests results in a net reduction of magnetic energy because now more ﬁeld
lines can stay longer in the MF [27]. As an outcome the magnetization in the
crests (valleys) is higher (lower) than the magnetization in the case of an even
surface.
Summarizing the above arguments, a deformed surface is formed if the loss
of energy due to the magnetic ﬁeld over-compensates the gain of energy due to
gravitation and surface tension. In this way the ﬁnal pattern can be estimated
by a minimization of the energy functional. A horizontal layer of MF of ﬁnite
thickness h in a vertically applied magnetic induction B is characterized by the
energy density [28–31]




 ρg
μr − 1 ζ(x,y)
0 2
ζ (x, y) −
dzBH(x, y, z)
F[ζ(x, y)] =
2
2μr
−h

!
2
2
+ σ 1 + (∂x ζ(x, y)) + (∂y ζ(x, y)) .
(6)
Here z = ζ(x, y) is the local elevation of the liquid layer above its equilibrium
value z = 0, and H(x, y, z) is the magnetic ﬁeld in the presence of the MF. The
brackets denote an average over the surface. The three terms in (6) represent
the hydrostatic, magnetic, and surface energy, respectively. As the surface proﬁle
deviates from the ﬂat reference state, the ﬁrst and last terms grow, whereas
the magnetic energy decreases. For suﬃciently large B > Bc , this gives rise to
the normal ﬁeld, or Rosensweig, instability [2, 3]. By minimizing the energy
functional in (6) the following amplitude equation can be derived [31]:
A + γ(1 + )A2 − gA3 = 0 ,

(7)

where  = (B 2 − Bc2 )/Bc2 is the bifurcation parameter, and γ, g are scaling
parameters.
The solution of (7) is sketched in Fig. 4(a). The stable branch (upper solid
line) characterizes a subcritical bifurcation to hexagons. In addition there are
two unstable solutions (dashed lines) which are connected to ridges and squares.
Due to the subcriticality of the stable branch, a quantitative description of the
Rosensweig instability is a nontrivial task, both in the linear and in the nonlinear
regime.
1.3 Organization of the Following Sections
First, we tackle the Rosensweig instability by a linear description. It is amenable
in theory, but restricted to small amplitudes, which can be observed in the
experiment only for a tiny period, during the increase of the pattern because of
the supercritical bifurcation. Thus a new pulse technique, sketched in Fig. 4(b),
has been developed and applied. The system now leaves the unstable basic branch
(ﬂat surface) and approaches the unstable branch of the ridges (solid arrow).

amplitude
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Fig. 4. Scheme of the bifurcation diagram in the vicinity of the bifurcation point
Bc versus the amplitude of the pattern, as predicted in [29], [31]. Solid (dashed) lines
mark stable (unstable) states, respectively. (a) shows an adiabatic change of the control
parameter B and (b) the consequences of a jump-like increase. From Ref. [32]

For constant induction the metastable ridges develop ﬁnally toward the stable
hexagonal state, as marked by the dotted arrow toward the upper most branch
in Fig. 4(b). Section 2 is devoted to the theory and experiments of the wave
number of maximal growth, its corresponding growth rate, and to the decay of
metastable patterns within the linear regime. Of course, the ﬁnite depth of the
liquid layer and the viscosity of the MF are taken into account.
Second, we focus on a nonlinear description of the instability. This is necessary, in order to estimate the shape of the peaks and to determine what particular
ﬁnal pattern (hexagons and squares) occurs due to the complex nonlinear interactions. Despite some recent progress [31, 33] the theoretical description is
still restricted to small relative permeabilities (μr < 1.4) and a linear magnetization law. Thus a fully numerical approach to the nonlinear problem based
on the ﬁnite element method (FEM) is most welcome, as presented in Sect. 3.2.
For a comparison with experiments it is important that this method is capable
to take into account the nonlinear magnetization law. From an experimental
point of view, the nonlinear properties are diﬃcult to access because the dark
and steep patterns are an obstacle for standard optical measurement techniques.
Thus we have developed two techniques, as presented in Sect. 3.3 in order to
record the full surface proﬁle. With their help we compare the measured shape
of Rosensweig peaks with their numerically determined counterpart. In Sect. 3.5
we increase the hysteretic range of the instability and investigate more carefully
the coexistence of the ﬂat and patterned state, thereby focusing on localized
states. Upon further increase of the magnetic induction a transition from hexagonal to square planforms is observed in the experiment and compared with the
analytical predictions (Sect. 3.6). Via a horizontal ﬁeld component, the symmetry of the normal ﬁeld instability can be broken, creating new pattern and
bifurcation scenarios, as reported in Sect. 3.8. With the advent of soft ferrogels,
surface instabilities are also governed by an elastic energy contribution. This has
already been taken into account by a recent model description (Sect. 3.9).
Parametric excitation adds a completely new aspect to surface instabilities
in magnetic ﬂuids and is therefore addressed in an own section (Sect. 4). We
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start with the harmonic, subharmonic, and deterministic chaotic dynamics of a
mono-spike oscillator (Sect. 4.1). Its extension to a ring of spikes exhibits regular
behavior (Sect. 4.2) as well as a transition to spatio-temporal chaotic dynamics
(Sect. 4.3). The latter is compared with the model of directed percolation. The
last part is devoted to the Faraday instability in extended two-dimensional containers (Sect. 4.4). Here special emphasis is laid upon a stabilization of the ﬂuid
surface by a horizontally oriented ﬁeld which is counteracted by vibration in vertical direction. We summarize the theoretical results for this new combination.
A full survey of the rich ﬁeld of “surface instabilities of ferroﬂuids” is by far
beyond the scope of this contribution. Instead we will focus on achievements
within the priority program colloidal magnetic ﬂuids (SPP 1054) in the light of
the literature.

2 Linear Pattern Formation
Most experimentalists were following the pioneers [3] by varying the magnetic
induction in a quasi-static manner. By moving on the hysteretic path, sketched
in Fig. 4(a), they were focusing on the nature of the stable pattern in the nonlinear regime [34, 35]. The wave number observed in this way was found to be
independent from the strength of the supercritical induction [3, 34, 36]. Unfortunately this result had been compared with the predictions of the linear theory for
an inﬁnitely viscous MF [37]. However, the ﬁnal stable pattern, resulting from
nonlinear interactions, does not generally correspond to the most unstable linear
pattern. For a successful comparison with the predictions of the linear theory
[38, 39], not fully developed ridges of small amplitude are suitable. In accordance
with the bifurcation diagram, they are the ﬁrst metastable pattern which emerge
after a jump-like increase of the induction, as sketched in Fig. 4(b). In this way
diﬀerent aspects of the linear part of the pattern forming process are studied
experimentally as well as theoretically, allowing a quantitative comparison of the
corresponding results (Sects. 2.2, 2.3, and 2.4).
2.1 System and Basic Equations
A horizontally unbounded layer of an incompressible, nonconducting, and viscous magnetic ﬂuid of thickness h and constant density ρ is considered. The
ﬂuid is bounded from below (z = −h) by the bottom of a container made of
a magnetically impermeable material and has a free surface with air above described by z = ζ(x, y, t). The electrically insulating ﬂuid justiﬁes the stationary
form of the Maxwell equations, which reduces to the Laplace equation for the
magnetic potentials Φ(i) in the region of the container (i = 3), the magnetic ﬂuid
(i = 2), and the air (i = 1), see Fig. 5. As a starting point the approximation
is used so that the magnetization M(2) of the magnetic ﬂuid depends linearly
on the applied magnetic ﬁeld H(2) , M(2) = (μr − 1)H(2) = χH(2) with χ the
susceptibility of the MF. During the course of the paper it will become apparent
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Fig. 5. Sketch of the used system

that for some problems the real nonlinear dependence of the magnetization on
the magnetic ﬁeld has to be taken into account. Additionally, it is assumed that
(2)
the magnetization is a linear function of the density
" ρ(2) of the
# MF which leads
to the usual form of the Kelvin force [2], FK = μ0 M grad H(2) .
The system is governed by the equation of continuity,
div v(2) = 0 ,

(8)

the Navier–Stokes equations for the magnetic ﬂuid,
"
"
#
#
ρ(2) ∂t v(2) + ρ(2) v(2) grad v(2) = − grad p(2) + η (2) Δv(2) + μ0 M(2) grad H(2)
+ρ(2) g0 ,

(9)

and the Laplace equation in each medium,
ΔΦ(i) = 0 .

(10)

Here, the velocity ﬁeld in the MF is denoted by v(2) = (u(2) , v (2) , w(2) ) and the
hydrostatic pressure by p(2) . The ﬁrst three terms on the right-hand side of (9)
result from div T(2) , where the components of the stress tensor T(2) read

 (2) 2 
 H (2)
" (2)
# (2)
H
(2)
(2)
(2)
(2)
δij
M − ρ ∂ρ(2) M
dH
− μ0
Tij = −p − μ0
2
0


(2) (2)
(2)
(2)
,
(11)
+Hi Bj + ρ(2) ν (2) ∂i vj + ∂j vi
The dynamic viscosity η (2) in (9) and the kinematic viscosity ν (2) in (11) are
related by η (2) = ρ(2) ν (2) ; ∂ρ(2) denotes ∂/∂ρ(2) .
The governing equations have to be supplemented by the appropriate boundary conditions, which are the continuity of the normal (tangential) component
of the induction (magnetic ﬁeld) at the top and bottom interface,




n(2,1) · B(1) − B(2) = 0, n(2,1) × H(1) − H(2) = 0 at z = ζ , (12)




n(3,2) · B(2) − B(3) = 0, n(3,2) × H(2) − H(3) = 0 at z = −h , (13)
the no-slip condition for the velocity at the bottom of the container,
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v(2) = 0

at

z = −h ,

(14)

the kinematic boundary condition at the free surface,
w(2) = ∂t ζ + (v(2) grad) ζ

at

z =ζ,

and the continuity of the stress tensor across the free surface,


(2,1)
(1)
(2)
(2,1)
Tij − Tij − σKnj
ni
=0
at z = ζ .

(15)

(16)

The surface tension between the magnetic ﬂuid and the air is denoted by σ, the
curvature of the surface by K = div n(2,1) , and the unit vector normal to the
surface by
n(2,1) =

(−∂x ζ, −∂y ζ, 1)
grad [z − ζ(x, y)]
=
.
|grad [z − ζ(x, y)] |
1 + (∂x ζ)2 + (∂y ζ)2

(17)

In a linear stability analysis, all small disturbances from the basic state are
decomposed into normal modes, i.e., into components of the form exp[−i(ω t −
q r)], where r = (x, y). With ω = ω1 + iω2 , the real part of −iω, ω2 is called
the growth rate und deﬁnes whether the disturbances will grow (ω2 > 0) or
decay (ω2 < 0). The absolute value of the imaginary part of −iω, |ω1 | gives
the angular frequency of the oscillations if it is diﬀerent form zero. The linear
stability analysis leads to the dispersion relation4 [40–42]



ν2
q̃ 4q 4 + (q 2 + q̃ 2 )2 coth(q̃h) − q 4q 2 q̃ 2
q̃ coth(q̃h) − q coth(qh)

4q 2 q̃(q 2 + q̃ 2 )
+(q 2 + q̃ 2 )2 tanh(qh) −
cosh(qh) sinh(q̃h)
μ0 μr M 2
σ
Λ(qh) q 2 + q 3 ,
(18)
+ tanh(qh) g0 q −
ρ
ρ

where M is the absolute value of the magnetization M, q̃ = q 2 − iω/ν, and
Λ(qh) = [eqh (1+μr )+e−qh (1−μr )]/[eqh (1+μr )2 −e−qh (1−μr )2 ]. Equation (18)
is an implicit equation for ω = ω(q) which depends on the main parameters
viscosity ν, layer thickness h, and applied magnetic induction B. The ﬁrst term,
proportional to ν 2 , contains the dependence on the viscosity, whereas inside the
brackets of the second term the same structure as of the r.h.s. of (1) can be
recognized. The slight modiﬁcations of the second term by tanh(qh) and Λ(qh)
reﬂect the ﬁnite thickness of the ﬂuid layer.
The condition of marginal stability, ω = 0, deﬁnes the critical quantities
at which the Rosensweig instability occurs. In the limit of an inﬁnitely thick
(h → ∞) layer the critical induction Bc,∞ and the critical wave number qc are
given by (3) and (4), respectively.
0=

4

From now on the use of the upper indices is omitted since quantities of the MF are
only meant.
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The dependence of ω and q on the main parameters is analyzed and experimentally studied in the following sections. Of particular interests are the dependence of the wave number of maximal growth on the magnetic induction and
the ﬂuid viscosity (Sect. 2.2) and the dependence of the frequency of decaying
ridges on B (Sect. 2.4).
Here, we now study the dependence of the critical quantities on the thickness h of the layer. By reducing h the height-dependent
 √ critical induction Bc,h
increases monotonously from Bc,∞ to Bc,0 = 2μr μ0 ρσg/(μr − 1), as can be
seen in Fig. 6(a). The corresponding critical wave number qc,h passes through
a maximal value and approaches for h → 0, the limit value (4), as displayed in
Fig. 6(b). Both dependencies have not yet been measured. For potential experiments one has to be aware that the preparation of very thin layers is laborious
and delicate. Therefore it would be desirable to shift the thin layer limit toward thicker ﬁlms. This can be achieved by an increase in the surface tension. A
modiﬁed surface tension is accompanied by changes in the density and permeability of the ﬂuid. But these changes are of a much smaller scale than those of
the surface tension. The modiﬁed viscosity does not aﬀect the determination of
Bc,h . Therefore, the surface tension is only changed, whereas all other quantities
remain constant. By increasing the surface tension by a factor of 10 (100), Bc,0
may be measured for layers nearly 1 (2) orders of magnitude thicker than for a
system with the original surface tension [see Fig. 6(a)]. Notably, all these critical
values for the onset of the instability apply for viscous as well as for inviscid
magnetic ﬂuids.
1.30
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(a)
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Fig. 6. The critical induction Bc,h (a) and the critical wave number qc,h (b) versus the
thickness of the layer h for three diﬀerent surface tensions: σ = 2.275×10−2 kg s−2 (solid
line), σ = 2.275 × 10−1 kg s−2 (dashed line), and σ = 2.275 kg s−2 (long-dashed line).
The vertical thin solid, dashed, and long-dashed lines indicate the associated critical
wavelengths. The remaining material data are ρ = 1.53×103 kg/m3 and μr = 4. Figure
(a) from Ref. [38]
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2.2 Growing Ridges: Wave Number of Maximal Growth
Generally it is assumed that in the linear stage of the pattern-forming process
the wave number with the largest growth rate will prevail. Therefore this mode
is called linearly most unstable mode. Due to its role in the pattern formation
it is of particular interest to examine the wave number of maximal growth, qm ,
and its dependence on the diﬀerent parameters as supercritical induction and
viscosity.
Theory
For a general analysis it is advantageous to consider the dimensionless form
(indicated by the bar) of the dispersion relation (18) in the limit h → ∞ for
growing disturbances, i.e., ω = iω2 with ω2 > 0,

2
ω̄2
q̄ + q̄ 3 − 2B̄ 2 q̄ 2
ω̄2
2
f+ (q̄, ω̄2 ; ν̄, B̄) := ν̄ + 2
+
−
ν̄
1+
= 0 . (19)
4
2q̄
4q̄
ν̄ q̄ 2
3/4

All lengths were scaled with [σ/(ρ g0 )]1/2 , the time with σ 1/4 /(g0 ρ1/4 ), the
1/4
viscosity with σ 3/4 /(g0 ρ3/4 ), and the induction with Bc,∞ . The solution of
(19) for three diﬀerent supercritical inductions is shown in Fig. 7(a). One can
clearly see that the maximum of the curves, given by q̄m and ω̄2,m , is increasing
monotonously with the induction B̄.
The wave number of maximal growth, deﬁned by ∂ ω̄2 /∂ q̄ = 0, is a monotonic
increasing quantity for increasing ﬁelds and all viscosities with the exception of
the limit ν̄ → ∞, as shown in Fig. 7(b). The change of q̄m for a ﬁxed diﬀerence
3.0

B=1.15
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0.5
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0.0
0.5
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wave number q (q c)
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ν
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1.0
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Fig. 7. (a) Positive growth rate −iω̄ = ω̄2 as a function of the wave number q̄ for
ν̄ = 0.037, typically for MFs in experiments [43]. (b) Maximal wave number q̄m as a
function of the supercritical induction B̄ for diﬀerent viscosities. q̄m is a monotonously
increasing function of B̄ with the exception q̄m = 1 [37] in the case of inﬁnitely large
viscosities (lower dot-dashed line). In the limit of an inviscid
ﬂuid (upper dot-dashed


line) the dependence of q̄m on B̄ is given by q̄m = (1/3) 2B̄ 2 + 4B̄ 4 − 3 [41]. From
Ref. [38]
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of the supercritical induction is largest for inviscid MFs [see upper dot-dashed
line in Fig. 7(b)] and shrinks with increasing viscosity. For low viscous MFs, q̄m
depends linearly on B̄ as long as B̄ is not too large. The main result of Fig. 7(b)
is that for a quantitative analysis of real MFs, represented here by ν̄ = 0.037,
the description by the limiting cases is insuﬃcient. For a qualitative analysis, the
limit ν̄ → 0 gives the correct trend.
Experiment and Comparison with Theory
In order to test these predictions, we are measuring the wave number of maximal
R
growth with the setup shown in Fig. 8. A cylindrical Teﬂon
vessel with radius
60 mm and depth 2 mm is ﬁlled with MF up to the brim and positioned in the
center of a pair of Helmholtz coils. The MF is illuminated from above by a ring
of LEDs placed above the surface. A charge coupled device (CCD) camera is
mounted in the center of the ring. In this way only an inclined surface of proper
angle will reﬂect light into the camera lens, but a ﬂat ﬂuid surface reﬂects no
light in this direction. In the theory the supercritical magnetic ﬁeld is assumed
to be instantly increased. In the experiment a jump-like increase could be realized within 80 ms, by utilizing a thyristor-controlled ampliﬁer (fug Elektronik
GmbH). This is much shorter than the viscous timescale of 450 ms. For more
details see Ref. [38].
The wave number of the concentric deformed region in Fig. 9(a) and (c) is
determined from the experiment (open squares in Fig. 9; for details see [38]) and
compared with the theoretical calculation of the wave number with maximal
growth. For the calculations we used a layer thickness of h = 2 mm and the
material parameters of the magnetic ﬂuid EMG 909, namely ρ = 1.02 · 103
kg m−3 , ν = 5.88 · 10−6 m2 s−1 , and σ = 2.65 · 10−2 kg s−2 . Using μr  1.85
(solid line), a rather good agreement between the experimental results and the
theoretical graph is achieved. The ﬁtted value for μr diﬀers by 2.8% from the
CCD camera
frames + clock

computer +
D/A converter

ring of LEDs
Helmholtz coils

dish with magnetic fluid

DVM

Hall probes

DTM
amplifier

Fig. 8. Scheme of the experimental setup
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Fig. 9. Plot of the wave number q versus the magnetic induction B. The open squares
give the experimental values and the solid line displays the theoretical results for the
material parameters of EMG 909 (see text), using μr as a ﬁt parameter. From [36]

value by the producer, a deviation which is well within the tolerance speciﬁed by
the producer. In this way, the most unstable linear pattern could be detected in
the experiment and the theoretically predicted linear dependence of qm on the
magnetic induction was conﬁrmed.
In contrast to that linear growth, the dependence in electrohydrodynamic
instabilities caused by the interaction of polarization charges and electrical ﬁelds
in thin ﬁlms is quite diﬀerent. For such systems the wave number of maximal
growth increases with the electrical ﬁeld to the power of 3/2 [44].
The open circles in Fig. 9 denote the wave number of the ﬁnal hexagonal
pattern as the result of the nonlinear interactions. As in [34, 45] the wave number
is constant in contrast to [46]. In [34, 36, 45] a container with a straight vertical
edge had been used, which forces the wave number to be an integer multiple
of the diameter of the container. That hard pinning does not occur with the
container in [46] which has a beveled edge; see also the paragraph Evolution of
the wave number in Sect. 3.4.
2.3 Growing Ridges: Maximal Growth Rate
Due to the prevailing role of the linearly most unstable mode in the pattern
formation process, it is also of interest to examine the maximal growth rate ωm
and its dependence on the diﬀerent parameters. This dependence has received
only limited attention in classical hydrodynamic systems. The main reason can
be seen in the fact that the preparation of the experimental system for the
detection of this particular growth rate is a rather problematic task. Because
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the preparation has to be done faster than all other characteristic times which
are relevant for the pattern-forming process. Magnetically or electrically driven
systems come here as a rescue because the ﬁeld can be changed with a sudden
jump, making the fastest growing mode experimentally accessible [38, 39, 47].
Since ω̄2 is given implicitly by f+ [see (19)], the cross section of f+ = 0 and
∂f+ /∂ q̄ = 0 determines the maximal growth rate. An expansion of B̄, q̄, and ω̄2
in the following form
B̄ = 1 + B̂

q̄ = 1 + q̂m

ω̄2 = 0 + ω̂2,m

(20)

leads to an analytical expression of the dependence of ω̂2,m on the induction
and the viscosity. All hatted quantities in (20) are small, (B̂, q̂m , ω̂2,m )  1, and
denote the scaled distances from the critical values at the onset of the instability.
If ν̄
ω̂2,m , the expansion of f+ = 0 and its derivative results in
3
ω̂2,m
=0
2ν̄
3
ω̂2,m
−16B̂ − 8B̂ 2 + 4q̂m − 16B̂ q̂m + 8ν̄ ω̂2,m + 8ν̄ q̂m ω̂2,m +
= 0.
ν̄

2
4ν̄ ω̂2,m − 8B̂ + 3ω̂2,m
+ 8ν̄ q̂m ω̂2,m − 16q̂m B̂ − 4B̂ 2 −

(21)
(22)

Including higher order terms of the applied induction in the ansatz
ω̂2,m = αB̂ + β B̂ 2 + γ B̂ 3 + O(B̂ 4 ) ,
q̂m

2

3

4

= δ B̂ + B̂ + O(B̂ ) ,

(23)
(24)

the dependence of the maximal growth rate on the parameters viscosity and
induction is given by


⎧
⎨ 2 B̂ + 1 − 3 B̂ 2 + 10 − 3 B̂ 3 for 0 ≤ B̂ < ν̄ 2 /6
(25)
ν̄
ν̄ 3
ν̄ 5
ν̄ 3
ω̂2,m = ν̄
⎩
for ν̄ 2 /6  B̂ ≤ 0.4 .
(26)
c1 B̂ + c2 B̂
For scaled inductions larger than ν̄ 2 /6, one has to solve the full implicit
equation (18) and its derivative with respect to q numerically. The ﬁt for an
excellent agreement with the numerical data includes a linear term and a square
root term with respect to B̂, where the coeﬃcients c1 and c2 depend on the used
magnetic ﬂuid [48].
Equation (26) holds for scaled inductions larger than ν̄ 2 /6 and has to be
used for most practical experiments. Because supercritical inductions of about
a hundredth or less above Bc , which are typical values of ν̄ 2 /6, can be hardly
experimentally accomplished. Using EMG 909 as a test ﬂuid, the coeﬃcients for
the ﬁt of the maximal growth rate are c1 = 1.09 and c2 = 3.9 [48], see dashed
line in Fig. 10.
For a comparison with measurements [49], it is relevant to know the inﬂuence
of the diﬀerent quantities on the maximal growth rate. Neither a ﬁnite thickness
of the layer of 5 and 2.5 mm, respectively, nor a variation of the viscosity by
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Fig. 10. Plot of the scaled maximal growth rate ω̂2,m versus the scaled induction B̂
for the magnetic ﬂuid EMG 909. The dashed line shows the theoretical results using
a linear law of magnetization and an inﬁnite thickness of the layer which results in
c1 = 1.09 and c2 = 3.9 [48]. The long-dashed line displays the theoretical results if a
nonlinear law of magnetization (see text) and h = 5 mm is used

50% result in a signiﬁcant shift of data. But taking into account the nonlinear
law of magnetization causes an alteration of the maximal growth rate.
Figure 11 displays the measured magnetization data, denoted by circles and
triangles, as a function of the applied magnetic ﬁeld in the relevant regime of
rather low-ﬁeld values. Following [24], this low-ﬁeld regime of M (H) can be well

magnetisation M (kA/m)

10

8

6

4

2

0

0

10
20
magnetic field H (kA/m)

30

Fig. 11. Magnetization curve for the ferroﬂuid EMG 909 (Ferrotec Co.). The triangles
(circles) mark the data taken for increasing (decreasing) ﬁeld, respectively. The solid
line stems from a ﬁt by (27). Courtesy of C. Gollwitzer, H. Knieling, from [49]
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(27)

The ﬁt is marked in Fig. 11 by a solid line. The ﬁt gives an initial susceptibility
of χ0 = 0.647 and a saturation magnetization of Ms∗ = 10917.3 A/m. Here Ms∗
denotes a value, which serves only for a convenient description of the low-ﬁeld
regime. It diﬀers from the true saturation magnetization Ms obtained from the
full range of the data up to 1600 kA/m, which should only be ﬁtted by a more
advanced function which is taking into account the polydisperse nature of the
MF, as demonstrated in Sect. 3.8.
The magnetic part of the dispersion relation (18) has now the form
'


(1 + χ )M Λ(qh) → (1 + χr )M
2

2

(


eqh(1+χr )/(1+χ ) (2 + χr ) − χr e−qh(1+χr )/(1+χ )
eqh(1+χr )/(1+χ ) (2 + χr )2 − χ2r e−qh(1+χr )/(1+χ )
(28)

with the diﬀerential susceptibility χ = (∂M/∂H)Hg , the chord susceptibility

χ̄ = (M/H)Hg , and 1 + χr = (1 + χ )(1 + χ̄) at a given strength of the magnetic ﬁeld Hg . The corresponding growth rates for a layer thickness of 5 mm
are denoted by the long-dashed line in Fig. 10. The diﬀerence is clearly visible
and the experiment has shown that a nonlinear law is necessary [49]. Whereas
both curves can be nicely described by a ﬁt with a linear term and a square
root term, in electrohydrodynamic instabilities in thin ﬁlms an entirely diﬀerent
dependence was measured: the maximal growth rate decreases with the electrical
ﬁeld to the power of 6. The reason is that in thin ﬁlms the maximal growth rate
is proportional to the fourth power of the fastest growing ﬂuctuation. It scales
with the electric ﬁeld to the power of −3/2 which follows from the dispersion
relation of thin polymer ﬁlms in an external electrical ﬁeld [44, 46].
2.4 Decaying Ridges
In this section we are studying the fate of the linear most unstable pattern when
switching to a subcritical induction. Such a procedure results in a complex value
for ω, ω = ω1 + iω2 , in contrast to the pure imaginary form of ω in the two
previous subsections. Particularly, an oscillatory decay of magnetic liquid ridges
[38] toward a ﬂat surface is observed, i.e., |ω1 | = 0 and ω2 < 0. It turns out that
the oscillation frequency and the propagation velocity of the decaying pattern
depend sensitively on the subcritical magnetic induction. When approaching the
bifurcation point Bc from below, a dramatic decrease of both observables can
be measured, which is heralding the Rosensweig instability.
Experiment and Comparison with Theory
In order to prepare a state of unstable liquid ridges, the magnetic induction has
to be switched in a jump-like manner to a supercritical value Bsup , as sketched in
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Fig. 12. Pulse sequence of the preparation of the liquid ridges. The small letters a, b,
and c mark the times when the pictures of Fig. 13 were taken. From Ref. [39]

Fig. 12. Before they start to develop into the hexagonal arrangement of peaks,
the induction is switched back to a subcritical value Bsub (see Fig. 12). Now
the liquid ridges decay in an oscillatory manner. Figure 13 shows half of such
an oscillation period. The oscillation starts with a pattern of concentric liquid
ridges, as presented in Fig. 13(a). Figure 13(b) shows the approximately ﬂat
surface after a quarter of the period. The liquid ridges after half of the period
are displayed in Fig. 13(c).
From these pictures the oscillation frequencies were extracted (for details,
see [39]). The square of the oscillation period as a function of the magnetic
induction is shown in Fig. 14(a). Starting with a jump to the supercritical induction Bsup = 18 mT, the oscillation period was measured for 12 diﬀerent
values of the subcritical induction. The measured data are denoted in Fig. 14(a)
by open circles. The error bars are estimated from seven independent measurements. The data proof a square root-like dependence from the induction and are
well described by the theory (solid line). A second measurement series has been
performed for Bsup = 17.5 mT. In this way a pattern of liquid ridges with a
smaller wave number has been prepared. The data for these oscillation frequencies are marked in Fig. 14(a) by open squares. Again a good agreement between
experimental data and theory is found.
Whereas we measured the oscillation frequency of the linearly most unstable pattern during its decay, the same quantity was measured for the interface
instability of 3 He–4 He mixtures in [26] for a pattern with the critical wave number. Also for that particular wave number, a square root-like dependence on the
external ﬁeld was experimentally conﬁrmed, see Fig. 6 in [26].
In a certain range of the vessel we observe propagating waves. The propagation velocity has been extracted from the recorded pictures, as reported in
Ref. [39]. In Fig. 14(b), the square of the propagation velocity is denoted by open
squares and has been plotted versus the subcritical induction. The data proof a
square root-like scaling behavior for a full decade of the velocity. In comparison
with Fig. 14(a), this dependency could be corroborated even in the immediate
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Fig. 13. Initial pattern of liquid ridges (a), approximately ﬂat surface after a quarter
of the oscillation period (b), and liquid ridges after half of the oscillation period (c)

vicinity of the bifurcation point. The dashed line gives the best two-parameter
ﬁt, yielding μr = 1.98 and h = 1.15mm.
Startling is the drawdown of the ﬂuid level to the ﬁtted value of h = 1.15
mm, compared to the ﬁlling level of 2 mm. Due to the inevitable ﬁeld gradient
at the edge of the vessel, some ﬂuid is pulled from the center toward this edge.
In this way the ﬂuid level is diminished in the center, where the propagation
velocity has been measured.
This behavior has been checked in independent measurements of the surface
height of the Rosensweig instability by means of a radioscopic method [50] (see
also Sect. 3.3). For the same type of MF, the same supercritical induction and
a vessel depth of 4 mm, a drawdown of the ﬂuid level of a factor of 0.6 was
observed in the center of the dish. Thus a reduction in the ﬂuid depth by a
factor of 0.48, as suggested by the ﬁt is reasonable.

Fig. 14. (a) Square of the oscillation frequency of the liquid ridges versus the subcritical
magnetic induction. The open circles (squares) denote the measured data obtained
after a pulse of Bsup = 18 mT (17.5 mT), respectively. A layer thickness of 3 mm was
used. The solid (dashed ) lines give the theoretical results for a viscous (inviscid) MF,
respectively. (b) Square of the propagation velocity versus the subcritical magnetic
induction. A preparing pulse of Bsup = 18 mT and a layer thickness of 2 mm were
used. The dashed line gives the best two-parameter ﬁt for μr = 1.98 and h = 1.15.
From Ref. [39]
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Theory
According to the experimental procedure, the solution of the dispersion relation (18) for a supercritical induction has to be determined in order to calculate
qm , the wave number with maximal growth. For Bsup = 1.05Bc,∞ the dispersion relation (thick solid lines in Fig. 15) predicts that a linearly most unstable
pattern evolves. It is characterized by the maximal growth rate ωm = iω2,m
(ω1,m ≡ 0, ω2,m > 0) and its corresponding wave number qm marked by thin
solid lines in Fig. 15(a).
Afterwards one has to solve the dispersion relation for a subcritical induction
at that qm which gives the relevant solution ω(qm ) = ω1 (qm ) + iω2 (qm ) for the
comparison with the experiment. The thick dashed lines in Fig. 15 display the
dispersion relation for Bsub = 0.96Bc,∞ . From Fig. 15 it becomes clear that the
solution at qm in the subcritical case corresponds to a decaying and oscillating
pattern. The frequency of the oscillation is given by
f=

|ω1 |
2π

(29)

and the experimentally measured propagation velocity by
v=

|ω1 |
.
qm

(30)

With the two formulae (29, 30) the frequency and the propagation velocity of the
decaying pattern can be calculated and then compared with the experimental
results. For this purpose the dispersion relation in the case of a ﬁnite layer [see
(18)] has to be applied. The results of these calculations produce the theoretical
graphs plotted in Fig. 14.
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Fig. 15. Dependence of the growth rate ω2 (a) and the oscillation frequency −ω1 (b)
on the wave number q for the case of a supercritical (thick solid line) and a subcritical
(thick dashed line) induction. The solutions at qm for both cases are indicated by
the corresponding thin lines. The material parameters are ν = 5.17 × 10−6 m2 /s,
ρ = 1.16 × 103 kg/m3 , σ = 2.65 × 10−2 kg/s2 , μr = 1.94, h = ∞, and Bc,∞ = 16.84
mT
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Whereas in Fig. 15 the behavior of the growth rate and the oscillation frequency around qm at a ﬁxed subcritical induction is shown, the dependence of
ω2 and −ω1 on the control parameter B reveals the eﬀect of the ﬁnite viscosity
on the bifurcation scenario. For the visous MF, the character of the bifurcation
is of steady-state type, whereas with vanishing viscosity the character of the
bifurcation approaches the splitting type (for details see [39]).

3 Nonlinear Pattern Formation
This second part is devoted to the nonlinear regime of the pattern formation,
resulting in the deﬁnitive, static structures of large amplitude. We start with
a sketch of the current state of the analytical description, focussing on the
minimization of the free energy functional. Because of limitations of the method
we will also have to rely on numerical results obtained via the ﬁnite element
method (FEM), which is summarized in Sect. 3.2. Next we sketch the experimental diﬃculties in measuring the surface topography of the fully developed
pattern and present two measuring techniques which can circumvent them. Consequently, we compare in Sect. 3.4 analytical and numerical predictions for the
hexagonal pattern with the experimental results. In the following Sect. 3.5 we
report on localized spikes which can be generated by a local perturbation in the
ﬁrst, hysteretic regime of the Rosensweig instability. By increasing the magnetic
induction to higher values a second, smooth hysteretic transition between hexagonal and quadrilateral planforms is measured, characterized, and compared with
the ﬁrst one. The surface pattern can gain more variety if the isotropy is distorted, as done in the tilted ﬁeld instability. The consequences of a tangential ﬁeld
component are summarized in Sect.3.8, followed by measurements of a supercritical bifurcation to liquid ridges, and for higher ﬁelds a subcritical transition
to stretched hexagons. Even further complexity can be expected if the standard
ferroﬂuids are replaced by ferrogels. Here the elasticity of the material has been
taken into account as a fourth term of energy, as reported in Sect. 3.9.
Let us start with the comparatively simpler analytical situation of the normal
ﬁeld instability in standard magnetic liquids. We give a short summary of the
analytical results obtained there recently.
3.1 Analytical Results
The ﬁrst nonlinear pattern becoming stable after the critical induction Bc is
surpassed is a hexagonal one [3]. This follows from the standard conﬁguration
for surface instabilities, which is that of a vessel ﬁlled with MF. Here the updown symmetry is broken from the start, because patterns can develop at the
free upper surface, but not at the bottom of the dish. It has been put forward by
Busse that a system, which is isotropic in the plane, but has a broken up-down
symmetry shows always a transcritical bifurcation to hexagons [51]. A further
increase of B up to a second threshold gives rise to a transition to a square
pattern [45, 52].
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How can these patterns be described, and what is their range of stability?
A standard procedure to probe the nonlinear regime perturbatively is by means
of amplitude equations [5, 53]. However, in contrast to pattern formation in
dissipative systems, the relative stability of magnetic liquid planforms and the
possible transitions between them can be investigated by studying a thermodynamic potential, the free energy (6). Still the problem is a complicated one: The
local magnetic ﬁeld determining the surface deﬂections in turn depends on the
surface relief via boundary conditions. Therefore the variational minimization
of the thermodynamic potential in the surface proﬁle cannot be accomplished
exactly, and one has to rely on approximations limited to slightly overcritical
magnetic ﬁelds.
For the case of a one-dimensional system Zaitesev and Shliomis pioneered
with an investigation along these lines, ﬁnding a forward bifurcation to liquid
ridges [54]. These ridges turned out to be unstable, when the model was extended
to two-dimensional planforms by Gailitis [28, 29] and Kuznetsov and Spektor
[30, 55].
Figure 16 presents in its upper part the amplitudes for patterns in a semiinﬁnite layer in a recent reﬁned version of the variational method put forward
by Friedrichs and Engel [31]. It shows a supercritical bifurcation to ridges (R),
which are always unstable. Their amplitude is given by

ε
.
(31)
AR (ε) =
gr

ζ(0,0)/λC

Moreover we see a supercritical bifurcation to squares (S), which are only stable
in the region εS < ε < ελ . Their amplitude is described by
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Fig. 16. Surface deﬂection ζ(0, 0) at the cusps of the pattern and emerging wave
number k in dependence of the bifurcation parameter ε = (B 2 − Bc2 )/Bc2 . The solid
(dashed ) lines mark stable (unstable) solutions, respectively. For a ﬂuid with χ = 0.35
squares are only stable in the region εS < ε < ελ . Ridges are always unstable. From
[31]
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The upper most branch in Fig. 16 describes a subcritical bifurcation to stable
hexagons (H). Their amplitude is given by

γ(1 + ) + γ 2 (1 + )2 + 4 gh
AH (ε) =
,
(33)
2gh
Here the parameters gr , gs , gh , and γ depend on k and χ and are listed in [31].
When compared to the classical investigations of Gailitis [29] and Kuznetzov
and Spector [55] the achievements of Friedrichs and Engels [31] are not only
that their ansatz shifts the range of validity to higher χ. More importantly, the
authors are able to specify explicitly the range of validity of their predictions
up to a threshold in χ. For the ridges, squares and hexagons, these thresholds
are χR ≈ 2.54, χS ≈ 0.41, and χH ≈ 1.05, respectively. The above results are
rather similar to a linear stability analysis of the ﬁxed point solution of the
corresponding amplitude equations [56].
Another advantage of the variational method is that the wave number can be
included as a variation parameter. The lower part of Fig. 16 displays the result
for the wave number of the patterns. The wave number of all three patterns
decreases with increasing bifurcation parameter. This is in particular pronounced
for the square pattern (S) and implies that in this case the system may lower
its energy very eﬃciently by increasing the wavelength. Note that the (unstable)
supercritical branches of the squares and ridges (R) are bifurcating for ε = 0
with k = kc , whereas for the stable hexagons (H) there is a jump of Δk in the
wave number.
Finite Thickness of the Liquid Layer
In the experiments one favors rather thin layers, because MFs are expensive,
and also because a shallow layer (implicating a small aspect ratio) reduces the
ﬁeld inhomogeneities at the container edge. However, the classical studies [29,
30] and also investigations using methods of functional analysis [57, 58] or the
generalized Swift–Hohenberg equation [59, 60] are only regarding ﬂuid layers
of inﬁnite depth. Via the variational method it is shown in [31] that thin layers
retard the onset of the instability and shift the wave number of the unstable mode
to higher values, which is in agreement with predictions of the linear stability
analysis (see Sect. 2). For an MF with χ = 0.05 the critical magnetic ﬁeld and
the critical wave number are altered less than 2%, and less than 7% for an MF
with χ = 0.03. If the depth of the ﬂuid is larger than the critical wavelength at
inﬁnite depth, the ﬁnite thickness of the layer can be ignored.
Moreover Friedrichs and Engel [31] ﬁnd a small increase of the hysteretic
range in thin layers and suggest the following qualitative explanation: “A thin
layer inhibits surface deformations resulting from the Rosensweig instability since
the magnetic ﬁeld energy is suppressed due to the ﬁnite depth of the layer.
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On the other hand for the developed pattern the magnetic ﬂux is concentrated
at the peaks of the surface so that the eﬀective layer depth becomes larger.
Correspondingly the pattern is additionally stabilized and decays only after a
reduction in the ﬁeld stronger than expected from the linear theory.”
We have reported on theoretical progress obtained with the variational
minimization of the energy functional. The predictions from their qualitative
character are very useful. However, the results are still limited to rather low
susceptibilities, when compared to the susceptibilities one has to use in the experiment in order to avoid huge ﬁelds. Thus, for a quantitative comparison with
theory we have to resort to numerical methods.
3.2 Numerical Methods
The numerical simulations of the Rosensweig instability is based on the coupled
system of the Maxwell equations,
rotH = 0

divB = 0 ,

(34)

the Navier–Stokes equation (9), and the Young–Laplace equation (16) which
describes the force balance at the unknown free surface. An early numerical
study was performed by Boudouvis et al. [35] utilizing a linear magnetization
law. There hexagonal and square planforms have been detected.
Recently a more elaborate eﬀort taking into account a nonlinear magnetization curve was put forward by Matthies and Tobiska [61]. For the simulations a
bounded domain in the form of a hexagon is chosen in such a way that it contains
just one peak. The bounds in vertical direction are assumed to be far away from
the free surface. With the help of the magnetic potential for the magnetic ﬂuid,
H = − grad Φ, the second equation in (34) can be written as
− div [μr (r, | grad Φ|), grad Φ] = 0 .
The relative permeability μr is given by
⎧
1
⎪
⎨
μr =
⎪
⎩ 1 + M (H)
H

(35)

for r ∈ ΩA ,
(36)
for r ∈ ΩF ,

where ΩA denotes the area outside the magnetic ﬂuid, ΩF the area inside the
magnetic ﬂuid, and M (H) characterizes the nonlinear law of magnetization.
Because of the polydispersity of the MF the Langevin function is not suitable
to describe M (H) in the full range properly. A pragmatic approach is to ﬁt the
experimental data by the Langevin function (27) only in the relevant regime of
moderate magnetic ﬁelds, as sketched in Sect. 2.3 Fig. 11. Often also the Vislovich
approximation can provide a good ﬁt of the experimental data [62]. Independent
from the selected nonlinear function the magnetostatic problem (34) becomes
nonlinear due to the nonlinear dependence of M (H). In addition to the boundary
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Fig. 17. Two-dimensional mesh (a) and three-dimensional surface mesh (b). From [46]

conditions (12) and (13) the equality ∂Φ/∂n = 0 at the side boundary has to be
fulﬁlled by the magnetic potential.
The magnetostatic problem (34) and the Young–Laplace equation (16)
are solved by ﬁnite element methods. The latter equation describes a twodimensional problem for which the corresponding mesh is shown in Fig. 17(a),
whereas the magnetostatic problem is a three-dimensional problem solved on a
mesh as shown in Fig. 17(b). Details about the used functions for discretization, the particular algorithms for solving the ﬁxed point iterations, and the
entire structure of the numerical simulations can be gathered from [46, 61, 63–
65]. Simulations on diﬀerent reﬁnement levels show that the greatest computational costs are caused by the solution of the magnetostatic problem. Because
this tree-dimensional problem has much more unknowns than the corresponding
two-dimensional problem of the Young–Laplace equation [46].
3.3 Measuring Surface Reliefs
From an experimental point of view, the predictions from amplitude equations
for the evolution of the surface amplitude have poorly been investigated. This
is mainly due to the experimental diﬃculties in measuring the surface proﬁles.
Due to their colloidal nature, magnetic ﬂuids are opaque and have a very poor
reﬂectivity [2]. To the naked eye they appear black. Thus standard optical techniques such as holography or triangulation [66] are not successful. Moreover, the
fully developed crests are much to steep to be measured with optical shadowgraphy, as proposed by Browaeys [24], utilizing the slightly deformed surface
as a (de)focusing mirror for a parallel beam of light. Another method, recently
accomplished by Wernet et al. [67], analyzes the reﬂections of a narrow laser
beam in a Faraday experiment. However, it yields only the local surface slope
but not the local surface height. This has now been overcome by adapting the
focus of a laser beam, a height detection is possible [68]. However, the method
has deﬁciencies in accuracy because the beam partly penetrates the magnetic
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ﬂuid. Moreover, it is limited to maxima and minima while a measurement of the
full surface relief is not possible.
A surface proﬁle can be obtained by simple lateral observation of the instability, as implemented, e.g., in [15] for a single Rosensweig peak and by Bacri et al.
[34] and Mahr et al. [69] for a chain of peaks. It has, however, the severe disadvantage that the observed crests are next to the container edge. Therefore, they
are deeply aﬀected by the meniscus and ﬁeld inhomogeneities. A comparison
with the theory for an inﬁnitely extended layer of magnetic ﬂuid has for a long
time remained unsatisfying. Consequently, so far only the “ﬂat aspects” of the
pattern like the wave number [38, 39, 45] or the dispersion relation [23, 24] have
been thoroughly investigated in experiments.
Radioscopy
Recently we have developed a radioscopic measurement technique that is capable
to measure the full three-dimensional surface proﬁle of the magnetic ﬂuid far
away from the container edges [50]. The method utilizes the attenuation of an Xray beam passing the magnetic ﬂuid layer in the vertical direction. Figure 18 (a)
shows the principle. A container is placed in the center of a pair of Helmholtz
coils. An X-ray tube with a focus of 0.4 mm × 1.2 mm is mounted above the
center of the vessel at a distance of 170 cm. The tube has a Wolfram anode in
order to emit purely continuous radiation in the range of the applied acceleration
voltage (20–60 kV). This ensures that the beam hardness can be adapted to the
absorption coeﬃcient of the ﬂuid investigated. The radiation transmitting the
ﬂuid layer and the bottom of the vessel is recorded. X-rays transmitting spikes
are more absorbed than those transmitting the valleys. An absorption picture is
presented in (b). For the detection we use an X-ray-sensitive photodiode array
detector which provides a dynamic range of 16 bits, a lateral resolution of 0.4 mm,
and a maximal frame rate of 7.5 pictures per second. Figure 18 (c) shows the

(a)

(b)

(c)

Fig. 18. Measuring surface reliefs by radioscopy: (a) sketch of the principle; (b) absorption picture; and (c) setup in the laboratory. Figure (b) from [46]
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setup in the laboratory. The large distance from the X-ray source to the sample
ensures an almost parallel beam. For more details see [50].
The surface proﬁles can then be reconstructed from the recorded absorption proﬁles via a known calibration function. For monochromatic X-rays the
absorption would follow the Lambert–Beer law,
I(x) = I0 e−βx ,

(37)

where β is the attenuation coeﬃcient. However, in order to get a suﬃcient illumination, we have to use a polychromatic X-ray source. Hence, the absorption
of the radiation depends on the wavelength and the decay cannot be described
by the simple exponential function (37). Radiation of higher energy (“hard Xrays”) is generally absorbed less than the radiation of lower energy. A proper
calibration function can be obtained by recording the absorption image of a
ramp with known shape ﬁlled with ferroﬂuid, as shown in Fig. 19. In order to
get a smooth approximation of the calibration function one can either introduce
a height-dependent absorption coeﬃcient [50] or an overlay of four exponential
functions:
4
4
*
*
αi e−βi x ,
αi = 1.
(38)
I(x) = I0
i=1

i=1

Relative intensity

As can be seen from Fig. 19, (38) is a satisfying interpolation method that
allows us to determine the height of the ﬂuid above every point in the image to
a resolution of up to 10 μm. Further details of image processing are given in [46].
The reconstructed surface relief corresponding to the absorption proﬁle of
Fig. 18 (b) is presented in Fig. 20. Figure 21 displays the Fourier transformation
of the amplitudes.
Recently it came to our attention that a related technique – the Diﬀusing
Light Photography – has been used in the optical domain by adding scattering
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Fig. 19. Fluid height versus radiation intensity. The inset shows a schematic view of
the wedge ﬁlled with ferroﬂuid. The relative amount of the X-rays passing through the
ramp can be ﬁtted nicely by (38) (solid line). From [46]
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Fig. 20. Three-dimensional rendering of the surface pattern at B = 20.1068 mT.
Subsequent contour lines are 1 mm apart from each other

Fig. 21. Logarithmic Fourier space representation of the surface in Fig. 20. The distance of the contour lines is 6 dB

particles to an otherwise transparent liquid for the detection of Faraday waves
in the turbulent regime [70]. More recently it was also applied in the periodic
regime [71]. Similarly, the absorption of light in very thin ﬁlms of magnetic liquid
was used before by Petit et al. [72]. Of course the latter method is much cheaper
than radioscopy, however it is limited to very thin ﬁlms. Moreover, in contrast
to X-rays, the path of light in the visible range is aﬀected by diﬀraction at the
liquid–air interface, distorting the images in a way diﬃcult to deal with.
Magnetic Proﬁles
The radioscopic method has the capability to record the full surface relief with
high precision. However it is expensive and rather slow. To circumvent this
shortcomings we developed an alternative method for fast data acquisition. It
takes advantage of the local variation of the magnetic ﬁeld, which is increased
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Fig. 22. Magnetic measuring principle: (a) Sketch of the experimental setup. (b)
Photo of the linear array of 32 Hall-sensors mounted 1.78 mm under the bottom of a
transparent vessel. Figures (a) from [74] and (b) from [73]

immediately beneath a magnetic spike and reduced beneath the inter-spike area.
Figure 22 (a) displays a sketch of the setup, ( b) a picture of the linear array of
32 Hall-sensors mounted immediately beneath the transparent vessel. The Hallsensors communicate via 32 ampliﬁers and a bus with the personal computer
[73]. In this way line scans with a frequency up to 7 kHz are possible. This
time resolution makes the method suitable to measure the growth rate of the
pattern evolution. The limited vertical (1 μT) and lateral (3.2 mm) resolutions
together with the limitations of a linear array are backdrops when compared to
radioscopy. Moreover, there is a principal diﬀerence in the techniques. Whereas
a magnetic sensor can only gather local information, an X-ray sensor measures
the density along the full path of the ray.
3.4 Comparing the Rosensweig Relief
After focussing on the analytical and numerical description of the relief of the
Rosensweig instability and a suitable measurement technique, we are now prepared for the experimental results. In the next paragraphs characteristic properties from this proﬁles will be compared to their counterpart from the simulated
peaks. First we look at the amplitude of the pattern, then the full shape is
examined. However, before we have to sketch essentials of the experiment.
Experimental
We measure the surface relief of the pattern via radioscopy, as sketched in the
R
and has a
setup of Fig. 18 in Sect. 3.3. The vessel is machined from Macrolon
diameter of 170 mm and a depth of 25 mm. In order to minimize the jump of the
magnetization at the container edge we have introduced a “beach” inclined by
32◦ to the ground. The container is ﬁlled 10 mm deep with magnetic ﬂuid, which
is in the range of the critical wavelength (9.98 mm). Thus ﬁnite size eﬀects in
vertical direction can be excluded [48]. The empty Helmholtz coils have a ﬁeld
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homogeneity which is better than 0.5% within the volume covered by the vessel.
The coils are supplied by a high precision constant current source which allows
to control the magnetic induction in steps of 1 μT up to a maximal induction of
40 mT.
We have selected the commercial magnetic ﬂuid APG512a (Ferrotec Co.)
because of its convenient wavelength and its outstanding long-term stability:
the critical induction is diﬀering less than 3% within a period of 1 year. We
have measured the surface tension σ = 30.57 ± 0.02 Nm and the density ρ =
1236 ± 5 kgm−3 . Via (4) these ﬂuid parameters yield a critical wave number
kc = 0.629 mm−1 and a critical wavelength of λc = 9.98 mm. Moreover we have
measured the magnetization curve M (H) and obtained an initial susceptibility of
χ0 = 1.172±0.005. Despite the polydisperse MF the Langevin function can serve
as a suitable approximation of M (H) in the initial regime (here up to 10 kAm−1 ),
when the ﬁt is restricted to this regime, as demonstrated in Sect. (2.3). Following
[2] the critical induction was determined from M (H), the critical magnetization
Mc and the jump condition at the bottom of the vessel to Bc = 17.22 mT. In
the experiments we have recorded 540 proﬁles, increasing and decreasing the
induction in a quasi-static manner from 16.7 mT (ﬂat) to 20.1 mT.
Evolution of the Amplitudes
Due to the inﬂuence of the container edges the Rosensweig relief is not always
perfect, see, e.g., the grain boundaries in Figs. 18 (b) and 20. Moreover the position of the peaks drifts slightly under variation of B. To make the comparison
with theory as close as possible, we select a peak in the center of the container,
and track its varying position by means of a voronoi tesselation. The height of
the peak is estimated by a paraboloidal ﬁt, its bottom by an arithmetic mean
of its minima in the six corners of the hexagonal voronoi cell. The diﬀerence
between height and bottom gives the amplitude.
Figure 23 displays its evolution under variation of the bifurcation parameter
ε = (B 2 − Bc2 )/Bc2 . The triangles denote the experimental values, the solid line
represents the result from the simulations. Both curves show a tiny hysteresis
and match nearly perfectly. However the presentation of the data with a common
bifurcation parameter ε is a comouﬂage for a small shift of the critical induction
of 3%: From a ﬁt of the experimental data by the roots (33) of the amplitude
equation (7) which is shown in [45] we obtain a critical induction of Bcexp =
16.747 ± 0.001 mT. The critical induction found in the simulations is Bcsim =
17.25 mT very close to the value Bc = 17.22 mT from the linear stability analysis.
This small deviation can be understood by inspecting the emerging pattern. As
shown in [46] pattern formation starts for increasing B at the border of the vessel
and extends successively toward the center until the hole vessel is covered. This
edge-induced imperfection can be as well the origin for the deviations in the
hysteresis.
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Fig. 23. Pattern amplitude as a function of the bifurcation parameter. The simulation
data are shown as a solid line only, whereas the experimental data are represented
by the upward (downward ) triangles for increasing (decreasing) magnetic ﬁeld, respectively. Figure from [46]

The Shape of the Peaks
Let us now consider the shape of the liquid crests. Figure 24 presents a direct
comparison of the measured proﬁle of one single peak selected from the center
of the dish with the shape from the simulations. The diagram displays a diagonal cut through the unit cell from one corner to the opposite corner at two
representative bifurcation parameters, ε = 0 and 0.35. There is no adjustable
parameter in this comparison, apart from centering the peak and normalizing to
the wavelength. While the theoretical and experimental results diﬀer near the
critical value because of the imperfection, as discussed in the last paragraph, the
data show a perfect match at higher amplitudes (ε = 0.35).
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Fig. 24. Comparison of experimentally and numerically obtained peak proﬁles at
ε = 0 (a) and ε = 0.35 (b). Squares (circles) mark experimental proﬁles for increasing
(decreasing) induction. The solid line gives the numerical result. Figure from [46]
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Fig. 25. Normalized proﬁles of diﬀerent peaks for experimentally (a) and numerically
(b) obtained data. They show that the shape changes only slightly. Figures from [46]

In order to investigate how the shape of the peak evolves under the bifurcation
parameter we rescale both the experimental and the numerical data such that
all peaks have the same width and height. In Fig. 25 we plot ﬁve diﬀerent
normalized peaks from the whole range. While the experimental values seem to
match perfectly due to the noise, the numerical data exhibit a certain tendency
to sharper peaks for increasing ﬁeld. However, this eﬀect is very small, so the
assumption of an invariant shape is a good approximation within the range
ε < 0.44.
From this we conclude that for small amplitudes the pattern can be approximated by the dominating Fourier mode, i.e., a hexagonal pattern made up of
three cosine waves:
A(x) =

1
2
(cos k1 x + cos k2 x + cos k3 x) + .
9
3

Here the wave vectors k1,2,3 enclose an angle of 120◦ , sum up to zero and have
the same absolute value k. The dominance of the fundamental mode can be
concluded from the towering height of the six yellow peaks in Fig. 21. Note that
it has a logarithmic z-axis. To give a quantitative measure to what extent the
higher modes are important, we ﬁt a hexagonal grid with the next two higher
harmonics to both the experimental and the simulation
√ data. The wave vectors
are k1 −k2 , k2 −k3 , k3 −k1 with the absolute value k2 15 and 2k1 , 2k2 , 2k3 with
the absolute value 2k. These vectors are displayed in ﬁgure 26 (a). Figure 26 (b)
shows the dependence of the components on the bifurcation parameter. As expected, the basic Fourier mode is the largest component which contributes over
90% even for the highest observed amplitude.
Evolution of the Wave Number Modulus
Figure 27 shows the experimental wave number for rising and falling magnetic
ﬁeld which has been determined in Fourier space (Fig. 21). For an increase in the
magnetic induction B, the wave number ﬁrst increases and then decreases slowly.
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Fig. 26. Amplitude of the ﬁrst three harmonics of the pattern. The wave vectors of
the extracted harmonics can be seen in (a): Solid thick lines represent basic modes,
solid thin lines modes of the form 2q1 , dashed lines modes of the form q1 − q2 . The
image is a logarithmic grayscale image of the Fourier transform at B = 20.1068 mT.
(b) Shows the amplitude of the modes. The lines mark the experimental data, the
crosses the results obtained by FEM calculation. From [46]
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Fig. 27. Wave number of the experimental peak pattern, as determined from Fourier
space. Triangles pointing downwards designate decreasing magnetic induction, upward
triangles stand for rising induction. The dotted line represents the critical induction
from Eq. (3), the dashed line is the critical wave number used in the simulations. The
solid line is a sketch of the preferred wave number and stems from the theory by
Friedrichs and Engel [31]. Figure from [46]

When B is diminished afterwards, k increases again, but to slightly smaller values
and thus exposes a small hysteresis.
Following the results of Friedrichs and Engel [31] we have seen in Sect. 3.1
that the critical wave number of maximal growth kc should always be larger than
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the wave number of the nonlinear pattern. However, in our experiment kc is less,
the diﬀerence being at most 3%. Further, the computed wave number decreases
monotonically with increasing magnetic induction. In our experiment, instead,
it has a maximum near the critical point. This also contradicts the ﬁndings of
Bacri [34] and Abou [45], which report a constant wave number. A constant wave
number for the ﬁnal pattern has also been found in our measurements reported
in Sect. 2.3 ‘See Fig. 9’.
All these previous experiments have in common that the container has
straight vertical edges corresponding to hard boundary conditions, which forces
the wave number to be an integer multiple of the reciprocal container diameter.
In contrast to that we equipped now our container with a ramp that should
give more freedom to the wave number. Such a ramp has been studied extensively, e.g., in the context of convection [75]. It is obvious from Fig. 27 that our
ramp permits diﬀerent wave numbers for one magnetic induction. Nonetheless
the boundary conditions do select a wave number that is not necessarily the
preferred one computed by Friedrichs and Engel [31].
Because of the rather small diﬀerence between the experimentally found wave
number and kc , the wave number modulus k has been ﬁxed to the critical value
kc = 0.629 mm−1 in the simulations (cf. Sect. 3.2). A numerical ab initio estimation of the wave number of the pattern for each induction is in principle possible.
This can be performed in analogy to the strategy followed by the variational
method (see Sect. 3.1). It involves calculating the surface pattern for diﬀerent
preset wavelengths. Afterwards the preferred wave number can be selected by
the minimum of the total free energy of the simulated proﬁles. However, this is a
future project. At present we are satisﬁed that the deviation of the experimental
wave number from the critical one is only about 3% at maximum.
In the evolution of the amplitudes according to Fig. 23 we could unveil only
a small hysteresis of 0.2 mT. In the next paragraph we are focusing on the hysteretic regime, which will be enlarged by utilizing a ﬂuid with higher susceptibility.
3.5 Ferrosolitons in the Hysteretic Regime
So far we have studied the hexagonal array of Rosensweig peaks emerging simultaneously under increase in the homogeneous magnetic ﬁeld. The extended
pattern is commonly seen as a resonant interaction of three degenerate wave
modes [5]. A diﬀerent, more “atomistic” approach to pattern formation regards
the hole lattice as a crystal of which an individual Rosensweig peak would stand
for an atom [76]. From this the question arises whether a Rosensweig spike can
also exist independently from the extended pattern? Such localized states ﬁnd
currently great interest in the theory of pattern formation.
In one dimension localization is familiar since the middle of the 19th century.
Then Sir John Scott Russel was following on horse back a single wave, which was
traveling for miles in a shallow channel, but did not disperse [77]. For this onedimensional soliton the dispersion is delicately balanced by the nonlinear laws
which determine the propagation of the soliton. In this way shape and velocity of
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the soliton are conserved. Examples for one-dimensional solitons are numerous
[78, 79]. They comprise optical solitons [80] in glass ﬁbers, as well as tsunamis.
In two dimensions, dispersive nonlinear systems are prone to collapse instabilities and hence the two-dimentional localized objects turned out to be more
elusive. So far, the list of experimentally detectable two-dimentional localized objects was conﬁned mostly to vortices in superﬂuids, superconductors, and other
media on one hand, and dissipative solitons [81] in nonequilibrium systems on
the other. While the stability of the former is due to their nontrivial topology,
for the stability of the latter a balance of strong dissipation and energy gain is
expected to be essential [76]. Examples include oscillons in ﬂuids and granular
materials [76, 82–86]; current ﬁlaments in gas discharge systems [87, 88], breathing spots in chemical reactions [89–92], convections in binary ﬂuid convection
[93–95], and feedback and cavity solitons in optics [96–98]. Figure 28 shows some
examples. For an extended list see [99].
Contrary to stabilization via nonlinearity/energy dissipation, a diﬀerent stabilization mechanism was presented in a rather general conjecture by Pomeau
[101, 102]. In a bistable system with an inherent spatial periodicity the wavefront
between the two states will not propagate continuously. Instead, the propagation velocity will be modulated by the periodicity of the system. For absence
of noise, or suﬃciently large structures, the wavefront might even be pinned by
the periodicity of the emerging pattern. This stabilization mechanism, termed
“wavefront locking” or “self-induced pinning”, has been also discussed within
the context of dissipative systems (see, e.g., [97, 103, 104]). However it has so
far not been demonstrated that it would be suﬃcient without any further dissipation. More generally, the question of whether two-dimentional nontopological
solitons can arise in conservative systems has remained open. The Rosensweig
instability is in its ﬁnal state a lossless system, as emphasized before, and has
due to its nonmonotonous dispersion relation a spatial periodicity. Thus it is in
its bistable regime an ideal candidate to investigate the above conjecture.
Experiment
In comparison to the tiny hysteresis observed in Sect. 3.4 we are aiming for a
larger bistable range in order to search for localized states. Because the bistable

(a)

(b)

(c)

(d)

Fig. 28. Four examples of two-dimensional dissipative solitons: (a) oscillons [76], (b)
clay solitons [83], (c) current ﬁlaments [100], and (d) cavity solitons [97]
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range is expected to scale with the square of the susceptibility [105] we have
selected a ﬂuid with a comparatively high initial susceptibility of χ0 = 2.1. A
R
Teﬂon
vessel with the radius R = 60 mm and depth of 3 mm [39] is ﬁlled
with MF up to the brim and placed on the common axis midway between a
Helmholtz pair of coils. The top-to-bottom amplitude A of the ﬂuid pattern in
the center of the vessel is measured via radioscopy, as sketched in Sect. 3.3.
Figure 29 displays the hysteretic behavior of A(B) for the adiabatic increase and
decrease of B, depicted by diamonds and circles, respectively. The solid and
dashed lines display a ﬁt to the roots (33) of the amplitude equation (7), which
is convincing.
We are now utilizing the extended hysteretic regime in order to investigate
the stability of the ﬂat surface against local perturbations within this regime.
For that purpose a small air coil was placed under the center of the vessel. This
allows to increase, locally, the magnetic induction. A local pulse of B+ = 0.68mT
added to the uniform ﬁeld of B = 8.91mT, produces a single stationary spike of
ﬂuid, surrounded by a circular dip, which does not disperse after B+ has been
turned oﬀ. Figure 30 presents a photo and Fig. 29 (b) a surface reconstruction
of this radially symmetric state which will be referred to as the ferrosoliton. A
movie demonstrating the birth of these ferrosolitons can be accessed in [1]. The
range of stability of a ferrosoliton alongside the hysteretic regime is marked in
Fig. 29 by black symbols.

Fig. 29. The amplitude of the Rosensweig pattern versus the applied magnetic induction for an MF with the parameters μr = 3.2, ρ = 1.406 g cm−3 , and σ = 25±0.7 mN/m.
The green diamonds (blue dots) mark the data for an increase (decrease) of B, respectively. The experimental data have been ﬁtted (solid line) by (33) with γ = 0.281 and
g = 0.062. The inset (a) displays a radioscopic surface reconstruction of the Rosensweig
pattern. The colored stripes are indicating an increase in height by 1 mm. Inset (b)
gives the reconstruction of a Ferrosoliton initiated at B = 8.91 mT. Its amplitude is
marked by full circles (squares) for increasing (decreasing) induction, respectively
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Fig. 30. A single ferrosoliton surrounded by the unperturbed magnetic liquid. The
magnetic induction generated by the Helmholtz pair of coils amounts to B = 8.91 mT.
The amplitude of the local pulse which produced the soliton was B+ = 0.68 mT at the
bottom of the vessel

The ferrosoliton is a stable nondecaying structure; it remained intact for days.
In contrast to previously detected dissipative two-dimentional-solitons, like oscillons, it is a static object without any dissipation of energy. Thus the stabilization
mechanism discussed for dissipative two-dimensional-solitons, a balance of dissipation versus nonlinearity, cannot be valid here. In order to shed some light at
its mechanism of stabilization we compare in Fig. 31 the azimuthally averaged
height proﬁle of ferrosolitons with the one of regular Rosensweig peaks. In agreement with Fig. 29 the soliton is about 1 mm taller than the spike of the lattice.
This may be attributed to the fact that the spikes emerge simultaneously, and
thus have to share the liquid available. Most importantly, the width of the soliton
is equal to the period of the lattice. Therefore there is a preferred wavelength in
the system, deﬁned by the lattice, and the soliton locks to this wavelength, as
suggested by Pomeau [102].
A Simple Model for the Stabilization of Ferrosolitons
Following Sakaguchi and Brand [107], who were investigating width locking for
dissipative solitons in a Swift–Hohenberg equation, we show now that this width
locking can be modeled on a qualitative level in a conservative system [106]. A
conservative analog of the Swift–Hohenberg equation is given by
ü + (k02 + ∇2 )2 u + au = 3bu2 − 2cu3 ;

b, c > 0.

(39)

Equation (39) can be used as a model since (a) it has a nonmonotonous dispersion relation ω 2 = a + k04 − 2k02 k 2 + k 4 , where, as in (1), the destabilizing k 2 term
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Fig. 31. The ﬁlled squares mark the proﬁle of one period of the hexagonal pattern,
measured at B = 9.07 mT in the center of the vessel; r < 8.8 mm. Azimuthally averaged
height proﬁles of two diﬀerent solitons, measured at the same induction are depicted
by open symbols (one) and a dashed line (the other). From [106]

is opposed by a higher power of k; and (b) it has a symmetry-breaking hysteretic
nonlinearity which was shown to provide a fairly accurate approximation of the
amplitude of the hexagonal pattern [31] (see Fig. 29). We have veriﬁed, numerically, that (39) does indeed have a stable stationary radially symmetric soliton
solution coexisting with stable hexagons in a broad parameter range. Its stability can be explained by a Derrick-type argument for the corresponding energy
functional,

(40)
E = [u̇2 + V (u) − 2k02 (∇u)2 + (∇2 u)2 ]d2 x.
Here V (u) = (a + k04 )u2 − 2bu3 + cu4 . A scaling perturbation u(x) → u(κx) takes
the stationary energy to



1
2
2
2
2 2
2
E(κ ) = 2
V d x − 2k0 (∇u) d x + κ
(∇2 u)2 d2 x.
κ
The ﬁrst term (nonlinearity) opposes the dispersive broadening of the soliton (for which κ → 0), while the last one prevents the nonlinear blow-up
(for which κ → ∞). In a similar way, the ﬁrst and last terms in (1) make
contributions to the energy which scale as κ−1 and κ, respectively. The ﬁrst
term (along with the nonlinearity) opposes the spreading and the last one
the blow-up. Next, setting the derivative (dE/dκ2 )κ=1 to zero, gives
arrests
2
V d x = (∇2 u)2 d2x. Using this relation, the second derivative, d2 E/d(κ2 )2 ,
is calculated to be 2 (∇2 u)2 d2 x > 0, which means that the soliton renders the
energy minimum. If (39) did not include the higher-derivative term, the energy
would not have a nontrivial minimum. The introduction of a higher-derivative
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(or, equivalently, the non-monotonicity of the dispersion curve) sets a preferential
wavelength in the system–to which the soliton locks and stabilizes.
Numerical Simulation of Ferrosolitons
Recently ferrosolitons have been observed as well in numerical simulations of the
Rosensweig instability by means of the ﬁnite element method [65, 108]. Instead
of a local ﬁeld perturbation applied in the experiment, the numerics starts with
a local perturbation of the surface, which is as well successful in the experiment.
The preliminary numerical results have been obtained for the ﬂuid parameters of the experiment, but under assumption of a linear magnetization curve.
They agree qualitatively with features seen in the experiment: The ferrosoliton
coexists in the bistable regime with the regular Rosensweig pattern, but has
an elevated amplitude, as shown in Fig. 32. The results for a simpliﬁed axisymmetric model and a fully three-dimensional calculation are shown. Obviously the
axisymmetric model (marked by upward triangles) cannot simulate the transition
from the ferrosoliton to the regular pattern near the critical ﬁeld. In the threedimensional calculation (marked by downward triangles) this transition takes
place slightly above the critical one, which has also been seen in the experiment.
Moreover Fig. 33 displays the shape transformations of the localized object for
diﬀerent magnetic ﬁelds. With higher ﬁelds the peak amplitude increases and the
surrounding circular ditch becomes deeper in close analogy of the experimental
ﬁndings.
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Fig. 32. Peak height versus applied magnetic ﬁeld, as obtained from FEM calculations.
The full (empty) circles show the height of the axisymmetric pattern approximation for
increasing (decreasing) ﬁeld, respectively. The full (empty) diamonds mark the height
for the hexagonal relief for the increasing (decreasing) ﬁeld. The upward (downward)
triangles give the height of the axisymmetric (three-dimensional) ferrosoliton, respectively. From [65]
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Fig. 33. Surface proﬁles of the ferrosoliton obtained from the axisymmetric model
for the external magnetic ﬁelds H0 = (8.6, 8.8, 9.0, 9.2, 9.4, 9.6.)kA/m for the ﬂuid
parameters of EMG 909, as presented above. From [65]

So far the qualitative aspects of the ferrosoliton could be veriﬁed in numerics.
For a forthcoming quantitative comparison however, the nonlinear magnetization
law has to be taken into account.
Multiple Ferrosolitons: Repulsion and Binding
Applying, repeatedly, pulses of B+ and allowing the newly born ferrosolitons to
drift away from the site of the probe coil, we were able to generate two, three,
and more solitons. Figure 34 presents an example of a 9-soliton conﬁguration,
with only one remaining at the center. In this way, it is possible to increase the
surface energy of the liquid layer in steps. This is shown in Fig. 35 which also
shows the surface energy of the Rosensweig pattern as a hysteretic function of
B. Thus, one can reach the region between the two branches of this function
which is not accessible for the standard Rosensweig instability.
Could ferrosolitons serve as building blocks in the formation of periodic patterns? We have observed that, if additional care is taken to suppress the edgeinduced inhomogeneity of the magnetization, solitons can form molecule-like
clusters (Fig. 36). This may seem to contradict the repulsive nature of the magnetic dipole–dipole interaction; however, there is a simple mechanism that can
account for the binding. Indeed, each soliton is surrounded by concentric dips
representing ring-like regions of depleted surface. For B approaching Bc we observe an oscillatory decay of the proﬁle, which then comprises several rings. The
innermost, deepest, ring is clearly visible in Figs. 30, 31, and 34; the dips create
a potential relief which may capture the partner soliton(s).
Bound structures of dissipative solitons of equal polarity have been observed
for solitary current ﬁlaments [87], and in an optical pattern-forming system [97].
In both cases these solitons show an oscillatory decay (see also Fig. 28 c, d) which
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Fig. 34. Nine solitons at B = 8.91 mT. From [106]
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Fig. 35. The surface energy of the liquid layer for increasing (open squares) and
decreasing (circles) magnetic induction. The full circles mark the increase of Es through
the successive generation of solitons at B = 8.91 mT (see also inset). To reduce the
inﬂuence of the perimeter spikes, only the area r < 0.88 R was covered, where R is the
radius of the vessel. From [106]

served to explain their binding or at least preferred mutual distances [97, 109].
Bound structures have also been reported for oscillons of equal polarity in a
numerical investigation of a Swift–Hohenberg model [110].
As the number of solitons in Fig. 36 grows, the multisoliton cluster evolves toward the hexagonal Rosensweig lattice. It still remains to be understood whether
the cluster–lattice transition requires additional excitation energy.
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Fig. 36. The solitons can form molecule-like clusters: (a) di-, (b) tri-, (c) tetra-, (d)
penta-, (e) hepta-, and (f ) oligomers. The height is indicated by switching between
black and white after each mm. Here B = 8.71 mT; each panel covers the area of
(87mm)2 .

Discussion
We found stable two-dimentional ferrosolitons in the bistable regime of the
Rosensweig instability. Because of the conservative nature of the ferrosolitons,
and unlike the localized objects observed previously in dissipative systems, the
balance of dissipation and energy gain plays no role in their stabilization. Instead,
we suggest that a stabilization mechanism is valid, which appeals to the locking
of the ferrosoliton to the wavelength imposed by the nonmonotonic dispersion
relation (1). This mechanism can also be at work in other conservative systems
with preferred wavelengths, e.g., in elasticity [111]. Recently an electrostatic instability at the surface of liquid 4 He came to our attention. Together with a
hexagonal lattice of dimples a single dimple has been observed by Leiderer et
al. [112]. This dimple is possibly an electrostatic counterpart to the ferrosoliton,
though no connection to a bistability was drawn therein.
The ferrosolitons are easy to generate and control and they are easily set in
motion, e.g., by small ﬁeld gradients; this opens ways for studying their binding
to larger structures. So far we could generate molecule-like clusters of ferrosolitons. These clusters resemble elementary units of localized states obtained by
Coullet et al. [113] by numerical simulation of a generalization of the Swift–
Hohenberg equation. Even more connections to this model can be drawn. The
transition from the unstructured ground state to hexagonal lattice takes place
at Bc = 9.025 mT. With a ferrosoliton present at the surface the transition is
shifted by 30μT to higher induction, with a tiny diﬀerence of 0.3 %. This diﬀerence is also recovered in the FEM calculations. A similar diﬀerence between the
crystallization transition for the plain phase with and without localized objects
was reported in [104, 113].
Because the objects have just recently been uncovered more experimental,
numerical, and analytical investigations aiming at their range of stability, their
binding, and their growth rate are needed, which are currently under way.
3.6 Hexagon–Square Transition
For overcritical magnetic inductions the variational method [29–31] predicts a
second threshold, above which hexagonal and square planforms coexist, as reported in Sect. 3.1. Indeed we observe for increasing overcritical inductions a
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Fig. 37. X-ray absorption image of diﬀerent states of the pattern observed with the
ﬂuid APG 512 A from Ferrotec. Fluid parameters are initial susceptibility χ = 1.17,
density ρ = 1236 kg m−3 , surface tension σ = 30.6 mN m−1 , viscosity η = 120 mPa s.
Hexagonal pattern (a) observed at B = 19.78 mT and square pattern (d) at B =
38.05 mT as well as mixed states at (b) B = 21.92 mT and (c) B = 22.07 mT. From
[114]

transition from the hexagonal pattern, shown in Fig. 37 (a) to a square one, as
displayed in Fig. 37 (d). So far the transition can be found only for the experimental conﬁguration of Sect. 3.4, i.e., for the ﬂuid APG 512 A in a deep container.
This hexagon–square transition has been previously observed by Allais et al.
[52] and Abou et al. [45] for the same type of MF. The latter have investigated
the role of penta–hepta defects for the mechanism of the transition. Moreover,
the evolution of the wave number was measured for an adiabatic increase and
a sudden jump of the magnetic induction. However, these remarkable studies
were limited to the planform of the patterns and could not take into account
the surface topography of the problem. Square patterns in MF have also been
obtained in FEM calculations by Boudouvis et al. [35].
The transition between hexagonal and square planforms has been observed
in several other experiments, like in Bénard–Marangoni convection [115–117], in
an optical pattern-forming system [118] and in vibrated granular matter [119]. In
theory the competition between hexagons and squares has been studied mainly
for convection [59, 120–122].
The transition is especially interesting because it is a smooth morphological
one. Kubstrub et al. [60], e.g., have studied fronts between hexagons and squares
in a generalized Swift–Hohenberg model. They found pinning eﬀects in domain
walls separating diﬀerent symmetries, as suggested by Pomeau [102]. These pinning eﬀects are responsible for the static coexistence of both patterns in an
extended parameter range. Note that we have observed wave front pinning as
well in the last paragraph within the context of ferrosolitons. Also in the diﬀerent
context of ferromagnetism pinning eﬀects between diﬀerent domains of magnetic
ordering are known to cause a hysteresis of the magnetization [123, 124]. What
would be an appropriate order parameter for our context, which is capable to
unveil a possible hysteresis?
First we test the local amplitude of a selected peak from the center of the dish
and the wave number of the pattern. Next we focus on diﬀerent order parameters
tailored to this problem and adapted from various scientiﬁc ﬁelds.
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Amplitude of the Pattern in Real Space
We recorded 500 images at diﬀerent magnetic ﬁelds, raising the induction adiabatically from 0 to 38.1 mT and decreasing to zero afterwards. Figure 38 shows
the dependence of the height of one single peak selected from the center of the
dish, and tracked thereafter, as a function of the applied magnetic induction.
At a ﬁrst glance, the amplitude seems to be continuous in spite of the picture
given by Gailitis [29] and Friedrichs and Engel [31]. Obviously the height of the
peak is only slightly inﬂuenced by the geometry of the embedding pattern. A
more careful comparison with the ﬁt by the amplitude equation (33) of the peak
heights for decreasing ε, however, reveals some deviations (see, e.g., the arrow
in Fig. 38). In the range above the arrow the peak is situated inside a square
domain and the amplitude can therefore be ﬁtted by (32). Below it is embedded
in a hexagonal domain and hence the ﬁt by (33) is a convincing description of
the data. Because the shift of the amplitude is small, the latter is not a sensitive
order parameter for this transition.
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Fig. 38. Amplitude of the nonlinear pattern in real space, extracted from one single
peak in the center of the dish. The triangles denote the amplitude for increasing induction, the circles for decreasing induction. The solid line gives a ﬁt with (33). The
dashed line is a ﬁt of the upper branch for the range ε > 1.9 with (32). For the arrow
see the body text. From [114]

Wave number of the Pattern
Another important measure which discriminates between the two patterns is the
wave number. As shown by Friedrichs and Engel [31], the preferred wave number
of squares is always less than those of hexagons in the region of coexistence.
Figure 39 shows the wave number modulus as a function of the applied magnetic
induction determined from Fourier space. We ﬁnd a strong hysteresis, that goes
alongside the diﬀerent patterns.
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Fig. 39. Wave number of the pattern as a function of the applied magnetic induction.
Circles (squares) denote the values for increasing (decreasing) induction. In the region
shaded in gray we ﬁnd the coexistence of hexagonal and square
patterns. The horizontal
line displays for comparison the capillary wave number kc = ρgσ0 = 0.63 mm−1 . From
[114]

When increasing the magnetic induction, the surface remains ﬂat up to the
critical induction Bc = 16.7 mT, where a hexagonal array of peaks appears.
Local quadratic ordering appears initially at a threshold of BHSi = 20.7 mT,
and the whole container is ﬁnally covered with a square pattern at BHSf =
27.4 mT. Increasing the induction further, no new transition occurs until the
maximum induction B = 38.1 mT is reached. When decreasing the ﬁeld, the
ﬁrst hexagons appear already at BSHi = 29.5 mT. Surprisingly, the comeback of
the hexagons occurs at a higher ﬁeld than the transition therefrom, i.e., BSHi >
BHSf . The same holds true for the pure hexagonal pattern, which comes back
at BSHf = 23.7 mT, i.e., BSHf > BHSi . We will refer to this phenomenon as an
inverse hysteresis, which is known as a proteresis in pharmacodynamics [125].
This observation is in agreement with the measurements of Abou et al. [45].
The wave number is continuous during the transition, but it has a dramatic
increase around B ≈ 17.5 mT when decreasing the ﬁeld, where it quickly relaxes
to the initial value. The general tendency that the wave number decreases with
increasing ﬁeld agrees with theoretical predictions by Friedrichs and Engel [31],
whereas any hysteresis eﬀect has not been predicted.
Neither the amplitude nor the wave number can clearly distinguish between
square and hexagonal patterns. The amplitude is provided only on the basis of
local information and is therefore only slightly inﬂuenced by the pattern. The
wave number comprises global information and depends strongly on the pattern,
but from its magnitude alone it is not possible to decide about the actual pattern.
This points to a combination of local and global information from real space and
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Fourier space. We show in the next paragraph that it is in this way possible to
extract pattern-speciﬁc amplitudes.
Fourier Domain-Based Correlation
The symmetry of the pattern is reﬂected in the Fourier space, as shown in
Fig. 40. Both the hexagonal and the square patterns produce clear individual
peaks (a, c), while the Fourier transform of a mixture of both patterns results
in a ring (b). With an angular correlation function, following [126], it is possible
to discriminate between the amplitude contribution of the hexagonal (AH ) and
square (AS ) planforms, as described in detail in [114].
Figure 41 shows the amplitude A in real space, as discussed in Sect. 3.1,
together with AH and AS . The amplitude of the single peak in the center is cum
grano salis an upper bound of AH and AS . However, the smaller of both has a
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Fig. 40. Fourier transform of the pattern at three diﬀerent magnetic inductions with
increasing induction, (a) B = 19.78 mT, (b) B = 22.07 mT, and (c) B = 28.92 mT.
From [114]
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Fig. 41. Amplitude of the central peak (solid ) and Fourier domain correlation amplitudes AH for the hexagonal (dotted ) and AS for the square pattern (dashed ), respectively, for increasing (a) and decreasing (b) magnetic induction. From [114]
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nonnegligible value even for ranges, where the pattern appears to be homogeneous to the naked eye. For example, the hexagonal range [Bc , BHSi ] in Fig. 41 (a)
gives still a ﬁnite AS . This is due to two diﬀerently oriented hexagonal patterns,
which are tilted by an angle of 30◦ . They are separated by a grain boundary
made of penta hepta defects (see Fig. 37 a). The tilted smaller patch manifests
itself as the intermediate structures in Fourier space in Fig. 40 (a). This leads to
a positive correlation between those two patterns in Fourier space at 90◦ .
When increasing the ﬁeld, this grain boundary moves to the border immediately before B = BHSi and therefore AS goes down. Right after this the transition
to squares at B = BHSi leads to an increase of AS , which continues to follow the
amplitude of the central peak, while AH goes down, indicating that the hexagonal pattern vanishes. However, even though at B = BHSf the whole dish is
covered with squares, AH does not decay to zero. This is due to the background
noise, that always leads to a ﬁnite correlation in any direction.
The character of the transition between trigonal and square symmetry is a
smooth one, which becomes clear from Fig. 41 (b). Both order parameters AS
and AH are continuous at the transition point BHSi . Thus we have a secondorder transition, whereas the transition from the ﬂat state to hexagons is of ﬁrst
order.
In the next paragraph we take a closer look at the mechanism for the smooth
transition. For that purpose we inspect Voronoi diagrams.
Voronoi Diagram for Local Information in Real Space
A classical tool for the analysis of nearest neighbors of a set of points, called sites,
is the Voronoi diagram [127]. Four Voronoi diagrams taken for increasing magnetic induction are shown in Fig. 42. The two-dimensional Voronoi tesselation
over a discrete set of sites
(41)
S = {xi } , xi ∈ R2
is deﬁned in terms of nearest neighbors: The Voronoi cell Vxi corresponding to
the site xi is the set of points, that is closer to xi than to any other site:


Vxi = x ∈ R2 , |x − xi | < |x − xj | ∀j, j = i
(42)
The Voronoi cells are the interior of convex polygons which tesselate the entire
space R2 . The nearest neighboring sites of any given site xi are then deﬁned by
all xj , where the Voronoi cell Vxj shares a common edge with Vxi . Note that
these “nearest neighbors” generally do not have the same distance from xi for
irregular distributed sites, which is usually the case for measured data.
We extract the position of the peaks with sub-pixel accuracy by ﬁtting a
paraboloid to the center of each peak. From these coordinates we construct the
Voronoi diagram. Since the Voronoi diagram of a regular hexagonal or square
lattice is a regular hexagonal or square tesselation, where the sites are the center
of the cells, one might expect that the number of edges serves as a criterion of
the local ordering. Unfortunately, a real quadrilateral is singular in the Voronoi
diagram. This is because an inﬁnitesimal slight distortion of a square lattice of
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Fig. 42. Colored Voronoi diagram over the center of the peaks for (a) B = 19.78 mT,
(b) B = 21.92 mT, (c) B = 22.07 mT, and (d) B = 28.92 mT. The bar below indicates
the color code, which is derived from the maximum central angle α of each cell of the
pattern. The color code hue value in HSB color space is set to h = 1 − πα/2 with full
brightness and saturation. From [114]

sites results in Voronoi cells mostly made up of hexagons with two tiny edges that
look like squares. But there is a number of metric quantities listed by Thiele and
Eckert [116], namely angle, cell perimeter, and cell area, which are not aﬀected
and can therefore be employed. The diagrams in Fig. 42 are color coded with the
maximum central angle of each cell. For ideal hexagons this angle is around 60◦
(a), and for square-like hexagons around 90◦ (d).
This method can visualize the mechanism for the smooth transition. In
Fig. 42 (a) almost all Voronoi cells are hexagonal (green), apart from a line of
penta–hepta defects (dark green and yellow). Upon increase of B, this pattern
remains stable up to BHSi . For B slightly above BHSi , two domains of square
cells have been formed (Fig. 42 b). The invasion of the hexagonal pattern by
the square one takes place domain wise. This is corroborated when looking at
(c), where another patch of squares has emerged. Obviously the domain-like
transformation of the pattern is responsible for the overall smooth transition. A
sudden transform into a pure square array is probably hindered by pinning of
the domain walls. The ﬁnal square state is shown in Fig. 42 (d).
In the next section, we employ the remaining metric parameters for a quantitative analysis.
3.7 Cell Perimeter and Area
According to Thiele and Eckert [116], the perimeter–area ratio can be utilized
to distinguish between hexagonal and square symmetry. The relations of the
perimeter Π and the area a of regular planforms diﬀer for hexagons and squares;
as a function of the wavelength λ they fulﬁll the following equations:
Π6 = 4λ,

Π4 = 4λ,

a6 =

2√ 2
3λ ,
3

and a4 = λ2 .

(43)
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Thus, a plot of the average perimeter versus the average cell area leads to a
square root with diﬀerent factors:
+√
√
3√
Π6 (a6 ) = 4
a6 and Π4 (a4 ) = 4 a4 .
(44)
2
From
√ that we
√ deﬁne the circularity κ, a normalized area–perimeter ratio, by
κ := a / Π ·2 π, which becomes 1 for a perfect circle and is less for polygons. It
is shown in Fig. 43 as a function of the magnetic induction. A regular tesselation
√
√
for hexagons results in κ6 = π6 3 ≈ 0.952 and κ4 = 2π ≈ 0.886, respectively.
Both limits are marked in Fig. 43 by horizontal lines.
The order parameter κ clearly shows that the hexagonal ordering is nearly
perfect, because the experimental data meet the theoretical limit κ6 quite well.
For increasing B, κ decays on a jerky path, indicating a blockwise transformation
from trigonal to square symmetry – a macroscopic analogy to the Barkhausen
eﬀect. Obviously, the minimal value κ4 ≈ 0.886 is not reached, probably due
to the instability of squares in the Voronoi tesselation. Under decrease of B,
κ follows a diﬀerent, smoother path. All in all, the circularity shows a broad
hysteresis, which behaves inverse to the common hysteresis (known from Sect. 3.5
and ferromagnetism) in that way, that it shows no retardation, but an advanced
behavior.
The visualization in Sect. 3.6 uses the maximum central angle of the cells.
Now we want to propose a method that makes use of all central angles of the
Voronoi cells.
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Fig. 43. The plot of the circularity κ for increasing (triangles) and decreasing (circles)
magnetic induction displays a (inverse) hysteretic transition from hexagons to squares.
From [114]
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Angular Correlation Function
Inspired by Steinhardt et al. [128], who introduced a local order parameter in
three dimensions, we propose the local angular correlation Qm as a transformation of the central angles:
Qm

2

N

1 *

imφi 
=
e
 ,

N

(45)

i=1

where φi is the angle enclosed by an arbitrarily chosen axis and the line through
the selected peak and its ith nearest neighbor. For regular polygons with N sides,
this parameter gives 1 exactly when m is an integer divisor of N and 0 otherwise.
For irregular polygons, the result may be any value in the range [0 . . . 1]. We apply
the parameters Q4 and Q6 to our experimental data and average over all cells.
Figure 44 presents the behavior of Q6 . It shows a smooth, nearly ideal inverse
hysteretic cycle, which can be ﬁtted by two logistic functions. Most importantly,
Q6 clearly reﬂects the visual impression of the pattern, as revealed by comparison
with the thresholds.
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Fig. 44. Plot of the angular correlation function Q6 in real space versus the control
parameter B. The solid line marks a ﬁt with the logistic function. From [114]

Discussion
We looked at the hexagon–square transition, taking for the ﬁrst time into account
the full surface topography. The characterization of the transition is diﬃcult because trigonal and quadrilateral symmetry coexist in an extended parameter
range. From the recorded surface reliefs we have extracted a set of order parameters. The classical observables, amplitude and wave number, show some kind of
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hysteretic behavior, but are not speciﬁc enough to catch the state. The combination of methods from the real and inverse space, like the Fourier domain-based
correlation, uncover a smooth transition of second order. The Voronoi diagrams
reveal a domain-wise transformation, suggesting a pinning mechanism. We have
tailored two further measures, namely the circularity κ and the angular correlation Q, which can map the complex transition in agreement with the visual
impression. These show an inverse (advanced) hysteresis, called proteresis in
pharmacodynamics [125]. This proteresis is unexpected and cannot be explained
by the bistability of hexagonal and square planforms. Possibly the transition just
appears to be proteretic but is actually mediated via a stable interstitial state of
a quasi-periodic lattice [104, 129], which has not been uncovered in theory due
to the analytical diﬃculties to estimate the energy functional of such a lattice.
The block wise transformation in the experiment does not necessarily contradict
this hypothesis. It may be attributed to boundary eﬀects. In order to exclude or
validate the hypothesis of an intermediate state experiments with larger aspect
ratio are necessary. Of course also numerical calculations would be supportive.
They should apply the various measures used in the experiment.
When comparing the two hysteretic transitions presented so far, namely the
transition from the ﬂat reference state to the hexagonal lattice and the hexagon–
square transition, we see that both originate from the bistability of two patterns.
In the ﬁrst case, the energy barrier between the ﬂat state and the hexagons is
huge. Only by applying a local perturbation we can observe both states side by
side in one container. The ferrosolitons are hindered to penetrate into the ﬂat
surface by pinning of the wavefronts. In contrast, the energy barrier between
hexagonal and square structures is lower and the pinning of the domain walls
can be overcome under variation of the control parameter. This results in a
blockwise transformation.
3.8 Breaking the Symmetry: The Tilted Field Instability
In all experiments reported above, the ﬁeld was oriented normally to the horizontal surface layer, i.e., we have investigated the normal ﬁeld instability. This is an
isotropic system. One of the characteristics of isotropic systems is the possibility
to bifurcate to hexagons from an unstructured ground state, which is due to the
existence and interaction of three degenerate wave numbers [5]. This situation is
structurally unstable, however, the smallest distortion of this symmetry acts as a
singular perturbation and will lead to a qualitatively diﬀerent instability, namely
a primary bifurcation to a stripe like pattern. For the case of thermo-convection
a lateral ﬂow is suﬃcient to break the symmetry, as demonstrated in an early
experiment [130]. In a more recent, optical experiment the anisotropy was introduced via an asymmetric Fourier ﬁlter, resulting in an interesting scenario
from hexagons via rhomboids to stripes [131]. In these examples it is diﬃcult to
distort the symmetry at measure.
The Rosensweig instability oﬀers a convenient and controllable way to break
the symmetry via application of a tilted ﬁeld. Already Zelazo and Melcher have
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realized that a tangential ﬁeld component delays the onset of the surface instability [132]. A ﬁrst observation of liquid ridges in such a ﬁeld conﬁguration
was presented by Barkov and Bashtovoi [18]. Apparently no further experiments
have been reported. Only recently two theoretical groups became aware of the
problem. Bajaj and Malik deduced the existence of nonequilateral patterns from
model amplitude equations [133].
As an extension of the work reported in Sect. 3.1 Friedrichs has calculated
the stability diagram of the tilted ﬁeld instability via minimization of the free
energy [134]. The results are summarized in Fig. 45. It displays the stability
regions in the plane spanned by the horizontal and vertical components of the
magnetic ﬁeld. Ridges (R) are stable in the regions hatched with stripes, and
quadrangles which are made up from two wave modes (2M ) are stable in the
cross-hatched area. In the region left to the thick line, a three-mode solution
(3M ) exists, which forms “stretched” hexagons.
For vanishing horizontal ﬁeld component |HX /HC | = 0 an increase of HZ
results in the familiar subcritical transition to regular hexagons at |HZ /HC | = 1.
The slightest horizontal ﬁeld component, however, is predicted to change this
transition. Ridges appear supercritically via the primary bifurcation. Their interaction with waves along the less-favored direction gives rise to stretched hexagons
via a secondary bifurcation, which is subcritical. These detailed predictions call
for an experimental veriﬁcation.
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Fig. 45. Stability regions in the plane spanned by the horizontal and vertical components of the magnetic ﬁeld, normalized by the critical ﬁeld HC . The results are for a
ﬂuid with μr = 1.3. Ridges (R) are stable in the region hatched with stripes, and the
two-mode solution (2M ) is stable in the cross-hatched region. In the arc to the left of
the thick line the three-mode solution (3M ) is stable. Note that in certain sections of
this area the system is bistable. The triangles and squares denote the site of estimations
presented in [134], where this ﬁgure stems from
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Experiment
In the following we present a quantitative characterization of the primary bifurcation to liquid ridges and a secondary bifurcation to a pattern of stretched
hexagons, as shown in Fig. 46, via the use of the magnetic measurement technique, sketched already in Fig. 22. Speciﬁcally, we measure the threshold induction Bp and Bs for the primary and secondary instabilities, respectively for
various angles of tilt ϕ.
With the setup of Fig. 22 the magnetic ﬁeld can be tilted toward the x-axis via
an inclination of the Helmholtz pair of coils. Increasing the magnetic induction,
we observe a transition from the ﬂat layer of magnetic ﬂuid to the pattern of
liquid ridges, displayed in Fig. 46 (a,c). The wave vector of the pattern is oriented
along the y-axis and thus perpendicular to the horizontal ﬁeld component. The
vertical component of the local magnetic induction was measured by means of
the sensor array oriented parallel to the wave vector. In order to reduce the
spatial inhomogeneities of the magnetization caused by the ﬁnite container size,
the spatial variation measured at a subcritical induction of 20.5 mT is subtracted.
The ensuing local induction B(x) is presented in Fig. 47 for diﬀerent values of
the applied magnetic ﬁeld, measured at the tilt angle ϕ = 32◦ . The open circles
mark the data, the solid line gives the least square ﬁt to

Fig. 46. Surface patterns of MF in a magnetic ﬁeld tilted by the angle ϕ = 23◦ to
the vertical. Surface reﬂections of the liquid ridges for the vertical induction B̄ = 20
mT (a) and of the tilted crests for B̄ = 32 mT (b). The side view of the patterns is
presented in (c) and (d), respectively. The experiments utilize the ﬂuid EMG 909 (Lot
F061998B) from Ferrotec Corp., with μr = 2.11. From [74]
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Fig. 47. Proﬁles of B(x) for diﬀerent values of the applied magnetic ﬁeld. The open
circles mark the data and the solid lines the ﬁts by (46). From [74]

B(x) = AR · cos(qx − ψ) + B̄.

(46)

Here AR denotes the modulation amplitude, q the absolute value of the wave
vector, ψ the phase, and B̄ the mean value of the induction.
The square of the modulation amplitude AR is plotted in Fig. 48 versus the
control parameter B̄. The monotonous increase after the critical induction Bp is
characteristic for a supercritical bifurcation. It can be described by the solution
of the stationary amplitude equation [5]
0 = p AR − gp A3R + bp .

(47)

In accordance with the symmetry of the problem p = (B̄ 2 − Bp2 )/Bp2 was selected to be the dimensionless bifurcation parameter, gp is a scaling-, and bp

Fig. 48. Square of the modulation amplitude of the liquid ridges versus the mean
magnetic induction B̄ of the array detector. The solid (dotted) line gives a ﬁt by (47)
with Bp = 21.17 mT, gp = 21.16 mT−2 , and the imperfection bp = 4.3 · 10−5 mT
(bp = 0), respectively. From [74]
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the imperfection parameter for the primary bifurcation. The solid line in Fig. 48
gives the ﬁt of the experimental data by the solution of (47). The dotted line
displays the solution without imperfection (bp = 0 mT).
Increasing the control parameter further initiates a secondary instability to
the stretched hexagonal pattern as displayed in Fig. 46 (b,d). The blow-up in (d)
indicates that the crests riding on top of the ridges are asymmetric with respect
to the wave vector of the ridges. Thus the pattern (of stretched hexagons) lacks
any non–trivial rotational symmetry.
For a quantitative analysis of the secondary instability a series of 400 measurements of the local induction B(x) has been performed for ϕ = 23◦ for
increase and decrease of the control parameter B̄. In order to detect both,
the ridges and the crests, the sensor line was now oriented with an angle
ω = (75.8 ± 0.05◦ ) to the y-axis. By ﬁtting a surface model to the recorded
magnetic proﬁles we can extract the amplitude of the stretched hexagonal pattern AH as explained in detail in [74].
The latter is plotted in Fig. 49 versus the control parameter B̄. The open
squares (circles) mark the data for an increase (decrease) of B̄, respectively. The
hysteresis is characteristic for a subcritical bifurcation, which has been predicted
for the transition from ridges to stretched hexagons [134].
Next we describe the amplitude AH of the hexagons after the secondary
bifurcation at s = (B̄ 2 − Bs2 )/Bp2 . In the spirit of a weakly nonlinear analysis
slightly above s , we use the amplitude equation
0 = s AH + γ1 (1 + γ2 s )A2H − gs A3H + bs .

(48)

Here the coeﬃcients in (48) have been obtained by a ﬁt to the measurements in
order to circumvent their tedious calculation from the basic equations. To avoid

Induction B (mT)

Fig. 49. Amplitude AH of the stretched hexagonal pattern versus the applied magnetic
induction. The open squares (circles) denote the measured amplitude under increase
(decrease) of the induction, respectively. For clarity only every 10th point is shown.
The solid (dotted) line gives the ﬁt by (48) with bs = 1.6 · 10−4 mT (bs = 0 mT),
respectively. For the other parameters we obtained Bs = 22.594 mT, γ1 = 7.6 mT−1 ,
γ2 = 0.9 mT−1 , and gs = 116.31 mT−2 . From [74]
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the ambiguity of AH (B̄) in the hysteretic regime, B̄(AH ) was ﬁtted to the data
according to [135]. The result of the ﬁt is presented in Fig. 49 by a solid line,
while the dashed line gives the solution for the same parameters, however with
bs = 0.
For decreasing B̄ the system follows the solid line very well down to the
saddlenode. For increasing B̄ the agreement is less convincing in the bistable
regime. Here the impact of the edges [136] seems to penetrate the interior of the
dish much stronger. As a consequence the analysis by (48) is not suﬃcient in
this regime.
Next we investigate the angular dependence of the critical induction for the
ﬁrst and secondary bifurcations. In Fig. 50 the measured data for the transition
to ridges are marked by circles, whereas the transition to stretched hexagons is
denoted by triangles and the reverse transition to ridges by squares.
The solid line gives Bp calculated for the instability of the ﬂat surface. It
follows from the dispersion
 relation of the surface waves in the y-direction with
ω 2 = 0 and qy = qc = ρg/σ, using the relation between magnetic induction
and magnetization,
ω 2 (qx = 0, qy ) = g|qy | +

σ
μ0 2 2
|qy |3 −
q M
ρ
ρ y Z

(49)


×

M 2 − MZ2 χ̄−χ
χ̄+1


M 2 − MZ2 χ̄−χ
χ̄+1 +

M
χ̄+1



M 2 − MZ2 χ̄−χ
χ̄+1

.

The dispersion relation (49) takes into account the nonlinearity of the magnetization curve M (H) of the ﬂuid and can be deduced from equation (36) in
[132] whereby M = MZ ez + MX ex denotes the magnetization of the ﬂuid for
the undisturbed surface. The chord susceptibility χ̄(H) = M (H)/H and the

stretched hexagons

ridges

flat

Fig. 50. Critical inductions versus the inclination of the magnetic ﬁeld. The data
marked by open circles have been estimated by ﬁtting the evolution of the ridge amplitude (e.g., Fig. 48) by (47). The other values, marked by full symbols, have been
determined by visual inspection of the liquid layer. The solid line gives the ﬁt obtained
via (49). From [74]
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Fig. 51. Magnetization curve for the ﬂuid EMG 909. The diamonds give the measured
data, the dashed line a ﬁt by the Langevin equation for monodisperse particles, the
solid line a ﬁt which is additionally taking into account a log-normal size distribution
2
1
exp ( − ln2S(x/D)
), as reported in [137]. The log-normal distribution
g(x, D, S) = xS √
2
2π
is characterized by the parameters D and S. The ﬁrst is deﬁned via ln D = ln x and
the latter describes the mean deviation of ln x from its mean value. The ﬁt stems from
[33]

tangential susceptibility χ (H) = ∂M (H)/∂H were determined from the experimental magnetization curve displayed in Fig. 51, assuming a logarithmic normal
distribution for the size of the magnetic particles in the ﬂuid [33, 137]. In contrast, in [134] a constant χ has been used, which results in a Bp not depending
on ϕ.
Discussion
For the tilted ﬁeld instability we have measured the forward bifurcation to liquid
ridges. The angular dependence observed in the experiment is quantitatively
described by taking into account the nonlinear magnetization. In addition we
measured the backward bifurcation to hexagons, which has been predicted by
an energy variational method [134]. A full-quantitative agreement with these
predictions cannot be expected, because the theory is restricted to permeabilities
μr < 1.4, while we had to use μr = 2.11 to avoid huge ﬁelds. The essence of the
experimental observation, namely a structural change of the primary instability,
seems to be well described by this theoretical ansatz: For broken symmetry ridges
always precede hexagons. They are increasingly diﬃcult to resolve, however, if
the angle of tilt diminishes.
Similar scenarios can be expected, e.g., for nonboussinesq inclined layer convection [138], for magnetohydrodynamic as well as electro-convection in tilted
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magnetic ﬁelds [139], and for Turing patterns [140] in stressed gel. They may
even be valid for buckling phenomena in the young heads of sunﬂowers, where
unilateral physical constraints have been shown to change the pattern formation
[141].
Let us look back on the introduction. There we have stated that the subcriticality of the normal ﬁeld instability is to blame for the diﬃculties in experiment and theory, because small amplitudes cannot be kept stable. Now we
have demonstrated that the subcriticality can be suppressed by application of a
tangential ﬁeld. Consequently the agreement between experiment and analytical
predictions is reasonable. Also for other diﬃcult tasks, like a measurement of the
maximal growth rate, the tilted ﬁeld instability may be more accessible than its
subcritical counterpart.
3.9 Consequences of Elasticity
Whereas the properties of ferroﬂuids are a common ground in this book (see
Chap. “Synthesis of ferroﬂuids)”, their extension toward ferrogels deserves some
additional attention. A ferrogel is created by cross-linking the carrier ﬂuid, which
gives rise to elasticity, not apparent in ferroﬂuids. The synthesis of those smart
nanocomposites polymer gels [142] and intelligent magnetic-controlled gels [143]
is motivated by new applications, like artiﬁcial muscles, cheaper magnets, or
magnetic valves.
Up to now only covalent cross-linked polymer gels [144, 145] have been created. This process results usually in rather “hard” gels. Due to their high elasticity surface instabilities of these gels are experimentally not accessible. Only
recently soft ferrogels have been fabricated, which take advantage of physical
organogelators [146]. They are handy because their elasticity can be controlled
by a thermoreversible sol–gel transition. By radioscopic measurements we could
demonstrate qualitatively [147] that these soft materials are suitable for the investigation of a normal ﬁeld instability with an additional term of elastic energy.
This fourth term comes into play as a stabilizing factor and will give rise to
qualitatively new behavior.
A linear treatment of this extended instability was already put forward by
Bohlius et al. [148]. The general surface wave dispersion relation obtained for
ferrogels contains as special cases those for ferroﬂuids and nonmagnetic gels
and can be generalized to viscoelastic ﬂuids and magnetorheological ﬂuids. The
linear stability analysis reveals the critical induction, which depends on gravity
g0 , surface tension σ, and on the elastic shear modulus μ2 of the gel according to
μ0 μr (μr + 1) √
( σρg0 + μ2 ).
(50)
(μr − 1)2
In this way the threshold Bc is enhanced by the elasticity due to an increase
of the surface stiﬀness.
In contrast, the critical wavelength is independent of the elastic modulus
of the gel and is described by (4) familiar from ferroﬂuids. Like in the case of
Bc2 = 2
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ferroﬂuids neither the critical ﬁeld nor the critical wavelength depends on the
viscosity.
More recently the same authors derived the ﬁnal pattern which will arise
in ferrogels [149]. This was done following the method approved for ferroﬂuids
[29, 31] via a minimization of the surface free energy. To account for the elastic
deformations an energy contribution as given by Jarcova et al. [150] is added to
the surface free energy which reads for a semi-inﬁnite layer

 

ζ
μ2 ζ 2
2
2
2
2
2
(x y + y x + x z)dz +
( + yy + zz )dz
(51)
μ2
2 −∞ xx
−∞
where ij denotes the strain ﬁeld.
Figure 52 sketches the results for the evolution of the amplitudes versus the
control parameter for zero (dashed) and nonvanishing (solid) shear modulus. We
realize a smaller hysteretic region for negative ε−μ2 values with increasing shear
modulus. The second hysteretic region for the hexagon–square transition shrinks
with an increase of μ2 .

Fig. 52. Qualitative sketch (not to scale) of the evolution of the amplitudes for squares
(AS ) and hexagons (AH ). The dashed lines correspond to the case of a pure ﬂuid,
while the solid lines qualitatively describe the behavior for ﬁnite shear modulus μ2 .
The dotted lines represent the unstable branches. From [149]

4 Parametric Excitation of the Surface
A parametric excitation of the ferroﬂuid permits to introduce a permanent rate
of dissipation into the previously conservative system. For the excitation of the
MF, one can use the standard procedure, a modulation of the gravitational
acceleration [15, 132], or an alternating magnetic ﬁeld [17, 151–154]. The instability caused by the former excitation is the well-known Faraday instability [14],
whereas the one caused by the latter excitation is called magnetic Faraday instability. By increasing the energy throughput via the excitation, one can drive
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the surface from subharmonic standing waves to increasingly complex spatiotemporal behavior.
Besides the possibilities of a purely magnetic excitation ferroﬂuid oﬀers two
further interesting features for the investigation of the Faraday instability, not
amenable with standard ﬂuids. First, due to the nonmonotonous dispersion relation several wavelengths can be excited by a single driving frequency. Second,
diﬀerent orientations of the magnetic ﬁeld with respect to the surface layer permit the realization of several symmetries in the patterns appearing beyond the
instabilities. Before we focus on the various excitations of the extended twodimensional surface, however, we start with its simpler zero- (Sect. 4.1) and onedimensional predecessors (Sects. 4.2, 4.3).
4.1 Dynamics of a Single-Spike Oscillator
In the succession of the Rosensweig instability, the surface is partitioned into
small entities, the Rosensweig spikes. We have seen in Sect. 3.5 that under certain conditions a single spike can exist without its neighbors in the form of a ferrosoliton. Already before this has been realized, single-spike oscillators have been
generated by using just a drop of MF on a dry surface [155] or by means of a container with the diameter of the critical wavelength [15], as shown in Fig. 53(a,b).
The spike can then be regarded as a low-dimensional dynamical system, with essentially no spatial degrees of freedom. The order parameters comprise the height
and velocity of the spike tip. The system is controlled by the amplitude ΔH and
the driving frequency fD of the alternating magnetic ﬁeld, as well as by its bias
value H0 . The resulting driving magnetic ﬁeld H(t) = H0 + ΔH sin(2πfD ) can
lead to chaotic dynamics in the neighborhood of the subcritical bifurcation, as
displayed in Fig. 53(c).

(a)

(b)

(c)

Fig. 53. Single-spike oscillator in a vessel at its maximum (a) and minimum (b). The
cylindrical teﬂon vessel has a depth of 12 mm and a diameter of 3 mm. The temporal
evolution of the peak height (c) during a time of 18 periods of excitation at fD = 13 Hz.
The solid line is obtained by harmonic interpolation. For details see [15], where the
ﬁgures stem from
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Fig. 54. PeriodT of the peak oscillations around the zero level in units of the driving
period time TD as a function of the static ﬁeld H0 and the alternating ﬁeld ΔH. For
medium driving frequency fD = 13 Hz the calculated dynamics (a) show harmonic,
subharmonic and chaotic response in agreement with the experimental data (b). Figure
(a) is taken from [156] and (b) from [157]

Whereas a transition from harmonic to subharmonic response has ﬁrst been
observed by Bacri et al. [153], for the single-spike oscillator subharmonic regimes
with periods up to 11 driving times can also be unveiled [156]. They are separated
by regimes of irregular oscillations. At low frequencies the surface follows the
frequency of the driving, at medium frequencies a regime arises where oddnumbered subharmonics are dominant (see Fig. 54), while at high frequencies
only even-numbered subharmonics can be observed.
These features can be captured by a model of the nonlinear oscillator developed by Friedrichs et al. [157]. It uses the thermodynamic potential F to analyze
both the statics and the dynamics of the single ferroﬂuid peak. By minimizing
this free energy, the static shape of the peak can be determined, as shown before
by a simpler ansatz [158]. The results for the subcritical bifurcation are in very
good agreement with the experimental data.
Interpreting the derivative of F with respect to the peak height as a force
also a model for the dynamics of the ﬂuid peak can be developed. Applying this
model, the authors were able to reproduce all essential features of the complex
peak oscillations for the entire experimentally investigated spectrum of driving
frequencies, at least in a qualitative manner. Figure 54 compares the results of
model and experiment for the case of a medium frequency.
4.2 Regular Dynamics in a Ring of Spikes
The magnetic Faraday instability has also been investigated in a chain of
Rosensweig peaks in an annular container [69, 153]. From an experimental point
of view a ring of spikes has the advantage that the temporal evolution of the spike
amplitude is easily accessible from lateral observation [153] or from a shadow
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projection [69]. The strong inﬂuence imposed by the sidewalls is a backdrop
when compared to extended vessels.
Special motivation to perform Faraday experiments with MF can be derived
from the fact that the dispersion relation of MFs (1) can be tuned by the external magnetic ﬁeld. Experimentally, the nonmonotonous dispersion relation was
investigated by means of locally excited traveling waves in an annular channel
[23] and in a circular container [24]. Due to the nonmonotonicity up to three
diﬀerent wave numbers can be excited with one single-driving frequency. Which
one of the wave numbers can actually be realized depends on the viscous dissipation in the bulk and in the bottom layer of the ﬂuid, as shown by Müller [42]. For
surface waves excited in a spatially homogeneous manner, the competition of the
diﬀerent wave numbers was predicted by Raitt and Riecke [159] to result in the
spontaneous formation of domain structures. This symmetry-breaking process
could be experimentally demonstrated in an annular channel excited by vertical
vibration [69]. In the annulus a domain of standing subharmonic waves with the
wave number k1 = 34 (in reciprocal peaks) and another domain with k2 = 46
evolved, as shown in Fig. 55.
Wave Number (m–1)
0

1000

0

50

2000

H = 0.86 HC

Time (s)

200

100

H = 0.99 HC
H = 0.86 HC

0
0o

180o

360o

Azimutal Position

100

Wave Number (Peaks)

Fig. 55. Observation of domains for H < HC at fD = 20.8 Hz. Left diagram: the
surface is observed at constant phase. Black parts correspond to wave crests, whereas
white parts correspond to wave troughs or a ﬂat surface. Right diagram: the corresponding spectrum is shown, obtained by a FFT. Between both diagrams the value of the
magnetic ﬁeld is indicated. One can clearly see that domains of diﬀerent wavelengths
exist at H = 0.99 HC , and HC = 19, 000 Am−1 . From [15]
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(b)

Fig. 56. Twin-peak pattern in the nonmonotonous regime of the dispersion relation.
The time elapsed between picture (a) and (b) is one driving period. From [32]

Recently, the competition between two diﬀerent wave numbers was found to
be solved in a third way [160]. In the nonmonotonous regime, for a magnetic
ﬁeld of H = 0.98Hc and a driving frequency fD = 1.530Hz a novel pattern of
twin peaks has been detected. Figure 56 displays two snapshots taken one driving period apart. One clearly unveils a subharmonic standing wave. Apparently,
instead of two separated domains, a biperiodic structure in space has been established. Both dominant wave numbers of the twin-peak pattern are found to
be situated on the nonmonotonic dispersion curve [160].
4.3 Spatio-Temporal Intermittency in a Ring of Spikes
The discovery of deterministic nonperiodic ﬂow by Edward Lorenz [161] in a set
of three coupled ordinary diﬀerential equations triggered the ﬁeld of deterministic
chaos [162, 163] in the time domain. After the most successful explorations in
the 1970 and 1980s of the last century – both in theory and experiment – it
was obvious to expand the focus from the time domain to spatially extended
systems. However, it soon became clear that due to the increased complexity,
progress would be much more cumbersome here. Despite some new insights (e.g.,
spiral-defect chaos [164]) to date, we still do not have universal scenarios to
spatio-temporally complex behavior [165], like the three well-known routes to
chaos [166–168] for systems with few degrees of freedom.
A phenomenon connecting both ﬁelds is intermittency. Intermittency,5 as
observed in hydrodynamics as a precursor to turbulence (see, e.g., [169]) has
always been a spatial as well as a temporal phenomenon: Areas of laminar ﬂow
are irregularly interrupted by turbulent patches. For a ﬁxed velocity probe positioned in the ﬂow, this causes a deviation of the velocity distribution from the
Gauss distribution [170]. Later, however, Pomeau and Manneville [168] tried to
mimic intermittency as a purely temporal phenomenon with ordinary diﬀerential
equations and iterative maps. This model became very well known as one of the
three pathways to chaos in spatially homogeneous systems.
In order to tackle the riddle of spatio-temporal complexity it appears most
appropriate to restrict oneself at ﬁrst to systems which are one-dimensional in
space. In such systems the one-dimensional nature enables a simple visualization of the dynamics by spatio-temporal diagrams. Here as well regimes with
5

From the Latin root intermittere, i.e., to go in between, to interrupt.
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patches of ordered and disordered states ﬂuctuating stochastically in space and
time have been observed [171]. For this phenomenon the term spatio-temporal
intermittency (STI) was coined by Kaneko [172]. For a more general review see
[173–175].
Theoretical approaches have been made in a large variety of systems.
They comprise partial diﬀerential equations, such as the damped Kuramoto–
Shivashinsky equation [176, 177] the complex Ginzburg–Landau Equation [178–
180] and stochastically diﬀerential equations [181]. A model, which is discrete
in time and space, is a lattice of coupled maps (CML) as proposed by Kaneko
[172], and investigated, e.g., by Chate and Manneville [182], and Grassberger and
Schreiber [183]. A further reduction in complexity is achieved by probabilistic
cellular automata [184, 185]. Here also the state of each lattice site is limited to
a ﬁnite set of values. In the following we want to sketch a speciﬁc type of cellular
automaton, which stems from the model of directed percolation (DP). It is of
importance for the experimental investigations because Pomeau [102] suggested
that the onset of chaos via STI might be analogous to DP.
Directed Percolation
The spreading of a liquid in a porous material can be modeled by a cellular
automaton on a lattice with only two states per site [186]. They are associated
with dry and wet pores. If there is a preferential direction in the system (e.g.,
due to gravity) one speaks of directed percolation. A survey of this active ﬁeld
has recently been given by Hinrichsen [187]. One of the main features of DP is
the existence of an absorbing state, which corresponds to the dry phase. The
absorbing state prevents the nucleation of wet domains within the dry domains.
As an example for DP we present the model of directed bond percolation
sketched in Fig. 57. It is simulated on a regular lattice. The nodes are interconnected via pipes, which are denoted in Fig. 57 by arrows. The preferential
direction is given by the direction of the time. The rules for the propagation of
the active state are
⎧
⎨ 1 : si−1 (t) = 1, zi− < p
(52)
si (t + 1) = 1 : si+1 (t) = 1, zi+ < p
⎩
0 : rest

Fig. 57. Directed bond percolation in 1+1 dimensions as a time-dependent stochastic
process. full (empty) boxes mark active (inactive) lattice sites. Full arrows mark open
connections and empty arrows blocked ones. The evolution of the lattice is determined
by (52)
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Fig. 58. Three diﬀerent regimes of directed bond percolation: For p < pc the wet state
decays, at p = pc the wet state percolates, and for p > pc one observes patches of dry
and wet phases. The initial state has been randomly chosen. The ﬁgure stems from
[187]

Here si (t + 1) gives the state of the site i at time t + 1. The value of a random
variable zi− determines ( zi− < p ) if there is an interconnection to the neighboring
site i − 1 at time t. Similarly zi+ determines if there is a connection to the site
i + 1. The “transition probability” p is the order parameter of the system. It
characterizes the probability for an open connection. As shown in Fig. 58, for
p < pc the active state decays, at a critical value pc the wet phase percolates
and for p > pc the portion of the wet phase increases.
All models for DP show the three characteristic regimes above. Moreover,
they form a universality class, which is characterized by three quantities and
their characteristic scaling behavior versus the distance  = (p − pc ) to the
critical point pc , as presented in table 1.
Moreover, at the critical point  = 0, the distribution of the distance between
active (wet) sites in space and time has to follow the power laws
P (l) ∼ l−μs ,

(53)

P (t) ∼ t−μt ,

(54)

respectively. The exponents μt and μs can be calculated from the critical exponents presented in Table 1. For  > 0, the power law of the distributions has to
be replaced at the correlation time (length) by an exponential decay.
With respect to its popularity and impact, DP has to be regarded as a very
successful model for its own. However, the statement that “... there is still no
Table 1. Quantities and their critical scaling behavior for DP
Quantity
Mean wet fraction
Correlation length
Correlation time

Law
γ ∼ β
ξ ∼ −νs
θ ∼ −νt

Exp.
β
νs
νt

due
=
=
=

to Jensen [188]
0,276486(8)
1,096854(4)
1,733847(6)
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experiment where the critical behavior of DP was seen” by Grassberger [189]
makes you think.
As stressed before, it was suggested by Pomeau [102] that the transition
to spatio-temporal chaos via spatio-temporal intermittency (STI) should be as
well a member of the universality class of DP. If this statement is true, it has
important consequences for the transition to STI. Associating the dry phase
with the phase of regular periodic behavior (i.e., the laminar phase), and the wet
phase with the chaotic one, this conjecture prohibits the spontaneous formation
of chaotic states within the “laminar see”. Moreover, the mean chaotic fraction
γ, and the correlation length in space ξ and time θ should obey the universal
scaling behavior presented in Table 1. Eventually the distribution of laminar
length and times at the critical point should be in agreement with (53, 54).
Previous Experiments in 1+1 Dimensions
Following the conjecture of Pomeau [102], countless models have been investigating the transition to STI. In comparison, the number of experiments devoted
to this problem is rather scarce. Table 2 is presenting a list of experiments.
All experiments are exploiting instabilities in liquids. The ﬁrst six measurements utilize the self-partitioning of the liquid into (oscillatory) convective cells
due to the Rayleigh–Benárd instability. Most other investigations deal with surface instabilities. The disadvantages of all these systems are obvious: Due to the
nature of the instabilities the systems have large length- and timescales. In this
way they comprise only a few coupled oscillators or cells, and measurements
have to be conducted for weeks at a stable temperature. Both are limiting the
statistical signiﬁcance of the studies seriously. In addition, due to the few number of elements one has to be aware of ﬁnite-size eﬀects. This is becoming even
more important because most systems have a linear arrangement of the elements
instead of a preferential annular geometry.
Table 2. Quasi-one-dimensional experiments which exhibit a transition to STI
Authors
Year
Reference system
Size
T0 (s)
Ciliberto et al.
1988
[190] Rayleigh–Benárd 20
10
Ciliberto et al.
1990
[191] Rayleigh–Benárd
Ciliberto et al.
1990
[192] Rayleigh–Benárd
Ciliberto et al.
1992
[193] Rayleigh–Benárd
Daviaud et al.
1990, 1992 [179, 194] Rayleigh–Benárd 40
2
Daviaud et al.
1990, 1992 [179, 194] Rayleigh–Benárd 30
2
Michalland et al.
1993
[195] Viscous Fingering 40
1.5
Willaime et al.
1993
[196] Line of vortices
15
5
Degen et al.
1996
[197] Taylor–Dean
20 (90) 1.5
Colovas et al.
1997
[198] Taylor–Couette 30 (70) 0.5
Bottin et al.
1997
[199] Plane Couette
–
–
Gollub et al.
1997
[200] Fluid fronts
40
0.5
Rupp et al.
2003
[201] Ferroﬂuidic spikes 108
0.08

geometry
Annular

Linear
Annular
Linear
Linear
linear
Linear
Linear
Linear
Annular
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Ring of Ferroﬂuidic Spikes
In an attempt to overcome the above-mentioned shortcomings of large timescales
and few oscillatory elements, we have designed the following experiment. It consists of a ring of ferroﬂuidic spikes excited by an external magnetic ﬁeld. The idea
was motivated by the chaotic oscillations of the single-spike oscillator (Sect. 4.1)
and corroborated by the complex spatio-temporal behaviour in the ring of spikes,
coupled by magnetic and hydrodynamic interactions [43, 69]. However, here the
number of ferroﬂuidic spikes emerging in the circular trough was limited to only
about 20. This is mainly due to the fact that in a homogeneous magnetic ﬁeld
the wave number of the developed Rosensweig pattern does hardly deviate from
the capillary wave number (4), as reported in Sect. 3.
In order to increase the number of spikes by a magnitude, we have chosen for
the present setup an inhomogeneous ﬁeld. Here we observed that the wavelength
scales with the gradient of the magnetic ﬁeld divided by a basic ﬁeld at the
undisturbed surface of the ﬂuid [203]. A larger gradient emphasizes small peaks
and suppresses large ones. Thus, in order to generate as many peaks as possible,
the setup consists of a cylindrical electromagnet with a sharp edge (see Fig. 59).
The magnetic ﬂuid is trapped by the inhomogeneous magnetic ﬁeld at this edge
of the soft iron core. In that way the 40-mm diameter pole shoe supports a ring
of up to 130 peaks of magnetic ﬂuid of type EMG 901. The bias ﬁeld which keeps
the spikes is provided by a direct current of I = 1.0A. In addition, a sinusoidal
excitation signal of amplitude ID can be applied. Its frequency was selected to
fD = 12.5 Hz, which has been used previously for a single spike.
The spatio-temporal behavior is observed from above with a CCD camera.
By scanning the ring of spikes in a circular manner, the picture can be reduced
in real time into a single-line scan. From there the wavelength and the amplitude

Fig. 59. Ring of ferroﬂuidic spikes on the pole shoe of an electromagnet with a diameter
of 40 mm [202]. From [201]
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are accessible. In Fig. 60(a) 500 of such scans of a laminar state are shown in
space and time, where dark regions correspond to high amplitudes. Due to the
stroboscopic recording the oscillations of the spikes cannot be seen. For more
details of the experimental setup see [201].
Experimental Results
At low driving amplitudes ID < 3.0 A the system is completely regular, showing
108 spikes, as shown in Fig. 60(a). In Fig. 60(b) at ID = 3.0A irregular ﬂuctuations are apparent, which we consider as a manifestation of STI. A further
increase of ID leads to a spreading of the irregular domains engulﬁng the regular
regions, until ﬁnally the whole system is chaotic (c).
As an order parameter for STI we take the time-averaged chaotic fraction
γ. It is the ratio of chaotic regions to the length of the system, which has been
averaged over 2,000 excitation periods τ . Hereby the chaotic regions could be
500
(a)

0

(b)

time t ( τ)

450

0

(c)

450

0

0

position x

1

Fig. 60. Space–time plots of the diﬀerent states of the system. (a) iD = 2.8 A laminar
state; (b) iD = 3.02 A spatio-temporal intermittency; (c) iD > 3.5 A spatio-temporally
chaotic state. Five hundred excitation periods τ = 1/fD are shown. The position x is
normalized over the circumference L0 of the ring
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Fig. 61. Scaling behavior: (a) Mean chaotic fraction γ versus the control parameter.
The error bars stem from an average of six independent series of measurements. The
solid line gives a ﬁt according to Table 1 to the data. (b) The mean laminar expansion
in space L and in time T versus the control parameter  . The lines stem from ﬁts by
the power laws denoted in Table 1

discriminated reliably from the laminar ones by applying a threshold to the local
wavelength. For details see [201]. The variation of γ with the control parameter
ID is displayed in Fig. 61 (a). Close to onset γ is expected to grow with a power
law
(55)
γ ∼ (ID − Ic )β .
The solid line is a ﬁt to our data using Ic , β, and an oﬀset representing
background noise as adjustable parameters. The threshold value determined in
this way is Ic = (3.0 ± 0.05) A and the exponent β = 0.3 ± 0.05 is in agreement
with the theoretical expectations β = 0.276 486(8) for DP in Table 1.
Next we test the predictions of DP for the scaling of the correlation length and
time. A common estimate for these quantities is the mean laminar length ¯l and
the mean laminar time T . These averaged numbers are displayed in Fig. 61(b) as
a function of the normalized control parameter  = (ID −Ic )/Ic . Both quantities
decay with a power law, and the ﬁt yields νs∗ = 1.2 ± 0.2, which is represented by
the solid line, and νt∗ = 0.7 ± 0.1, which is represented by the dashed line. Only
data in the range of 0.03 <  < 0.1 have been taken into account. For smaller  a
ﬁnite size eﬀect is obvious: Following Cross and Hohenberg [5], the characteristic
length of the laminar lengths must be much smaller than the system size 1. For
 > 0.1 the system is not any longer intermittent, but rather chaotic.
Moreover, the distributions of the laminar domain length and time for  = 0
have been investigated and found to be in agreement with the scaling laws (53)
and (54), as plotted in [201]. We obtain μs = 1.7 ± 0.05, in agreement with
the theoretical value μs = 1.734 and μt = 2.1 ± 0.1, in accordance with the
theoretical value μt > 2.0.
Discussion of results
We have investigated the transition to STI in a ring of ferroﬂuidic spikes. When
compared with its predecessors (see Table 2) this system excels by its large
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Table 3. Experimentally determined scaling exponents for the transition to STI in
comparison with the theoretical estimates (last line)
Authors
Reference
β
νs
νt
μs
Ciliberto et al.
[193]
–
0, 5
–
1.9 ± 0.1
Daviaud et al.
[179, 194] 0, 3 ± 0, 05 0, 5 ± 0, 05 0, 5 ± 0, 05 1.6 ± 0.2
Daviaud et al.
[179, 194]
–
0, 5
0, 5
1.7 ± 0.1
Michalland et al. [195] 0, 45 ± 0, 05
0, 5
–
0.63 ± 0.02
Williame et al.
[196]
–
–
0, 5
–
Degen et al.
[197] 1, 30 ± 0, 26
≈ 0, 64
≈ 0, 73 1.67 ± 0.14
Rupp et al.
[201]
0, 3 ± 0, 05 1, 1 ± 0, 1 0, 7 ± 0, 2 1.7 ± 0.05
Jensen

[188]

0, 276486(8) 1, 096854(4) 1, 733847(6)

1.748

number of elements and its short timescale and thus favors a comparison with
the theoretical expectation derived from a DP model. Four of the ﬁve exponents,
namely agree within our experimental resolution with the theoretical predictions.
Only νt for the scaling of the mean laminar time is far from the expected value.
When comparing our attempts with the previous achievements (see Table 3)
we realize that νt has always been found to be much less than the predicted
value. This might be due to the fact that chaotic domains can nucleate within
laminar regions. Following Kaneko and Tsuda [175] this absence of an absorbing
state seems to be common to all experimental results so far. Following the ideas
presented in that book the allowance for a continuum of states between the
absorbing and the active one might result in a more realistic description of the
experimental situation.
Another way to soften the assumption of a truly absorbing state is the introduction of stochastic mechanisms permitting the nucleation of chaotic domains. This was achieved by implementing a weak external ﬁeld to DP that
creates chaotic domains in a pure laminar neighborhood with a certain probability [187, 204]. As long as the probability of the creation processes is small the
critical behavior of DP is only slightly disturbed. If the probability becomes too
large the universality is destroyed. The stochastic ﬁeld could be an analogon to
the “background noise” of our experimental apparatus.
Alternatively, traveling, soliton-like structures have been added to CML and
DP [205]. The interaction of these structures might lead to chaotic domains
nucleating in laminar regions, which again softens the assumption of a truly
absorbing state and leads to the breakdown of universality in DP.
This is corroborated by a recent experiment based on a circular array of 20
falling liquid columns [206]. There a transition to spatio-temporal disorder has
been analyzed which is diﬀerent from STI. The disorder appears globally by
strongly interacting propagative structures and is never localized. The authors
use the occurrence of defects, which cause unpredictable dynamics, in order to
quantify disorder. The eﬀect of structural defects on the broadening of the transition via DP was numerically investigated by Vojta [207]. In contrast, the extension of the falling liquid column experiment to a two-dimentional arrangement
showed a transition to STI via DP [208].
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4.4 Faraday Instability on the Extended Magnetic Fluid Surface
The classical Faraday instability denotes the parametric generation of standing
waves on the free surface of a ﬂuid subjected to vertical vibrations [14]. The initially ﬂat free surface of the ﬂuid becomes unstable at a certain intensity of the
vertical vibrations of the whole system. The typical response is subharmonic,
i.e., the wave frequency is half the frequency of the excitation. The harmonic
response can be observed on a shallow ﬂuid at low frequencies [209]. Faraday
waves allow one to investigate symmetry-breaking phenomena in a spatially extended nonlinear system. A detailed experimental study of the various patterns
on a viscous ﬂuid has been performed, e.g., by Edwards and Fauve [210] who
used a one-frequency as well as a two-frequency forcing. In the latter case two
diﬀerent spatial modes were forced to emerge by various combinations of two
sinusoidal drivings [210, 211], in this way bringing the system to a bicritical
situation. Due to “resonant mode interactions” among the unstable modes a
great variety of patterns can be generated [211–214]. In particular, the observed
patterns were triangles [212], squares [211–214], superlattices formed by small
and large hexagons [211], a 12-fold quasi-pattern, rhomboid pattern [214], and
localized states [85, 215].
The magnetic Faraday instability is utilizing an alternating magnetic ﬁeld in
order to excite parametric waves via pondermotive forces. The alternating ﬁeld
has been applied in vertical, horizontal, and tilted orientations. For the vertical
conﬁguration subharmonic standing waves in an extended pool of MF have ﬁrst
been observed by Bacri et al. [153]. A stepwise reduction of the wavelength under increase of the bias ﬁeld was reported by Bashtovoi and Rosensweig [216],
indicating a pinning of the wave number by the edge of the container, similarly
to the phenomenon observed for a static ﬁeld (Sect. 2.2). The hexagon–square
transition familiar from the Rosensweig instability (Sect. 3.6) and the classical Faraday setup (see, e.g., [71]) has been observed for alternating ﬁelds as
well [153]. Hyuan-Jae Pi et al. [17] have recorded a phase diagram indicating
that this transition is mediated via superlattices. Moreover rhombic and spatiotemporal chaotic standing waves have been reported therein. The type of superlattice pattern has been analyzed with particular care by Ko et al. [217]. They
found spatially period-doubled and spatially “period-4” hexagonal superlattices,
as shown in Fig. 62 (a) as well as three diﬀerent square-based superlattices. Only
some of the superlattice pattern could be contributed to the bicriticality formed
by the harmonic hexagonal mode related to the Rosensweig instability and the
harmonic mode of the Faraday instability. Whereas in all the above-mentioned
articles the alternating ﬁeld has been applied globally; a local excitation was
used by Browaeys et al. [24] in order to measure the nonmonotonous dispersion
relation in a circular dish of MF.
For an alternating horizontal ﬁeld the isotropy of the system is broken and
one observes a primary instability to parallel standing waves oriented perpendicular to the magnetic ﬁeld. Early experiments are reported already from the
beginning of the 1980 (see [219] and references therein). The threshold and the
marginal curve for the one-dimensional instability to stripe-like patterns was
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(a)

(b)

Fig. 62. Surface patterns generated by periodic excitation of the ferroﬂuid surface.
For the magnetic Faraday instability highly complex patterns like spatially period-4
subharmonic superlattices have been observed (a). The hexagonal tiling unit is marked
by the white line. For the regular Faraday instability in MF the complexity is limited,
and comprises, e.g., rhomboid pattern (b). We are grateful to Kyoung Jin Lee for
providing the ﬁgures. Figure (a) stems from [217] and (b) from [218]

measured by Bacri et al. [220]. For higher alternating ﬁelds a roll–rectangle
transition was investigated by the same authors [221] and described by coupled Ginzburg–Landau equations. Increasing the supercriticality of the excitation transversal modulations and chevron patterns [152] are observed.
For a tilted orientation of the alternating ﬁeld we are only aware of the short
notice of a drifting instability [222], which may be used to pump MF.
Combining a vertical vibration and a vertical static magnetic ﬁeld up to
three diﬀerent wave numbers can be excited simultaneously due to the nonmonotonicity of the dispersion relation. Müller [42] analyzed this conﬁguration
in the frame of a linear stability analysis and showed that viscous dissipation
determines which of the three wave numbers will actually become important.
Moreover he found that the joint action of the two destabilizing factors can lead
to a delay of the Rosensweig instability. These predictions were conﬁrmed experimentally by Pétrélis et al. [16]. For the same experimental conﬁguration Raitt
and Riecke [159] predicted that the competition of diﬀerent wave numbers will
lead to the spontaneous formation of domain patterns, which was subsequently
experimentally conﬁrmed, as presented above in Sect. 4.2. However, both model
and experiment were limited to one dimension. In a following article Ko and
Lee extended the investigations to the two-dimensional space [218]. Surprisingly,
only simple patterns such as squares, stripes, and rhombi (see Fig. 62 b) and
mixed states of stripes and rhombi have been observed in the experiment. The
complex superlattice pattern known from the magnetic Faraday instability in
two dimensional could not be recovered.
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What is missing so far is the surface instability of an MF subjected to vertical
vibrations and a static horizontal magnetic ﬁeld, which is studied in the following
section. The horizontal magnetic ﬁeld tends to ﬂatten the crispations of the MF
surface along the direction of the ﬁeld [132], i.e., it tends to stabilize the ﬂat
surface. On the other hand, vertical vibrations tend to destabilize a ﬂat surface.
Thus the aim of the linear stability analysis is to study the behavior of a magnetic
ﬂuid subjected to two counteracting factors. This conﬁguration may be exploited
to stabilize the liquid surface in forthcoming technical applications.
Linear Stability Analysis
The set of equations describing a horizontal layer of MF of ﬁnite extent subjected
to vertical vibrations and a static horizontal magnetic ﬁeld are the same as in
Sect. 2.1. The only exception is that the vertical vibrations add a periodic term to
the gravity acceleration g0 , i.e., a modulated value g(t) = (0, 0, −g0 − a cos(ωt))
appears in the Navier–Stokes equations. Here a is the acceleration amplitude
and ω is the angular frequency of the vibrations.
Following the standard procedure [42, 223] the stability of the ﬂat surface
with respect to standing waves is analyzed by using the Floquet ansatz for the
surface deformations and the z-component of the velocity,
ζ(t, x, y)

(s+iαω)t

= sin(kr)e

w(t, x, y, z) = sin(kr)e(s+iαω)t

∞
*
n=−∞
∞
*

ζn einωt ,

(56a)

wn (z)einωt ,

(56b)

n=−∞

where k = (kx , ky ) is the two-dimensional wave vector, s is the growth rate,
and α is the parameter determining the type of the response. For α = 0 the
response is harmonic, whereas for α = 1/2 it is subharmonic. Expansions similar
to (56b) are made for all other small perturbations. The functions of the vertical
coordinate in the Floquet expansion are given by linear combinations of the
exponential functions e±kz and e±qn z with qn2 = k 2 + [s + i(α + n)ω]/ν and
(qn ) > 0. The condition that ζ(t, x, y) is real leads to the equations [223]
ζ−n = ζn∗ ,
ζ−n =

∗
ζn−1
,

α=0,
α = 1/2 .

(57a)
(57b)

The boundary conditions allow one to express all the perturbed quantities in
terms of the coeﬃcients ζn which satisfy the equation
∞
*
n=−∞

(Wn ζn − aζn−1 − aζn+1 ) e[s+i(α+n)ω]t = 0 ,

(58)
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'
Wn = −2

ν2
k[qn coth(qn h) − k coth(kh)]


× qn [4k 4 + (k 2 + qn2 )2 ] coth(kh) coth(qn h)
4qn k 2 (k 2 + qn2 ) 
sinh(kh) sinh(qn h)
2 (
k(μr − 1)2 Λ(kh) kx B
σk 2
+
.
+g0 +
ρ
ρμ0
k

−k[4k 2 qn2 + (k 2 + qn2 )2 ] −

(59)

The essential diﬀerences of (58), (59) in comparison with the dispersion relation
for the surface instability in a vertical magnetic ﬁeld (18) are the following: First,
the term proportional to B 2 has the same sign as the terms related to surface
tension and gravity. This implies that a horizontal magnetic ﬁeld alone cannot
induce any instability. Second in the same term, the factor kx appears instead
of k in the case of the normal magnetic ﬁeld. This allows one to introduce the
eﬀective ﬁeld
(kB)
k
(60)
Beﬀ = 2 k = B cos(θ) ,
k
k
where θ is the angle between k and B. Hence, the inﬂuence of a magnetic ﬁeld
with induction B on a wave propagating along an arbitrary direction k is equivalent to the inﬂuence of a ﬁeld with induction Beﬀ , which is parallel to k.
Equation (58) has to be satisﬁed for all times which implies that each term of
the sum equals to zero. Using the relations between ζn with positive and negative
numbers (57a, 57b), one gets the set of equations
W0 ζ0 − aζ1∗ − aζ1 = 0, α = 0 ,
aζ0∗

W0 ζ0 −
− aζ1 = 0, α = 1/2 ,
Wn ζn − aζn−1 − aζn+1 = 0, n = 1, · · · ∞ .

(61a)
(61b)
(61c)

A cutoﬀ at n = N (here N = 100) leads to a self-consistent equation for the
acceleration amplitude a [224, 225],
a = |F (a, k, ω, Beﬀ , ν, σ, ρ, μr )| ,

(62)

where F is a complex function expressed in terms of continued fractions. Equation (62) can be solved numerically and gives the dependence of a on k at ﬁxed
parameters. The critical values of the acceleration amplitude ac and the wave
number kc correspond to an absolute minimum of the curve a(k) at zero growth
rate (s = 0).
Results and Discussion
In the following the eﬀective ﬁeld is given in units of the critical induction for
the Rosensweig instability on an inﬁnitely deep layer of magnetic ﬂuid, Bc,∞ ,
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Fig. 63. Neutral stability curves for the excitation frequency of f = 10 Hz and a
layer depth of h = 2 mm. Dashed (solid) lines correspond to Beﬀ = 0 (Bc,∞ ). Filled
and unﬁlled tongues represent regions of subharmonic and harmonic responses. ac and
kc (a’c and k’c ) are the critical acceleration amplitude and critical wave number for
Beﬀ = Bc,∞ (Beﬀ = 0). The parameters of the ﬂuid are ν = 10−4 m2 /s, σ = 0.0265
N/m, ρ = 1020 kg/m3 , μr = 1.85, and Bc,∞ = 17.28 mT

see (3). Figure 63 presents marginal stability curves for a viscous MF at 10 Hz.
The principal data that can be extracted are the critical acceleration amplitude,
the wave number, and the number of the tongue to which they belong. The
number of a tongue l (from left to right) is the order of response: the basic wave
frequency related to the lth tongue is Ω = lω/2. The odd and even tongues are
the regions, where either a subharmonic or a harmonic instability develops. It can
be seen that all tongues shift toward smaller wave numbers under the inﬂuence of
an applied magnetic ﬁeld. In the case presented in Fig. 63 the ﬁeld also causes a
transition from a subharmonic to a harmonic response. The dependencies of the
critical acceleration amplitude and the critical wave number on the excitation
frequency f = ω/2π are presented in Fig. 64. In the high-frequency region, the
instability is subharmonic, i.e., l = 1. In the small-frequency region bicritical
points appear, which is why the dependence of ac (f ) is not smooth and the
dependence of kc (f ) is discontinuous (see inserts in Fig. 64). Bicritical points
are those points in the parameter space, where the absolute minima of a(k) is
equal to the local minima of two neighboring tongues.
A feature of the dependence of ac (f ), as shown in Fig. 64(a), is the appearance
of a pronounced minimum for all tested ﬁelds. To explain this behavior, one has
to recall that viscous damping is the reason for the ﬁnite (nonzero) value of the
critical acceleration amplitude. The damping occurs due to the stresses in the
bottom layer and in the bulk ﬂuid. The dimensionless quantity d = kc h can
be used to determine which part of the damping is predominant. For a shallow
ﬂuid layer the inequality d  1 holds and therefore the damping in the bottom
layer is predominant (ﬁrst regime). For a deep layer, where the relation d
1 is
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Fig. 64. Frequency dependencies of the critical acceleration amplitude ac (a) and
the critical wave number kc (b) for h = 2 mm. Inserts: low-frequency behavior of
the quantities. The eﬀective ﬁeld is B = 1.5Bc,∞ (curve A), Bc,∞ (B), 0.5Bc,∞ (C),
and 0 (D). The ﬂuid parameters are the same as in Fig. 63 with the exception of
ν = 5.88 × 10−6 m2 /s

fulﬁlled, the damping in the bottom layer is of no importance and the damping
in the bulk ﬂuid is predominant (second regime).
The ﬁrst regime occurs at the low-frequency region in Fig. 64, where kc  500
m−1 . Inside this region, as the frequency increases the eﬀective depth d of
the ﬂuid is increasing too. Therefore the viscous stress in the bottom layer is
weakening and consequently the critical acceleration amplitude decreases. The
second damping regime is typical for waves with kc above 500 m−1 . Since dissipation in the bulk ﬂuid is proportional to kc2 [22], the damping becomes stronger
and as a result the critical acceleration amplitude increases with frequency.
The transition from the ﬁrst to the second damping regime leads to the nonmonotonous dependence of the critical acceleration amplitude on the excitation
frequency.
The most pronounced eﬀect caused by an increase of the magnetic ﬁeld is the
decrease of the critical wave number, as can be seen from the curves D → A in
Fig. 64(b) for ﬁxed frequency, and was already observed in [132]. With respect
to the critical induction, the inﬂuence of the magnetic ﬁeld is more complex.
In the low-frequency region (d = kc h  1), the ﬁrst damping regime occurs for
all tested magnetic ﬁelds. Therefore the critical acceleration amplitude increases
with the growth of the eﬀective ﬁeld. At high frequencies the dependence of the
critical acceleration amplitude on the eﬀective ﬁeld is more intricate.
In Fig. 65 the dependence of ac (Beﬀ ) is presented for a frequency f = 100
Hz. It is seen that for an inﬁnitely deep ﬂuid layer (curve E ) the critical acceleration amplitude decreases monotonously with the increase of the magnetic
ﬁeld. In the case of a ﬁnite depth of the layer, there are two diﬀerent forms of
the dependence of ac on Beﬀ . In the case of h ≥ 1.14 mm (C ) a minimum in the
critical acceleration amplitude is observed. It implies that a moderate magnetic
ﬁeld lowers the threshold value of the acceleration amplitude, whereas a strong
magnetic ﬁeld stabilizes the surface, i.e., the critical acceleration amplitude is
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Fig. 65. Critical acceleration amplitude ac (a) versus the induction of magnetic ﬁeld
for f = 100 Hz. The layer depth is 1 mm (curve A), 1.5 mm (B), 2 mm (C), 5 mm
(D), and the curve (E) is obtained for an inﬁnitely deep layer. The ﬂuid parameters
are those of Fig. 64

increasing. With the decrease of the layer depth (from curve D to A in Fig. 65),
the observed minimum shifts to the lower ﬁelds and becomes less pronounced. For
all layer thicknesses h ≤ 1.13 mm the critical acceleration amplitude increases
monotonously with the eﬀective ﬁeld. A detailed explanation for that behavior
would go beyond the scope of this review. Therefore the reader is referred to [226].
The nonmonotonic dependence of ac (Beﬀ ) allows one to select the type of
the linearly most unstable pattern (corresponding to a minimal ac ) by applying
a horizontal magnetic ﬁeld. The eﬀective magnetic ﬁeld at which the minimum
∗
. When the induction B of the
of the curve ac (Beﬀ ) appears is denoted by Beﬀ
∗
Faraday waves with k||B are favorable. In this
applied ﬁeld is smaller than Beﬀ
case all Beﬀ for θ = 0 are associated with higher thresholds than for θ = 0.
In this way the angle θ = 0 is selected, assuming that the system will become
unstable at the lowest threshold. It implies that the ﬁrst unstable pattern are
∗
then the angle between
rolls perpendicular to the magnetic ﬁeld. If B ≥ Beﬀ
the favorable wave vector of perturbation and the applied magnetic ﬁeld satis∗
∗
/B. Thus, for B > Beﬀ
= 0 rolls with an angle
ﬁes the relation cos θ = ±Beﬀ
+θ or an angle −θ or a rhombic pattern as a superposition of both is most
probable. Applying consecutively diﬀerent B which are situated at the r.h.s. of
∗
, one can realize for one layer thickness oblique patterns with
the minimum Beﬀ
∗
becomes zero, as demondiﬀerent angles. If the layer depth is small enough Beﬀ
strated by curve A in Fig. 65. That is equivalent to cos θ = 0, i.e., rolls parallel
to the magnetic ﬁeld will arise. The latter case is familiar from the tilted ﬁeld
instability (Sect. 3.8) where k ⊥ B holds true. In contrast the case k||B is so
far unique for the setup including vertical vibrations and a horizontal ﬁeld. In
summary, diﬀerent patterns can be generated: rolls along an arbitrary direction

234

R. Richter and A. Lange

or a rhombic pattern. For a future experimental veriﬁcation one has to keep in
mind that the magnetic induction has to be increased in a jump-like manner in
∗
.
order to bypass the minimum Beﬀ

5 Summary and Outlook
Aiming at the linear regime, so far we have experimentally veriﬁed the predictions for the wave number of maximal growth and the vanishing of the wave
propagation as a function of the applied magnetic induction. The theoretical
results for the growth rate of the emerging crests are currently compared with
measurements by means of the magnetic sensor array [49]. What remains to
be tackled in experiment is the inﬂuence of the layer thickness on the critical
induction Bc , as proposed in Sect. 2.1.
When looking at the nonlinear regime, it seems safe to say that the ﬁrst quantitative comparison of the peak proﬁle and its numerical estimation by FEM is
convincing. The same holds true for the scaling of the amplitudes. In contrast
to the numerics, a full experimental test of the analytical results obtained by
minimization of free energy was not possible, due to the limitations of the results
to tiny susceptibilities. Despite that the model describes the evolution of the amplitudes even outside its range of validity (i.e., for higher susceptibilities) very
well, however without being able to predict the proper ﬁtting parameters. The
range of small susceptibilities may be accessed in future experiments by investigating the Rosensweig instability in between a magnetic ﬂuid and a nonmixing
neutral ﬂuid in a closed tank. In this way one can reduce the interface tension
and the eﬀective density considerably, which should also permit the instability
in ﬂuids with very small susceptibilities. The emerging pattern can conveniently
be measured with the radioscopic technique.
With the generation of ferrosolitons ultimately localized states could be introduced into the ﬁeld of magnetic ﬂuid research. We have demonstrated their
existence in the bistable regime in experiment, and consecutively in a conservative analog of the Swift Hohenberg equation, and in FEM calculations. However,
due to their only recent detection a lot of questions are still open even on a purely
qualitative level. For example the nature of the bifurcation to a ferrosoliton remains to be investigated in more detail. So far experimental evidence and FEM
data are pointing toward an imperfect bifurcation. Moreover how are two ferrosolitons interacting if they are brought in close contact? We have observed
bound states of ferrosolitons. Here the nature of the binding has to be unveiled.
Capillary attraction and/or resonant interaction of the ring-like surface deformations are possible mechanisms. Moreover, the growth dynamics of solitary spikes
have to be studied. It can be conveniently recorded with a high-speed camera,
because for the ﬁrst time no surrounding spikes are blocking the view. Figure 66
shows an example. A comparison of the upcoming results with numerical data
on the basis of FEM calculations would be desirable.
We have quantiﬁed the hexagon–square transition by several measures, extracted from the surface topography. Surprisingly they all describe an inverse
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Fig. 66. An emerging ferrosoliton. The sequence of frames has been recorded by means
of a high-speed camera. The selected frames are 21 ms apart from each other

hysteresis, i.e., a proteresis. This proteresis has rarely been observed and cannot be explained by a bistability of the hexagonal and square states. Possibly
the transition is mediated via superlattices, like in the case of magnetic Faraday experiments [17], or develops even via a quasi-periodic state [104, 129]. To
corroborate the latter, experiments with even larger aspect ratios are needed.
By breaking the symmetry we advanced from the normal ﬁeld to the tilted
ﬁeld instability. The essence of the experimental observations is a structural
change of the primary instability from a backward to a forward bifurcation. For
broken symmetry liquid ridges always precede hexagons. They are increasingly
diﬃcult to resolve, however, if the angle of tilt diminishes. These observations
are in full agreement with the theoretical predictions [134].
A further enrichment of the Rosensweig instability can be expected from
introducing elastic energy. So far the analysis predicts a plain shift of the onset to
higher inductions, and a enlargement of the bistability regime. We are conﬁdent
to corroborate these eﬀects in future experiments utilizing magnetic gels. But
also inverse ferroﬂuids exhibit elastic energy due to their apparent yield stress
[227, 228]. First measurements of the Rosensweig instability in these ﬂuids have
already demonstrated that the critical induction is shifted to higher values [229].
By parametric excitation complex oscillatory dynamics have been initiated
in experiments. For a mono-spike oscillator the transition to chaotic behavior
has been observed and described by a model based on the minimization of the
free energy. In the extension to a one-dimensional annulus of magnetically driven
spikes the transition to spatio-temporal intermittency has been measured, which
showed four of ﬁve exponents characteristic for directed percolation. Eventually,
an extended ferroﬂuid layer subjected to a horizontal magnetic ﬁeld and excited
by periodic modulations of the gravitation was considered. The calculations for
this new conﬁguration unveiled a nonmonotonic dependence of the critical acceleration amplitude on the eﬀective magnetic induction. We argued that this
allows one to select diﬀerent patterns by a jump to diﬀerent eﬀective magnetic
inductions. Those patterns are stripe or rhombic patterns along a chosen direction. This eﬀect remains a rewarding topic for future measurements.
On purpose we have limited our brief survey to instabilities of the plain
surface layer, because the isotropic state is most easily accessible, both for theory
and for experiment. However, surface instabilities can also emerge from a curved
surface. For example the freely suspended ferroﬂuid drop, initially spherical due
to surface tension, elongates in the direction of the uniform applied magnetic
ﬁeld and takes an equilibrium shape. At suﬃciently large values of the magnetic
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susceptibility (χ > 21, sic !), the drop deformation can exhibit hysteresis and
displays on the upper branch an acute tip [2], as observed in an early experiment
[230]. This phenomenon has recently been treated by FEM calculations [65],
which calls for improved measurements, facilitated by new magnetic ﬂuids made
from air-stable cobalt particles [231, 232].
In a diﬀerent context a cylindrical geometry may be of interest. Due to the
magnetic term in the dispersion relation (1) which scales ∝ q 2 a Korteweg-de
Vries equation cannot be derived for a shallow layer of MF. Consequently the
standard setup cannot sustain propagating solitons, like those observed by Sir
Scott Russel in water. Recently it has been suggested that a ferroﬂuid cylinder
surrounding a current-carrying wire could facilitate those cylindrical Kortewegde Vries solitons [233]. There the magnetic force may replace gravity and allows
for dispersion free surface waves. However experimental problems arise from
relatively high currents of about 300 A, and from the rapid damping by the
surrounding ﬂuid, which has to be matched in its density. This is the rare example
where a experiment in space would provide a real advantage, because the outer
ﬂuid could be omitted, and with it the damping.
To conclude, we have demonstrated that a quantitative comparison of results generated by clean experiments, suitable numerical simulations and the
analytical theory, opens a way for a deeper understanding of the physical phenomena for surface instabilities in ferroﬂuids.
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109. Bödeker, H.U., Liehr, A.W., Frank, T.D., Friedrich, R., Purwins, H.-G.: Measuring the interaction law of dissipative solitons. New J. Phys. 6, 62 (2004). 197
110. Crawford, C., Riecke, H.: Oscillon-type structures and their interaction in a Swift–
Hohenberg model. Physica D 129, 83 (1999). 197
111. Stroebel, G.J., Warner, W.H.: Stability and secondary bifurcation for von Kármán
plates. J. Elast. 3, 185 (1973). 198
112. Leiderer, P., Ebner, W., Shinkin, V.B.: Macroscopic electronic dimples on the
surface of liquid Helium. Surface Science 113, 405 (1982). 198
113. Coullet, P., Riera, C., Tresser, C.: Stable Static Localized Structures in One Dimension. Phys. Rev. Lett. 84, 3069 (2000). 198
114. Gollwitzer, C., Rehberg, I., Richter, R.: Via hexagons to squares in ferroﬂuids:
experiments on hysteretic surface transformations under variation of the normal
magnetic ﬁeld. J. Phys. Condens. Matter 18, 2643 (2006). 199, 200, 201, 202, 204, 205, 206
115. Nitschke, K.: Secondary instability in surface-tension-driven Bénard convection.
Phys. Rev. E 52, R5772 (1995). 199

242

R. Richter and A. Lange

116. Thiele, U., Eckert, K.: Stochastic geometry of polygonal networks: An alternative
approach to the hexagon-square transition in Bénard convection. Phys. Rev. E
58, 3458 (1998). 204
117. Schatz, M., Vanhook, S.J., McCormick, W.D., Swift, J.B., Swinney, H.L.: Time–
independent square patterns in surface tension driven Bénard convection. Phys.
Fluids 11, 2577 (1999). 199
118. Aumann, A., Ackemann, T., Große Westhoﬀ, E., Lange, W.: Transition to spatiotemporally irregular states in a single-mirror feedback system. Int. J. Bif. Chaos
11, 2789 (2001). 199
119. Melo, F., Umbanhowar, P.B., Swinney, H.L.: Hexagons, Kinks, and Disorder in
Oscillated Granular Layers. Phys. Rev. Lett. 75, 3838 (1995). 199
120. Malomed, B.A., Nepomnyashchy, A.A., Tribelsky, M.I.: Domain boundaries in
convection patterns. Phys. Rev. A 42, 7244 (1990). 199
121. Bestehorn, M.: Square Patterns in Bénard-Marangoni Convection. Phys. Rev.
Lett. 76, 46 (1996).
122. Bragard, J., Velarde, M.G.: Bénard–Marangoni convection: planforms and related
theoretical predictions. J. Fluid Mech. 368, 165 (1998). 199
123. Stoner, E.C.: The Analysis of Magnetization Curves. Rev. Mod. Phys. 52, 2
(1953). 199
124. Jiles, D.C., Atherton, D.L.: Theory of ferromagnetic hysteresis. J. App. Phys. 55,
2115 (1984). 199
125. Girard, P., Boissel, J.P.: Clockwise hysteresis or proteresis. J. Pharmacokinet.
Pharmacodyn. 17, 401 (1989). 201, 207
126. Millán, M., Escofet, J.: Fourier-domain-based angular correlation for quasiperiodic pattern recognition. Applications to web inspection. Appl. Opt 35, 6253
(1996). 202
127. Fortune, S.J.: Computing in Euclidean Geometry, Vol. 1 of Lecture Notes Series on Computing. In: Du, D.-Z., Hwang, F. (eds.) World Scientiﬁc, Singapore
(1995). 203
128. Steinhardt, P., Nelson, D., Ronchetti, M.: Bond-orientational order in liquids and
glasses. Phys. Rev. B 28, 784 (1983). 206
129. Pismen, L.M.: private communication (2006). 207, 235
130. Benard, H., Avsec, D.: Travaux Recents sur les Tourbillon Cellulaires et Les Tourbillons en Bandes Application a L’Astrophysique et a La Meterologie. Le journal
de physique et Le radium 486 (1938). 207
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182. Chaté, H., Manneville, P.: Spatiotemporal intermittency in coupled map lattices.
Physica D 32, 409 (1988). 220

Surface Instabilities of Ferroﬂuids

245

183. Grassberger, P., Schreiber, T.: Phase transitions in coupled map lattices. Physica
D 50, 177 (1991). 220
184. Wolfram, S., Universality and complexity in cellular automata. Physica D 10, 1
(1984). 220
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Abstract Combined eﬀorts of experimental, theoretical and simulation studies performed over the last years have signiﬁcantly improved the understanding of structural
and dynamical properties of ferroﬂuids. Experiments on newly synthesized cobalt ferroﬂuids – well characterized and with a narrow particle size distribution – show huge
magnetoviscous eﬀects, where the zero-ﬁeld viscosity increases by a factor 10 − 100 due
to an applied magnetic ﬁeld. Such large variations in the viscosity are accompanied by
dramatic structural changes that are detected by neutron scattering experiments under
shear ﬂow. Therefore, structure and rheology are intimately related in such ferroﬂuids.
These results can be explained by the formation and breaking of chain-like aggregates
of magnetic particles. Chain formation under equilibrium conditions is covered in this
review as a starting point for a discussion of the dynamics of these aggregates in terms
of the kinetic chain model. Also the case of weak dipolar interactions is reviewed here,
where systematic approximations allow to discuss the eﬀect of dipolar interactions
on the equilibrium magnetization. These studies have been extended recently, giving
valuable insights into the role of weak dipolar interactions on dynamical, viscous and
viscoelastic properties of ferroﬂuids.

1 Introduction
Recent years have seen a rapidly increasing wealth of experimental data and
theoretical studies on ferroﬂuids [1–3]. Interest in these ﬂuids is driven by both
their growing importance for technical and medical applications and the wide
variety of fascinating basic physics questions that can be addressed with their
help, like the inﬂuence of dipolar interactions and magnetic ﬁelds on the structure
and dynamics of ﬂuids and phase transitions in such systems.
The manipulation of physical properties by external magnetic ﬁelds has
opened several technical and medical applications of ferroﬂuids [4–6]. In particular the magnetoviscous eﬀect (MVE), i.e., the viscosity change due to an
applied magnetic ﬁeld, has attracted considerable attention [7, 8]. Understanding the MVE and other transport properties in ferroﬂuids requires to study the
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combined inﬂuence of a magnetic ﬁeld and a ﬂow ﬁeld on their dynamics. In
ideal ferroﬂuids, interactions between the magnetic particles are absent. The
discrepancies between ideal and real ferroﬂuids clearly demonstrate the need for
improved models of their dynamics, which take into account interparticle interactions. Like in other complex ﬂuids, the dynamical properties of ferroﬂuids
are strongly inﬂuenced by their internal, ﬂow- and ﬁeld-induced structures. The
interplay of structural and dynamical properties is generally considered to be
the key to the understanding of transport phenomena in complex ﬂuids [9, 10].
Recent kinetic theories of the MVE explicitly take into account these nonequilibrium structures. Since already the equilibrium structures in ferroﬂuids are
highly non-trivial [11], we review those experimental and theoretical results that
are later needed as input for the kinetic theories. Before that, the ferrohydrodynamic equations and the model system are introduced. We start, however, with
a brief summary of the current status, recent achievements and open problems
in the ﬁeld of ferroﬂuid structure and rheology.
1.1 Magnetoviscous Eﬀect in Ideal Ferroﬂuids
The experimental demonstration of the MVE by Rosensweig [12] and McTague
[13] in 1969 initiated a huge number of subsequent studies on viscous properties of ferroﬂuids. The theoretical approaches to explain the MVE can roughly
be divided into macroscopic, thermodynamic theories and mesoscopic, kinetic
theories. Computer simulations provide an additional, complementary approach
to the dynamics of ferroﬂuids that is becoming more and more important in the
last years.
In his early macroscopic theory of the MVE [14], Shliomis assumed that the
magnetization of ferroﬂuids M would be convected with the local vorticity Ω
of the ﬂow, while a magnetic ﬁeld H, on the other hand, leads to a precession
of the magnetization around the ﬁeld direction. Assuming further a simple exponential relaxation of the nonequilibrium magnetization toward its equilibrium
value Meq with relaxation time τ B, the magnetization dynamics formulated
phenomenologically by Shliomis reads [14]
d
μ0
1
M−Ω×M=−
(M − Meq ).
M × (M × H) −
dt
6ηs φh
τB

(1)

Further parameters entering Eq. (1) are the hydrodynamic volume fraction φh
and the viscosity of the carrier liquid ηs . Shliomis identiﬁed the time τ B with
the Brownian relaxation time of rotational diﬀusion τ B = 3ηs Vh /kB T of an individual spherical particle with hydrodynamic volume Vh = πd3h /6. Due to the
stabilizing, non-magnetic shell, the magnetic diameter dm and hydrodynamic
diameter dh of the particles should carefully be distinguished. For a dilute suspension, the viscosity of the bare carrier liquid ηs0 is enhanced due to the presence of the suspended particles, ηs = ηs0 (1 + 2.5φh ) [15]. This Einstein formula
was obtained without taking into account rotational friction of the suspended
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particles. Due to the vorticity Ω, the stationary, nonequilibrium magnetization
determined from Eq. (1) deviates from Meq . The misalignment of the magnetization and the magnetic ﬁeld leads to additional viscous dissipation. The latter can
be expressed by the rotational viscosity ηr of ferroﬂuids. For Poiseuille or Couette ﬂow, v = v(y)ex , in a transversal magnetic ﬁeld H = Hey , the rotational
viscosity is deﬁned by
ηr = M⊥ H/4Ω,

(2)

where M⊥ ≡ M − (M · Ĥ)Ĥ denotes the nonequilibrium component of the
magnetization perpendicular to the magnetic ﬁeld direction, Ĥ = H/H and
M⊥ = |M⊥ |. The quantity eν denotes the Cartesian unit vector parallel to the
ν-axes. For weak ﬂows with τ BΩ  1, the perpendicular magnetization component M⊥ is small and can be calculated from Eq. (1) in linear approximation.
Inserting the resulting expression in Eq. (2), the rotational viscosity predicted
(Sh72)
by Shliomis’ macroscopic theory [14] reads ηr
= 32 ηs φh αL1 (α)/[2 + αL1 (α)],
where α = μ0 mH/kB T is the Langevin parameter and L1 (x) = coth(x) − x−1
the Langevin function, see Appendix A
1.2 Ideal, Non-interacting (NI) Ferroﬂuid Model
A more microscopic approach to the magnetization dynamics and rotational
viscosity of ferroﬂuids in terms of a kinetic model has been proposed independently by several authors [16–18] shortly after Shliomis’ macroscopic theory.
Within this kinetic theory, the ferroﬂuid is modeled as an ideal suspension of
non-interacting magnetic dipoles subject to a magnetic ﬁeld, Brownian motion
and the vorticity of the ﬂow. For simplicity, we refer to this as the non-interacting
(NI) model. The particles are assumed monodisperse, ferromagnetic hard particles of diameter dm , such that their magnetic moment is m = Mo Vm , where Mo
is the spontaneous magnetization of the magnetic material and Vm = πd3m /6 the
volume of the magnetic core. Further details on this model are given in Sect. 5.1.
For weak ﬂows, the rotational viscosity Eq. (2) predicted by the NI model within
the eﬀective ﬁeld approximation is given by [18]
ηr (α) =

αL21 (α)
3
ηs φh
.
2
α − L1 (α)

(3)

In the absence of a magnetic ﬁeld, the magnetic particles rotate freely with the
local vorticity of the ﬂow and ηr (0) = 0. If, on the contrary, the magnetic ﬁeld is
strong enough to keep the particles oriented in the ﬁeld direction, not allowing
them to rotate with the ﬂow, the rotational viscosity attains its maximum value
ηr (∞) = 32 ηs φh . While the details of expression (3) for the rotational viscosity
are diﬀerent within the macroscopic and kinetic approach, the saturation value
ηr (∞) is found to be the same. Note that this result imposes a strict upper bound
ηr ≤ 1.1ηs on the maximum possible viscosity increase that would be attained
near close packing φh,max ≈ 0.74.
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Fig. 1. Left: The relative viscosity increase S = [η(H) − η(0)]/η(0) as a function of the
magnetic ﬁeld. Squares and circles represent the experimental results of McTague [13]
measured in pipe ﬂow if the magnetic ﬁeld is oriented parallel and perpendicular to the
ﬂow direction, respectively. Solid lines are the predictions of Eq. (3). Data are taken
from [13]. Right: The same quantity S measured for a cobalt ferroﬂuid in a Couette
cell for diﬀerent shear rates. The magnetic ﬁeld was oriented in the gradient direction.
Note the diﬀerent scales for the relative viscosity increase. Figure taken from [19]

Figure 1 shows the relative viscosity change S(H) = [η(H) − η(0)]/η(0)
measured by McTague in pipe ﬂow [13] as a function of the magnetic ﬁeld.
Also shown are the theoretical curves calculated from Eq. (3). Note, that
for parallel orientation of the magnetic ﬁeld with the ﬂow direction, the vorticity Ω is always perpendicular to the ﬁeld, thus S = ηr /ηs . In the case
where the magnetic ﬁeld is oriented perpendicular to the ﬂow direction, only
the ﬁeld component perpendicular to the vorticity leads to rotational viscosity. Averaging this contribution over the cross-section of the pipe one ﬁnds
S⊥ = ηr /2ηs . The agreement between the experimental results and the theoretical expression shown in the left panel of Fig. 1 is rather good. Later, more reﬁned
experiments on the rotational viscosity showed the validity of the NI model for a
dilute ferroﬂuid [20]. In spite of its strong assumptions, also the viscosity change
in oscillating magnetic ﬁelds (“negative viscosity eﬀect”) [21, 22] can be described
within the NI model. For a review on early measurements and their explanation
within the NI model see [23]. Motivated by these ﬁndings, the NI model has been
studied extensively in the literature [24–38] and became the dominating theory
of the dynamics and the MVE of ferroﬂuids until recently. The single-particle
picture assumed in the NI model is therefore well established, where the free rotation of individual magnetic particles in a ﬂow ﬁeld is hindered by a magnetic
ﬁeld, if the ﬁeld and vorticity direction are not aligned parallel to each other. The
additional viscous dissipation resulting from this misalignment is the only source
of the MVE within this model. The analogy of the MVE with the Senftleben effect in which the transport properties of gases change upon the application of
magnetic ﬁelds has been pointed out in [17].
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1.3 Shortcomings of Ideal Ferroﬂuid Model
Recent investigations questioned the interpretation of some of the above-mentioned experiments as they require unreasonable high volume concentrations in
order to reproduce the observed eﬀect [39]. Similarly, the viscosity of a magnetitebased ferroﬂuid measured in a cone-and-plate rheometer is found to increase
much more than the theoretical prediction based on the NI model [40]. A relative viscosity increase of 200% was measured already in [12] for a concentrated
ferroﬂuid which is clearly beyond the applicability of the NI model. For a cobalt
ferroﬂuid with a relative viscosity increase of S = 10−80 [19], the discrepancy
with the NI model is even more striking, see right panel of Fig. 1. In addition, a
strong shear thinning behavior is found in these ﬂuids. A further shortcoming of
the NI model is its inability to account for the observed anisotropy of the MVE in
a channel ﬂow [41], where three viscosity coeﬃcients have been measured corresponding to magnetic ﬁelds oriented in ﬂow, gradient and vorticity direction,
respectively. Finally, we like to mention three further experiments, which simply
cannot be interpreted within the NI model: the existence of normal stress diﬀerences as proved by the Weissenberg eﬀect under microgravity conditions [42], the
sensitivity of the ferroﬂuid dynamics to the symmetric velocity gradient probed
in a Couette cell [43], and ﬂow-induced structural changes as detected by small
angle neutron scattering (SANS) measurements under shear ﬂow [44].
In order to understand those more recent experiments, the NI model has to be
extended in order to account for dipolar and possibly also steric interactions. In
Sect. 5.2, we describe recent eﬀorts to incorporate weak dipolar interactions into
the dynamical model. The limit of strong dipolar interactions is considered in
Sect. 5.3 within the chain-formation model. In addition, computer simulations of
model ferroﬂuids provide a very valuable, complementary approach that avoids
several assumptions underlying the theoretical models.
1.4 Challenges in Ferroﬂuid Research
Dipolar and steric interactions lead to interesting equilibrium properties of
ferroﬂuids. Determining the equilibrium structure of dipolar ﬂuids is a longstanding issue in statistical physics [11, 45, 46]. In the last years, the equilibrium
structure of ferroﬂuids has intensively been determined by several groups with
the help of scattering and TEM-imaging experiments.
In order to understand and predict dynamical and rheological properties
of ferroﬂuids, it is often helpful to study simpliﬁed kinetic models. How the
NI model should be extended in order to account for interparticle interactions is,
however, not obvious (see also [47] for a review of ferroﬂuid models).
Some authors phenomenologically suggested shape anisotropy of the magnetic particles in order to account for the observed macroscopic anisotropy of
the magnetoviscous eﬀect [3, 41, 48]. Within the chain-formation model proposed by Zubarev and Iskakova [49], the formation of straight, rigid chain-like
structures of magnetic particles due to the presence of strong dipolar interactions is assumed. Treating these chains as an ideal solution of eﬀective, elongated
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particles, their dynamics is much richer than predicted by the NI model, showing for example a more complicated anisotropy of the MVE and the presence of
normal stress diﬀerences. The existence of straight, rigid chain-like aggregates is
a strong assumption underlying the chain-formation model. These assumptions
can be justiﬁed for dipolar interactions that are strong enough to maintain the
connectivity of the chain against thermal ﬂuctuations. In addition, the chains
should be suﬃciently short such that they can be considered as rigid. It has
been argued that the parameter regime where these assumptions apply might
be extremely small [50]. The validity of these assumptions in the corresponding
parameter regimes has not yet been carefully discussed, e.g., by comparison to
SANS experiments or computer simulations. Further, the eﬀect of chain ﬂexibility on dynamical properties has not yet been studied thoroughly.
The model proposed in [49] predicts that the shear viscosity is strongly enhanced due to the presence of chain-like aggregates. However, only large-enough
particles with suﬃciently strong dipolar interactions contribute to the chain formation. Whether the remaining fraction of large particles is suﬃcient to explain
the observed magnitude of the MVE is diﬃcult to tell, since the size distribution
of the magnetic particle is often not known well enough.
1.5 Summary of Achievements, Current Status and Open Questions
In the last years several experimental, theoretical and computer simulation studies have been devoted to the equilibrium magnetization and structure of ferroﬂuids. The eﬀect of dipolar interactions on the equilibrium magnetization has been
described within diﬀerent theoretical approaches. Comparisons with computer
simulations and experimental studies showed satisfactory agreement for a wide
range of parameters. SANS experiments revealed interesting information on the
equilibrium structure of diﬀerent ferroﬂuids [51]. Unfortunately, a quantitative
understanding of most of these results on the basis of the available theoretical
models is still lacking. A quantitative comparison of SAXS results on aqueous
ferroﬂuids with large silica shells and very small dipolar interactions has successfully been performed in [52]. Computer simulations have clearly demonstrated
the occurrence of chain-like structures in model ferroﬂuids for suﬃciently strong
dipolar interactions [53]. The simulation results thus seem to support the assumptions made in the chain-formation model, even though the simulated chains
appear to be rather ﬂexible.
With the help of newly synthesized cobalt ferroﬂuids [54] with narrow particle
size distributions and strong dipolar interactions, the interpretation of structural
and rheological measurements is faciliated compared to previous ﬂuids. A huge
MVE is measured in these ﬂuids, several orders of magnitude larger than estimated by the non-interacting model. The chain model, on the contrary, is able to
describe the observed magnitude of the MVE. The chain model explains also the
occurrence of normal stress diﬀerences [42] and the dependence of the nonequilibrium dynamics on the symmetric velocity gradient [43] described above. It has
recently been demonstrated [55] that the chain model is consistent with a generalized thermodynamic theory of Liu and Müller presented in chapter of M. Liu.
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Finally, also the shear-induced structural changes observed by SANS measurements under ﬂow can be interpreted within an extended chain model [56] that
phenomenologically takes into account ﬂow-induced modiﬁcations of the chain
size distribution. In view of these results, the chain model appears to be the best
kinetic model available so far to describe the dynamics in strongly interacting
ferroﬂuids. A more direct experimental evidence for chain-like structures in bulk
ferroﬂuids would be desirable as well as a detailed quantitative comparison of
the chain size distribution with the theoretical predictions.
For the dynamics of weakly interacting ferroﬂuids where the chain model
does not apply, other theoretical approaches based on self-consistent mean-ﬁeld
approximations have recently been proposed [57–59]. A very recent review on the
ﬂow properties of ferroﬂuids from a more macroscopic point of view is presented
in [60].
Recent years have seen strong eﬀorts to incorporate polydispersity eﬀects
into existing theoretical models, both, in equilibrium and for nonequilibrium
properties. Experimental studies indicate a strong inﬂuence of polydispersity
eﬀects on the magnetization and dynamics [61]. Similar results have been observed in experiments on the storage and loss modulus of inverse ferroﬂuids with
a controlled, bidisperse size distribution [62], see also chapter of R. Richter. A
strong change in the equilibrium magnetization and structure has been found
in computer simulations if some smaller or larger particles are added [63]. The
chain-formation model has recently been extended to account for polydispersity
eﬀects [56, 64], and inter - chain interactions [65].
In spite of its strong assumptions, the chain model appears to capture the essential features of the dynamics of real, strongly interacting ferroﬂuids. Releasing
some of this assumptions is a challenging task but would probably allow a more
quantitative agreement with experimental results on the huge MVE observed
in cobalt ferroﬂuids. Computer simulations, which have been restricted so far
mostly to weakly interacting systems, are expected to be very helpful in these
respect, similar to the equilibrium situation. In view of more realistic ferroﬂuid
models and simulations, it is necessary to include some eﬀects that so far have
been neglected. The inﬂuence of the microscopic make-up of the ferromagnetic
particles, e.g., has been studied experimentally [8] but so far not systematically
from a theoretical point of view. In addition, the details of the short-range steric
interaction become important for strongly interacting ferroﬂuids. Unfortunately,
neither the form of the eﬀective, non-magnetic potential between the particles
nor the parameters of the potential are well known so far. A serious approximation underlying current theoretical and simulation studies is the disregard
of hydrodynamic interactions that are present in all colloidal suspensions. The
importance of these interactions on dynamical properties of ferroﬂuids has not
been studied carefully at present. Finally, we mention that also polydispersity
eﬀects on the dynamics are scantily explored beyond the bidisperse model at
present. It would be of considerable value if the relative importance of these different eﬀects could be investigated separately such that the existing theoretical
models could be extended accordingly.
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1.6 Organization of the Following Sections
The ferrohydrodynamic equations governing the ﬂow of magnetic liquids are
presented in Sect. 2. Basic rheological notions are introduced there as well. The
need for accurate constitutive equations to close the ferrohydrodynamic equations is emphasized. Microscopic ferroﬂuid models taking into account magnetic,
dipolar and steric interactions are described in Sect. 3. Within these models, expressions for macroscopic quantities like the magnetization and the stress tensor
are deﬁned. Section 4 deals with the equilibrium ferroﬂuid magnetization and its
internal equilibrium structure. Diﬀerent theoretical approaches are summarized
and compared with experiments and computer simulations. Simpliﬁed kinetic
models are considered in Sect. 5 that approximate the dynamics of the model
presented in Sect. 3 for the weak and strong interaction regime. The equilibrium
dynamics in the absence of ﬂow is brieﬂy reviewed in Sect. 6. In particular, dynamic light scattering experiments and computer simulation studies on diﬀusion
coeﬃcients are described. The experimental determination of the rheology and
microstructure of ferroﬂuids is described in Sect. 7. Both rheological and structural properties are studied. Experimental results are contrasted with theory and
simulations. Finally, some conclusions and perspectives are oﬀered in Sect. 8.

2 Ferrohydrodynamic Equations
and Rheological Quantities
The ferrohydrodynamic equations governing the dynamics of magnetic ﬂuids
are frequently discussed in the literature (see, e.g., [3, 66, 67],and chapter of
M. Liu). Here, we brieﬂy review these equations in order to provide the theoretical framework for the subsequent studies. Thereby, we carefully distinguish
between the basic ferrohydrodynamic equations that follow from conservation
laws and Maxwell’s equation on the one hand and the constitutive equation
needed to close these equations on the other hand. While the former are consequences of basic physical laws, the latter have been a matter of quite some
debate (see, e.g., [36, 37, 68–72]).
2.1 Ferrohydrodynamic Equations
Let ρM (r, t) and v(r, t) denote the mass density and velocity ﬁeld of the ﬂuid,
respectively. The balance equation for the linear momentum of the ﬂuid can be
written in the form [66]
ρM

dv
= ∇ · ΠT + ρM b,
dt

(4)

where d/dt = ∂/∂t+v ·∇ is the material derivative and b the body force density
excluding electromagnetic eﬀects. The transpose of the stress tensor is denoted
by ΠT . The stress tensor components Παβ describe the force density in the αdirection on a surface perpendicular to the β-direction. We note that Rosensweig
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in [66] uses the alternative form T = ΠT , while the present deﬁnition agrees with
the convention used e.g. in [9, 10] and in chapter of M. Liu. We assume the ﬂuid
to be incompressible and non-conducting,
∇ · v = 0,

∇ × H = 0,

∇ · B = 0.

(5)

The magnetic induction B is related to the magnetic ﬁeld H and the magnetization M by B = μ0 (H + M).
Equations (4) and (5) are not closed. An expression for the stress tensor Π
entering the momentum balance equation is needed. This so-called constitutive
equation encodes the ﬂow properties of the particular ﬂuid under investigation.
Therefore, their determination is an active ﬁeld of research in many complex
ﬂuids [9].
For magnetic ﬂuids in particular, the stress tensor Π is the sum
Π = Πv + Π m ,

(6)

of the viscous stress Πv and the Maxwell stress tensor Πm for a magnetizable
ﬂuid [36, 66],
(7)
Πm = HB − pm bone.
The diagonal part of Πm is not relevant for the ﬂow situations considered below.
For a careful discussion of this term see chapter of M. Liu. Like any second rank
tensor, Πv can be decomposed as
1
Πv = −p bone + Πv +  · π a ,
2

(8)

where p = −Πvαα /3 is the scalar pressure and A denotes the symmetric traceless
part of an arbitrary matrix A, A αβ ≡ 12 (Aαβ + Aβα ) − 13 Aγγ δαβ . The antisymmetric part involves the pseudo-vector π a = − : Πv , where we have used the
total antisymmetric tensor of rank three (Levi-Civita) . We use multiple dot
convention, (ab)αβ ≡ aα bβ , a · b ≡ aα bα , (A · B)αβ ≡ Aαγ Bγβ , A : B ≡ Aαβ Bβα ,
( : A)α ≡ αβγ Aγβ , i.e.  : ab ≡ b × a and ( · a)αβ = αβγ aγ , for arbitrary vectors a, b and tensors A, B, where repeated Cartesian indices α, β, γ are summed
over.
2.2 Rheological Quantities
The dynamics of ferroﬂuids can be studied by measuring their viscous, magnetoviscous and viscoelastic properties. Shear ﬂows are commonly used for such
studies. The simplest case of planar shear (Couette) ﬂow is described by the ﬂow
ﬁeld
(9)
v(r, t) = γ̇(t)ry ex
with shear rate γ̇. The ﬂow geometry is schematically shown in Fig. 2. In this
geometry, the tangential friction force exerted by the ﬂuid on the boundary wall
is given by [Πxy ], where [•] denotes the diﬀerence evaluated across the ﬂuid–solid
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Fig. 2. Schematic plot of ﬂow geometry. Diﬀerent orientations of the magnetic ﬁeld
are shown that are used in order to deﬁne the Miesowicz viscosities ηi

interface. Using the boundary conditions for the electrodynamic ﬁelds, [Hx ] = 0
and [By ] = 0, one notices that no contribution of the Maxwell stress tensor to
the shear stress Πxy arises in this situation and one ﬁnds [Πxy ] = Πvxy [66].
For small-enough shear rates γ̇(t), the shear stress Πvxy depends linearly on
γ̇(t) and can be written as

Πvxy (t) =

t

−∞

dt G(t − t )γ̇(t ),

(10)

where G(t) is the shear relaxation modulus.
Two special cases of shear ﬂows will be important later:
•

Stationary shear ﬂow:
γ̇(t) = γ̇ = const.

(11)

In this case, the shear stress is assumed to reach a constant value after some
initial transient dynamics. The stationary shear viscosity is deﬁned by
η=

•

Πvxy
.
γ̇

Using Eq. (10), the shear viscosity can be expressed as η =
Oscillatory shear ﬂow:
γ(t) = γ0 sin(ωt),

γ̇(t) = ωγ0 cos(ωt).

(12)
∞
0

dt G(t).
(13)

The ﬂuid is assumed to respond harmonically with the same frequency ω as
the oscillatory ﬂow. The time-dependent shear stress can be written as
Πvxy (t)/γ0 = G (ω) sin(ωt) + G (ω) cos(ωt),

(14)

∞
with the storage G (ω) = ω 0 dt G(t) sin(ωt) and loss modulus G (ω) =
∞
ω 0 dt G(t) cos(ωt). Some authors deﬁne a complex shear viscosity η ∗ =
η  − iη  by η  = G (ω)/ω and η  = G (ω)/ω.
Similar to the Miesowicz viscosities of liquid crystals [55, 73, 74], diﬀerent
viscosity coeﬃcients ηi can be deﬁned if the magnetic ﬁeld is oriented in ﬂow
(i = 1), in gradient (i = 2) or in the vorticity direction (i = 3) of the ﬂow.
The situation is shown schematically in Fig. 2. In addition, a fourth viscosity
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coeﬃcient is needed to fully characterize the viscous behavior [74]. This coeﬃcient can be chosen as η4 , the viscosity η that is measured if the magnetic ﬁeld
is oriented along the bisector of the ﬂow and gradient direction. An even closer
analogy with the Miesowicz viscosities would be obtained, if the coeﬃcients ηi
would be deﬁned with respect to the orientation of the magnetization instead
of the magnetic ﬁeld. The orientation of the magnetization is, however, more
diﬃcult to control than the magnetic ﬁeld. For low shear rates, the diﬀerence
between these deﬁnitions is negligible.
Recent experiments showed viscoelastic eﬀects in ferroﬂuids in stationary
shear ﬂow [7]. Pronounced shear thinning behavior has been observed in experiments on commercial ferroﬂuids [75], i.e., the viscosity η(γ̇) was found to
decrease with increasing shear rate γ̇. Shear thinning is commonly observed
in many complex ﬂuids [9]. Another viscoelastic phenomenon observed in many
complex liquids is the Weissenberg eﬀect which highlights the existence of normal
stress diﬀerences. The ﬁrst and second normal stress diﬀerences are deﬁned by
N1 = Πxx − Πyy ,

N2 = Πyy − Πzz .

(15)

Contrary to the shear stress, the Maxwell stress tensor Πm in general contributes
to the normal stress diﬀerences in the ﬂow geometry (9). Separating magnetic
and viscous contributions, the ﬁrst normal stress diﬀerence can be written as
N1 = Hx [Bx ] − [Hy ]By + Πvxx − Πvyy . For the special case where the magnetic
ﬁeld is oriented in y-direction, Hx = 0, and the demagnetizing ﬁeld vanishes,
[Hy ] = 0, no Maxwell contribution to N1 appears. Similar arguments apply
for N2 .
2.3 Constitutive Equations
In order to close the momentum balance equation (4) an expression for the
stress tensor, in particular for the viscous part Πv , is needed. The expression for
Πv , known as constitutive equation, encodes the ﬂow properties and is therefore
speciﬁc to the ﬂuid under investigation. For Newtonian ﬂuids,
Πv = 2η Γ

(16)

with the symmetric velocity gradient Γ = 12 (∇v + [∇v]T ). Here and below, the
ﬂow ﬁeld is assumed to be incompressible. For a constant shear viscosity η and in
the absence of magnetic and antisymmetric contributions to Π, the momentum
balance equation (4) reduces to the Navier–Stokes equation. The most general
linear relation between Πv and Γ reads Πvαβ = ηαβμν Γμν , where the fourth rank
tensor η must satisfy the symmetry relations ηαβμν = ημναβ = ηβαμν = ηαβνμ =
ηβαμν .
The constitutive equation for complex ﬂuids like ferroﬂuids is more complicated than Eq. (16) due to shear rate dependence of η and/or additional terms
appearing on the right hand side of Eq. (16), see, e.g., [76]. The antisymmetric
contribution π a to the viscous stress tensor Πv arises due to rotational friction
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if the mean angular velocity of the particles ω does not match the vorticity
Ω = 12 ∇ × v of the macroscopic ﬂow ﬁeld [66, 77],
π a = 6ηs φh ( ω − Ω).

(17)

In ordinary ﬂuids, the diﬀerence ω − Ω decays on the timescale of the spin
relaxation time τs = Θ/6ηs φh ≈ 10−11 s, where Θ denotes the moment of inertia
of the particles. In ferroﬂuids, however, it is possible to maintain this diﬀerence
by the magnetic torque
(18)
π a = μ0 M × H.
Note that with Eq. (18) the sum of viscous and Maxwell stress tensor (7) is symmetric, expressing the conservation of total angular momentum. From Eq. (18),
the rotational viscosity deﬁned in Eq. (2) is easily derived.
Within the single-particle picture adopted in the NI model, Sect. 1.1, the symmetric part of the viscous stress tensor is given by Eq. (16) where η is replaced
by the shear viscosity ηs of the suspension in the absence of a magnetic ﬁeld.
Investigations of ferroﬂuids in pipe ﬂow based on the NI model are performed,
e.g., in [60, 78, 79].
The shortcoming of the NI model outlined in Sect. 1.3 demonstrates the need
for improved constitutive equations. A generalized expression for the stress tensor is described in chapter of M. Liu based on a macroscopic, thermodynamic
approach. Here, we describe more microscopic approaches to the dynamics and
rheology of ferroﬂuids. The microscopic approaches should be considered as complementary to the thermodynamic ones: the latter give the general form of the
equations but cannot specify the parameters appearing in the theory, while the
microscopic approaches lead to speciﬁc expressions with more quantitative results on the transport coeﬃcients as well as their relation to the microscopic
properties of the ﬂuids. Therefore, it is the combination of microscopic and thermodynamic approaches that leads to a thorough understanding of the macroscopic properties.
For the microscopic and mesoscopic ferroﬂuid models described below, explicit expressions for the viscous stress tensor are given. These expressions allow
for a microscopic interpretation of additional stress contributions that are absent
in the NI model. Since these stress contributions depend on the internal structure
of the ﬂuid, it is very helpful to ﬁrst study the equilibrium structural properties
of the ferroﬂuid models before discussing their dynamical behavior.

3 Microscopic Ferroﬂuid Model
In this paragraph, we introduce a rather detailed model of ferroﬂuid dynamics
underlying the subsequent studies. As will be seen in the following, the model
is able to describe similar structural, magnetic, as well as dynamical and rheological properties as seen in experiments. Following the standard approach to
colloidal systems [15, 80] and other complex ﬂuids [81–83], we treat the interacting many-particle system on a mesoscopic level, neglecting microscopic details of
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the colloidal particles and treating the solvent in an approximate manner. Such
coarse-grained descriptions provide convenient starting points for the derivation
and investigation of macroscopic properties of many complex liquids in terms of
microscopic model parameters [9, 84].
3.1 Ferroﬂuid Model
Ferroﬂuids are stable colloidal suspensions of ferromagnetic particles in a nonmagnetic solvent [3, 66]. Typically, the magnetic diameter dm of the ferromagnetic particles ranges between 6 and 20 nm. Thus, the particles are smaller than
the size of ferromagnetic Weiss domains and can therefore be considered as magnetic monodomain particles [66]. A schematic view of a ferroﬂuid is shown in
Fig. 3. Let m = Mo πd3m /6 denote the magnetic moment of the ferromagnetic particle and Mo the spontaneous magnetization of the magnetic material. For magnetite (cobalt), for example, the spontaneous magnetization is Mo = 4.5·105 A/m
(Mo = 1.5 · 106 A/m). If colloidal suspensions are viewed as model systems for
atomic ﬂuids, ferroﬂuids might serve as model systems for dipolar ﬂuids with
giant magnetic moments.
Interaction Potentials
We consider a system of N interacting, spherical particles and denote the position
and the embedded permanent magnetic point dipole of particle i by ri and mi ,
respectively. The interaction potential between two particles can be written as
Φ(12) = Φsp (r12 ) + Φdd (12),

(19)

where 1 (2) denote the spatial and orientational coordinates of particle 1 (2),
r12 ≡ r1 − r2 and r12 = |r12 | denotes the distance between particles 1 and 2.
The dipole–dipole interaction potential is given by

Fig. 3. Left: Schematic view of a ferroﬂuid. Right: Snapshot conﬁguration from ferroﬂuid simulation
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Φdd (12) =

μ0 m1 m2
[u1 · u2 − 3(u1 · r̂12 )(u2 · r̂12 )] ,
3
4πr12

(20)

where the strength and orientation of the magnetic moment of particle i is denoted by mi and ui , respectively. The unit vector r̂12 is deﬁned by r̂12 = r12 /r12 .
The anisotropic and long-range characteristics of dipolar interactions are responsible for peculiar structural and dynamical properties of dipolar ﬂuids and
ferroﬂuids.
In order to prevent permanent aggregation due to van der Waals forces, the
magnetic particles are sterically stabilized by a protecting polymeric shell [66].
For clarity of presentation, we assume a monodisperse system in the following.
The generalization to polydisperse system is brieﬂy discussed later. Within the
present approach, the stabilizing shell is described by a repulsive, spherically
symmetric potential Φsp . Speciﬁcally, a repulsive Lennard-Jones potential ΦWCA
sp
or an entropic repulsion ΦRsp proposed by Rosensweig [66] has been employed. In
the former case,
 " #12 " #6 
4ε drm
for r < 21/6 dm
− drm
WCA
(21)
Φsp (r) =
0
else.

8

8

6

6

Φsp / kBT

Φdd / kBT

This potential was chosen, e.g., in [53, 85, 86]. The resulting potential (19) is
shown on the left of Fig. 4 for parallel and anti-parallel dipole orientations. The
energetically most favorable conﬁguration of two dipolar spheres is a head-totail alignment. Two dipoles side by side prefer antiparallel magnetic moments
instead of parallel.
The interpretation of the Lennard-Jones energy parameter ε in ferroﬂuids
is, however, not obvious. Therefore, Rosensweig’s potential is sometimes used
[87–91] which could allow a more direct determination of the
instead of ΦWCA
sp
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Fig. 4. Left: Interaction potential of two dipolar particles with parallel and antiparallel magnetization approaching each other head to tail or side by side. Right: Steric
repulsion Φsp given either by the potential (21) or (22) is shown as a function of the
distance r. For the latter, the parameters dδ = 1.4 dm and Np = 314 have been chosen,
while the Lennard-Jones parameter was ε = kB T . Vertical lines indicate the equivalent
hard sphere diameter dh deﬁned in the text
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potential parameters. By considering the entropic repulsion of two rod-like polymers attached to solid walls, Rosensweig estimated the interaction potential of
two polymer-coated spheres as [66]
ΦRsp (r) =

Np kB T
2δ

{dδ + r[ln(dδ /r) − 1]} for dm ≤ r ≤ dδ
0
else.

(22)

The number of polymer molecules on the surface of the magnetic particles
and their eﬀective length are denoted by Np and δ, respectively. The quantity dδ = dm + 2δ gives the range of the repulsive interaction. Typical values
are Np ≈ 100 − 300 and δ ≈ 2 nm [66]. We assume the stabilizing shell to be
thick enough, such that van der Waals interaction can be neglected. The special
case of aqueous ferroﬂuids which are stabilized electrostatically [52, 92, 93] could
approximately be covered by choosing Φsp as a Yukawa potential. The purely
and ΦRsp are shown in the right panel of Fig. 4. For the
repulsive potentials ΦWCA
sp
latter, the range of interaction has been chosen as dδ = 1.4 dm , corresponding to
δ/dm = 0.2 which is a typical value for ferroﬂuids. For the repulsive LennardJones potential ΦWCA
sp , the range of interaction is ﬁxed to the much smaller value
1/6
2 dm . From Fig. 4 it is obvious that the two diﬀerent repulsive interactions
lead to very diﬀerent hydrodynamic diameters dh . Possible deﬁnitions of dh are
discussed below. It should be noted that most theoretical studies on ferroﬂuids so
far assume hard-core interactions where Φsp (r) → ∞ for r < dm and Φsp (r) = 0
else. For hard-core interactions, magnetic and hydrodynamic diameters become
equal and no parameter associated with the strength of repulsion has to be introduced. For simulation studies of dynamical properties, hard-core interactions are
less convenient due to the singularity of the potential. The ﬂexibility of simulation to model diﬀerent steric repulsions, on the other hand, is very valuable since
it allows to study the inﬂuence of diﬀerent surface treatments of the magnetic
particles.
Besides particle interactions, the ferroﬂuid model has to account also for the
eﬀect of an external
magnetic
 ﬁeld H. Therefore, the total interaction potential

becomes U = i U H (i)+ i<j Φ(ij), where UH (1) = −μ0 m1 ·H is the potential
energy of the magnetic dipole m1 in the ﬁeld H.
Ferroﬂuid Dynamics
Two basic mechanisms are known by which the magnetization of a ferroﬂuid
relaxes. First, Brownian rotational motion of the particles leads to a relaxation
of the magnetization. The timescale for this process is the rotational relaxation
time of a single particle in a solvent with viscosity ηs , τ B = 3ηs Vh /kB T introduced in Sect. 1.1. The magnetic and hydrodynamic volume of the particles are
denoted by Vm = πd3m /6 and Vh = πd3h /6, respectively. The second, Néel relaxation mechanism is associated with thermal activation of the internal magnetic
moment with respect to the crystallographic axis. The timescale for such processes is τN ∝ exp [KVm /kB T ], K being the anisotropy constant of the magnetic
material. While τ B increase linearly with the hydrodynamic volume Vh of the
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particles, the timescale for Néel relaxation increases exponentially with the volume of the magnetic core Vm . We consider here particles that are larger than a
τ B and the magnetic moment can be considcritical diameter for which τN
ered as eﬀectively frozen within the particle. For magnetite (cobalt) the critical
diameter is approximately 18 nm (5 nm) [8]. Note that according to the arguments given in Sect. 1.1, smaller particles with dominant Néel relaxation cannot
contribute signiﬁcantly to the rotational viscosity. For a single-particle model
including Néel relaxation see, e.g., [94, 95] and references therein. The magnetization dynamics of an interacting many-particle system including Brownian and
Néel relaxation was studied in [96, 97]. See also chapter of M. Liu.
The magnetic particles in ferroﬂuids are suspended in a non-magnetic carrier
liquid such as kerosene, oil, water, organic solvents, etc. [3, 66]. The masses of
these solvent molecules are orders of magnitude lower than that of the ferromagnetic particles. Consequently, the typical separation of timescales for colloidal suspensions holds also for ferroﬂuids: the solvent relaxes much faster than
the colloidal particles and can therefore be considered as thermally equilibrated
on timescales of the colloidal motion [15]. Therefore, the Langevin description
is valid, where random collisions of colloidal particle with solvent molecules
are modeled as rapidly ﬂuctuating forces FB and torques NB . Moving colloidal particles experience also friction forces and torques due to systematic
collisions with the solvent. For hard spheres of diameter dh , the translational
and rotational friction coeﬃcients are given by ξt = 3πηs dh and ξr = πηs d3h ,
respectively. For smooth repulsive interactions Φsp (r), an eﬀective hydrodynamic diameter
 ∞dh is deﬁned with the help of the equivalent hard sphere diameter dh = 0 dr (1 − exp [−βΦsp (r)]), β = (kB T )−1 as proposed by Barker
and Henderson [98]. For the repulsive Lennard-Jones potential ΦWCA
sp , one ﬁnds
dh ≈ 1.02 dm meaning that there is no need to distinguish between the magnetic and hydrodynamic diameter. In case of the potential (22), the range of the
steric repulsion dδ is a free parameter, determined from the (persistence) length
δ of the surfactant molecules. Since ΦRsp vanishes for r ≥ dδ , the equivalent hard
sphere diameter is smaller than the range of Rosensweig’s repulsive interaction
potential dh ≤ dδ . The right part of Fig. 4 shows Rosensweig’s repulsive potential together with the corresponding hydrodynamic diameter dh . Note that the
alternative deﬁnition Φsp (dh ) ≡ kB T gives very similar values.
Equations of Motion
In the presence of a macroscopic ﬂow ﬁeld v(r) with vorticity Ω(r) = (1/2)∇r ×
v(r), the Langevin dynamics of the system is described by [15, 99]
Mv̇i = Fi − ξt [vi − v(r)] + FB
i

(23)

Θω̇ i = Ni − ξr [ω i − Ω(r)] + NB
i .

(24)

The velocity and angular velocity of particle i is denoted by vi and ω i , respectively, while M denotes the mass and Θ the moment of inertia of the particles.
The potential forces and torques are given by Fi = −∇ri U and Ni = −Li U ,
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respectively, with the rotational operator Li = ui × ∂/∂ui . The second terms
on the right hand side of the above equations describe the friction forces and
B
torques. The rapidly ﬂuctuating forces and torques FB
i and Ni are modeled
B
B
as uncorrelated Gaussian white noise obeying Fi (t) = Ni (t) = 0 and
B 

B
B 

FB
i (t)Fj (t ) = 2kB T ξt δij δ(t−t ) bone, Ni (t)Nj (t ) = 2kB T ξr δij δ(t−t ) bone.
Due to the presence of the noise terms, Eqs. (23) and (24) are stochastic differential equations. Since the noise is additive, the peculiarities associated with
stochastic calculus are less severe [100].
Θ/ξr ), translational and rotaOn the diﬀusive timescale (τ
M/ξt , τ
tional momenta can be assumed to be equilibrated, such that Eqs. (23) and
(24) can be treated in the overdamped limit, Mv̇i → 0 and Θω̇ i → 0 [15].
In the overdamped limit, the Langevin equations (23) and (24) reduce to force
and torque balance equations frequently used in colloidal and polymeric systems. Since inertia eﬀects are neglected, this regime is referred to as Brownian
dynamics [15].
Equations (23) and (24) describe the time evolution of the interacting N particle system. Numerical solutions of the model by non-equilibrium molecular
dynamics (NEMD) and non-equilibrium brownian dynamics (NEBD) simulations
are discussed in the following together with diﬀerent approximations to the full
model systems. In particular, we will be interested in the case of planar Couette
ﬂow v(r) = γ̇yex with shear rate γ̇. Other, spatially homogeneous ﬂow proﬁles
can be studied by the same methods. In [89] a similar system has been studied
but in two dimensions and using only small system sizes. In equilibrium, a model
similar to the one presented here has been considered in [101]. For high concentrations, equations similar to (23) and (24) have been studied in [102, 103] as a
model for dipolar ﬂuids.
It should be mentioned that hydrodynamic interactions between colloidal
particles are neglected in Eqs. (23) and (24). These interactions arise due to
ﬂow disturbances of the solvent which are created by moving colloidal particles and felt by other particles [15]. Neglecting these interactions does not affect static properties but presents a major approximation for the dynamics.
NEBD simulations of ferroﬂuids including hydrodynamic interactions for neighboring particles have been carried out, e.g., in [87, 88]. Unfortunately, no estimation on the importance of hydrodynamic interactions was made therein. For
quasi-two-dimensional systems with micron-sized colloidal particles doped with
magnetite, the importance of hydrodynamic interactions for diﬀusion properties
was demonstrated in [104, 105]. Preliminary simulation results on diﬀusion coeﬃcients for the model system (23) and (24) extended to include hydrodynamic
interactions [106], seem to indicate only mild inﬂuence of hydrodynamic interactions on the dynamics for typical ferroﬂuid parameters. In aqueous ferroﬂuids,
however, dynamic X-ray scattering experiments [52] are interpreted in terms of
strong inﬂuence of hydrodynamic interactions on the diﬀusion properties. The
aqueous ferroﬂuids used in the latter experiments were covered by a large silica shell such that steric and ionic interactions are much stronger than dipolar
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ones. The synthesis and characterization of this ﬂuid is described in chapter of
S. Behrens.
Dimensionless Variables
It is convenient for both analytical calculations and numerical implementations
to introduce dimensionless variables in order to identify the relevant control parameters of the system. As length, time and energy scale, we choose the magnetic
particle diameter dm , the time to diﬀuse this diameter τref = d2m ξt /6kB T and
the thermal energy kB T , respectively. In NEMD simulations [53, 85, 86], the standard choice τref = (Md2m /ε)1/2 was used, where ε is the Lennard-Jones energy
parameter.
Using these scales, the dimensionless parameters characterizing the system
are summarized in Table 1. In physical terms, the parameters λ, Np and α give
the strength of dipole–dipole interactions, steric repulsion and magnetic ﬁeld
relative to the thermal motion, respectively. The Péclet number γ̇ ∗ compares
the timescale of diﬀusion to that of the ﬂow. The Langevin susceptibility χL is
often used as a measure for the contribution of dipole–dipole interactions to the
magnetization.
It should be noted that due to the steric repulsion the minimal distance
between particles is given by dh instead of dm , see Fig. 4. Therefore, the dipole–
dipole energy of two dipoles aligned head to tail at contact is −2λ∗ kB T , with
λ∗ = (dm /dh )3 λ. For this reason, it has been emphasized [8] that the physically
relevant quantity is λ∗ rather than λ. For a typical ferroﬂuid dm ≈ 10 nm,
dh ≈ 12−14 nm, λ∗ is smaller than λ by a factor of 2−3.
Generalization to Polydisperse Model
Polydisperse model systems have been considered analytically in [56, 107–110].
Up to now, simulation results for polydisperse systems are restricted to bidisperse
models under equilibrium conditions [63, 111].
For a polydisperse system, the model presented above has to be generalized
to allow for diﬀerent particle diameters di,m . Since the magnetic moment is
proportional to d3m , the strength of the magnetic moment mi is no longer the
Table 1. Dimensionless parameters characterizing the model
Dimensionless quantity
φ = ρπd3m /6
λ = μ0 m2 /4πkB T d3m
χL = 8λφ
dh /dm
Np ; ε/kB T
α = μ0 mH/kB T
γ̇ ∗ = τref γ̇

Physical meaning
magnetic volume fraction
dipolar interaction parameter
Langevin susceptibility
ratio of hydrodynamic over magnetic diameter
strength of steric repulsion
Langevin parameter
reduced shear rate (Péclet number)
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same for all particles. Consequently, the Langevin parameter αi and dipolar
interaction parameter λij depend on the size of the particles. In addition, the
translational and rotational friction coeﬃcients ξr and ξt as well as the mass and
moment of inertia depend on the particle size.
The generalization of the steric interaction Φsp to polydisperse system is not
unique. For the repulsive Lennard-Jones potential ΦWCA
sp , a common choice is to
replace dm in Eq. (21) by (di,m + dj,m )/2 for the interaction of particles i and
j [99]. This choice was adopted in [63, 111] where in addition the interaction
strength εij = ε was assumed to be the same for all particles.
3.2 Fokker–Planck Formulation
The Langevin description presented in the previous section can be recast in a
corresponding Fokker–Planck or Smoluchowski formulation in order to facilitate
further analytical calculations. For simplicity, we here consider the overdamped
limit, where the state of the system is speciﬁed by the positions and orientations
(of the magnetic moments) of the N particles. Let ρ(N ) (1, 2, . . . , N ) denote the
N -particle probability distribution function of ﬁnding particle position and orientation 1 = (r1 , u1 ), 2 = (r2 , u2 ), etc. The corresponding reduced probability
distribution functions ρ(n) (1, 2, . . . , n) are obtained from ρ(N ) by integration over
the remaining (N − n) phase space variables. For homogeneous, isotropic liquids
ρ(1) (r1 ) = ρ denotes the number density. In anisotropic liquids (like polar liquids,
nematic liquid crystals, magnetic ﬂuids), however, ρ(1) (r1 , u1 ) = ρf (u1 ), where
f (u) denotes the one-particle orientational probability distribution function.
The time evolution of ρ(N ) is given by [15, 112]
*
(L̂t,i + L̂r,i )ρ(N ) ,
(25)
∂t ρ(N ) =
i

where the translational and rotational operators are given by L̂t,i • = −∇ri ·(ṙi •)
and L̂r,i • = −Li · (ω i •), respectively. Inserting the equations of motion (23) and
(24) in the overdamped limit, one arrives at
L̂t,i • = −∇ri · [v(ri ) •] + Dt ∇ri · {β[∇ri U ] • +∇ri •}

(26)

L̂r,i • = −Li · [Ω •] + Dr Li · {β[Li U ] • +Li •},

(27)

where Dt = kB T /ξt and Dr = kB T /ξr are the bare translational and rotational
diﬀusion coeﬃcients, respectively, and β = (kB T )−1 .
3.3 Deﬁnition of Macroscopic Quantities
The macroscopic magnetization of the system is given by the ensemble average
of the individual magnetic moments, M = Msat u , where Msat = ρm is the
N
saturation magnetization and u = N1 j=1 uj denotes the average orientation of the magnetic dipoles. In terms of the probability distribution function
introduced in Sect. 3.2, the macroscopic magnetization can also be expressed as
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M = Msat


(N )

d1 . . . dN u1 ρ

(1, . . . , N ) = Msat

d2 u uf (u).

(28)



Here and in the following, d2 u denotes the integration
over the three
dimensional unit sphere and d1 is a short notation for d3 r1 d2 u1 .
The deﬁnition of the stress tensor in magnetic ﬂuids has been the subject
of a number of studies [36, 113–116]. The orientational motion leads to an antisymmetric contribution to the viscous stress tensor π a if the average angular velocity of the particles ω does not match the local vorticity of the ﬂow,
π a = 6ηs φ ( ω − Ω), see Eq. (17). Inserting ω i from Eq. (24) and averaging
over the particles, one obtains the familiar expression Eq. (18).
Using the standard virial expression [9, 10] for the symmetric traceless part,
the viscous stress tensor is given by
Πv = −p bone + 2ηs Γ −

1
μ0
(MH − HM),
r12 F12 +
2V
2

(29)

where Γ ≡ 12 [∇r v + (∇r v)T ] is the symmetric velocity gradient, r12 F12 =
N 
j,k rjk Fjk , F12 = −∇r1 Φ(12) and . . . denotes the symmetric traceless part.
Summing the viscous Πv and Maxwell’s magnetic stress tensor, Πm deﬁned
in Eq. (7), the total stress tensor is found to be symmetric, expressing the conservation of total angular momentum.
The symmetric traceless part of the stress tensor can also be written as

r12 F12 = d1d2 r12 F12 ρ(2) (1, 2). Separating out the one-particle contributions, the pair correlation function g (2) is deﬁned for spatially homogeneous
systems as ρ(2) (1, 2) = ρ2 f (u1 )f (u2 )g (2) (r12 , u1 , u2 ). Thus, in order to calculate
the macroscopic magnetization and the stress tensor, it would be suﬃcient to
know the reduced distribution functions f (u1 ) and g (2) (r12 , u1 , u2 ) rather than
the full ρ(N ) .
As usual in nonequilibrium statistical physics, closed-form equations for the
reduced distribution functions f and g (2) cannot be derived rigorously from
Eq. (25) due to the closure problem [112]. In the present case, the time evolution
equation of f , obtained by integrating Eq. (25) over all particle coordinates and
all but one particle orientations, reads
∂t f (u1 ) = −L1 · [Ωf ] + Dr L1 · {β[L1 U eﬀ (u1 ; 2)]f + L1 f },

(30)

eﬀ

contains the unknown pair correlation function


eﬀ
3
(31)
U (u1 ; 2) = UH (1) + ρ d r d2 u2 Φ(12)f (u2 )g (2) (r, u1 , u2 ).

where the eﬀective potential U
g (2) ,

Similarly, the time evolution equation of g (2) contains three-particle correlation
functions and so forth. Equation (30) can be viewed as the ﬁrst member of the
BBGKY hierarchy [112].
In Sect. 5, an approximate truncation of the inﬁnite hierarchy is proposed, its
consequences are worked out analytically and compared with numerical solutions
of the unapproximated model. But before that the equilibrium properties of the
model are investigated in Sect. 4.
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3.4 Molecular Dynamics and Brownian Dynamics Simulations
Analytical solutions to the model presented above rely in general on certain approximations that are discussed in the following paragraphs. Molecular dynamics
and Brownian dynamics simulations, on the other hand, provide numerical solutions of the model that avoid these approximations. Therefore, the simulations
play an important role to investigate the properties of the unapproximated model
and to test the validity of approximate analytical treatments.
Molecular dynamics and Brownian dynamics simulations follow the individual particle trajectories of the interacting many-body system [99]. Molecular dynamics (sometimes also called Langevin dynamics) simulations study the
system of Eqs. (23) and (24), while the notion Brownian dynamics is usually
attributed to the overdamped limit of these equations. Corresponding nonequilibrium simulations (NEMD and NEBD simulations) take into account the ﬂow
terms v(r) and Ω(r), while in the absence of those terms one refers to equilibrium simulations.
In the overdamped limit, Eq. (23) can equivalently be expressed as

ri (t + Δt) − ri (t) =

t+Δt

{ξt−1 Fi (t ) + v(ri (t ))}dt +



2Dt ΔWi (t),

(32)

t



where ΔWi (t) = (2kB T ξt )−1/2 FB
i (t)dt are increments of independent Wiener
processes [100]. Diﬀerent approximations of the time integrals for small time
steps Δt lead to diﬀerent integration algorithms. Similar to the deterministic
case, the lowest order (Euler) scheme is obtained by approximating the ﬁrst
term on the right hand side of Eq. (32) by {ξt−1 Fi (t) + v(ri (t))}Δt. Higher order
schemes such as predictor–corrector algorithms are in general to be preferred
[100, 117]. Analogous procedures are followed for NEMD simulations [99].
Due to the constraint u2i = 1, so-called multiplicative noise terms appear
such that the proper formulation of the corresponding orientational dynamics is
more involved [100]. Luckily, the details of the interpretation of the stochastic
integrals are not crucial in the present case [118]. More details on simulation
techniques can be found, e.g., in [99, 100] and on ferroﬂuid simulation in [53, 85,
101]. Related studies on deterministic dynamics of dipolar particles have been
performed, e.g., in [102, 103, 119].
Typically, time steps Δt/τref = 10−3 −10−4 are chosen for systems containing
N = 103 −104 particles. For a volume fraction of φ = 0.01, this corresponds to
a simulation box of length less than 1μm. In order to study bulk properties
of such ﬁnite systems, periodic boundary conditions are used [99]. The longrange dipolar interactions can be taken into account by the Ewald summation
[53, 120], the reaction ﬁeld method [85] or related techniques [99]. The boundary
conditions for such systems should be considered carefully [121]. Starting from
arbitrary initial conditions, macroscopic quantities are extracted as ensemble
and time averages once the stationary state has been reached.
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4 Equilibrium Structure and Magnetization
Same as in other complex ﬂuids, understanding the equilibrium properties of the
model is a prerequisite for the successful investigation of dynamical and rheological properties [9]. We here collect some important results for the equilibrium
structure and magnetization that have been obtained in the last years. For a
more detailed presentation, the reader is referred to recent reviews [11, 45, 46].
Figure 5 shows simulation results of the
 model system described in Sect. 3.1.
The static structure factor S(k) = N −1 i,j exp [ik · rij ] is shown in the plane
of the magnetic ﬁeld. The volume fraction was held constant φ = 0.05 and the
dipolar interactions were increased from λ = 0.5 to λ = 8. Rosensweig’s potential
(22) was used to describe steric interactions with Np = 314 and dδ = 1.2.
In terms of the eﬀective dipolar interaction parameter λ∗ , this corresponds to
λ∗ ≈ 0.3 up to λ∗ ≈ 5. Figure 5 clearly shows the emergence of anisotropic
structures upon increasing dipolar interaction strength.
Particular attention will be paid to the chain-formation model of Zubarev
and Iskakova [49, 65] for the strong interaction regime, since this model has successfully been extended to describe dynamical properties of ferroﬂuids. Before
discussing this model in Sect. 4.4, the cluster expansion proposed by Huke and
Lücke and the perturbation method of Ivanov and Kuznetsova will brieﬂy be
presented in Sects. 4.2 and 4.3. Since the cluster expansion and perturbation
method are systematic methods to incorporate dipolar interactions, these results can later also be helpful to understand the eﬀect of dipolar interactions
on dynamical properties. For clarity of presentation, we consider monodisperse
systems ﬁrst and discuss recent extensions to polydisperse systems, both for the
chain-formation theory [56] and the cluster expansion [108] in Sect. 4.5. A brief

Fig. 5. The static structure factor S(kx , ky ) is shown for φ = 0.05 and λ = 0.5, 1, 2, 4, 6,
and 8, from top left to bottom right. A magnetic ﬁeld with α = 10 was applied in the
horizontal direction
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summary of recent results on structural transformation is given in Sect. 4.6.
Pseudo-crystalline ordering observed recently in cobalt ferroﬂuids is described
in Sect. 4.7.
4.1 General Remarks
In principle, a statistical description of ferroﬂuids should incorporate not only
the magnetic particles but also the solvent and surfactant molecules or other
constituents that are present in the ﬂuid. Theoretical approaches to magnetic
properties of these ﬂuids, however, focus quite successfully on the magnetic components only. For a more careful discussion describing the magnetic particles and
the carrier liquid within a cell model see [122].
The free energy of the magnetic subsystem is deﬁned by
FN = −kB T ln ZN ,

ZN = Tr exp [−β

*
j

UH (j) − β

*

Φ(ij)],

(33)

i<j

where ZN is the canonical partition sum of the N -particle system and Tr runs
over all 3N positional and orientational degrees of freedom. The potential energy
in a magnetic ﬁeld UH and the pair interaction potential Φ have been deﬁned in
−1
exp [−βU ]
Sect. 3.1. Note, that the canonical distribution function ρ(N ) = ZN
is the equilibrium solution to the dynamical equation (25). From the free energy
FN = F(T, V, N, H), the magnetization is derived by the standard thermodynamic relation M = −(μ0 V)−1 (∂FN /∂H)T,V , where V denotes the volume
occupied by the ﬂuid.
Separating out the ideal contribution, ZN can be written as
sinh(α)
,
(34)
α
where z1 is the partition sum of a single magnetic particle in a magnetic ﬁeld.
int
which reads
Interactions between the particles are contained in ZN
int
;
ZN = z1N ZN

int
ZN

z1 = 4π

 ,
 ,
N
N


d3 ri
=
d2 ui f0 (ui )e−β i<j Φ(ij) ≡ e−β i<j Φ(ij)
V
i=1
i=1

id ,

(35)

where f0 (u) deﬁned in Eq. (75) is the equilibrium orientational probability distribution function in the non-interacting case. With the help of Eq. (34), the
id
int
id
+ FN
, where FN
= −N kB T ln z1 is
free energy is split in two parts, FN = FN
int
int
denotes
the free energy of an ideal paramagnetic gas and FN = −kB T ln ZN
the contribution of dipolar and steric interactions. Equations (34) and (35) are
still exact but unfortunately the integrals cannot in general be performed anaint
int
, resp. ZN
, might
lytically. Diﬀerent approximations for the evaluation of FN
be employed depending on the parameter regimes investigated.
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4.2 Cluster Expansion
The Born–Mayer cluster expansion is a systematic method of statistical physics
to calculate the free energy of dilute or moderately concentrated systems [123].
This approach seems well suited for ferroﬂuids with typical volume fractions
φ  0.1.
Introducing the functions f˜ij = exp [−βΦ(ij)] − 1, Eq. (35) can be expanded
as
,
*
**
int
=
(1 + f˜ij ) id = 1 +
f˜ij id +
f˜ij f˜kl id + . . .
(36)
ZN
i<j

i<j

i<j k<l

The important point to note here is that the cluster expansion (36) rapidly
converges if the typical interaction energies are small compared to kB T such
that f˜ij can be considered as small parameters. Keeping only the ﬁrst term on
the right hand side of Eq. (36) corresponds to the ideal paramagnet. The second
term on the right hand side of Eq. (36) describes interparticle interactions to
ﬁrst order in volume fraction φ. By keeping also the third term, Huke and Lücke
calculated in [124] the free energy up to terms of order φ2 .
While Eq. (36) is the usual expression for the Born–Mayer expansion, special
care has to be taken in evaluating the conﬁgurational integrals for ferroﬂuids,
since these integrals in general depend on the sample geometry due the longrange nature of dipolar interactions. The chosen method to properly separate
long-range and short-range interactions in order to obtain geometry independent
results leads in [124] to expressions depending on the magnetic ﬁeld Hw = H +
M/3 (instead of H).
Unfortunately, even the integrals required for the ﬁrst-order terms f˜ij id
cannot be evaluated analytically. Therefore, a second series expansion in terms of
the dipolar 
interaction parameter
∞λ is performed in [124]. The result obtained in
[124] reads i<j f˜ij id = N φ k=1 Gk (αw )λk . Besides the ﬁrst term, G1 = −4,
cumbersome expressions for the functions Gk for 2 ≤ k ≤ 5 are given in Appendix
A of [124]. In view of later use in a kinetic model, the cluster expansion has been
rederived in functional form in [59]. Simple expressions for the functions Gk ,
k ≤ 4, are given therein, together with their limiting behavior for small and
int
large arguments. With the result for Z
N , the interaction contribution to the
∞
int
free energy becomes FN = −N kB T φ k=1 Gk (αw )λk . From this expression,
the magnetization is determined by the derivative with respect to the magnetic
ﬁeld. Expanding this expression in a power series, Huke and Lücke obtain [124]
∞

*
M
= L0,0 (α) + φ
L1,k (α)λk + φ2 L2,2 (α)λ2 + . . . ,
Msat

(37)

k=1

where L0,0 (x) = L1 (x), L1,1 (x) = 8L1 (x)L1 (x), L1,k (x) = Gk (x) for k ≥ 2. The
ﬁrst two terms of this expansion agree with the Onsager model and the Weiss
model and were also derived in [125]. A similar calculation based on cluster
expansion was performed in [122]. There, however, the φλ term was missed which
results from the magnetic far ﬁeld contribution. The authors of [124] estimate
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Fig. 6. Left: Equilibrium magnetization as a function of the Langevin parameter α
for (λ, φ) = (1, 0.157), (2, 0.785) and (4, 0.039) all corresponding to χL = 1.256. The
corresponding predictions of the fourth-order cluster expansion (37) are shown by the
solid, dashed and dotted line, respectively. The gray line corresponds to the Langevin
function. Circles, squares, and diamonds are computer simulation results for the corresponding parameters [53]. The inset shows the relative deviation from the Langevin
magnetization. Right: Equilibrium magnetization for (λ, φ) = (3, 0.21) and (4, 0.157)
shown by triangles and squares, respectively. The solid line is the result of the perturbation method, Eq. (39) for χL = 5.02

that the error made in truncating Eq. (37) after the ﬁrst two terms is 1− 2%
if λ < 1 and φλ < 0.04. These conditions deﬁne the dilute, weakly interacting
regime. The ideal, non-interacting case is found in the limit λ → 0 and φ → 0.
The left panel of Fig. 6 shows the equilibrium magnetization as a function
of the Langevin parameter α for three diﬀerent values of λ, φ, all corresponding
to λφ = 0.157. Solid, dashed and dotted lines are the result of the Born–Mayer
expansion (37) up to fourth order L1,4 . A signiﬁcant increase of the magnetization compared with the non-interacting case given by the Langevin function
L1 is observed. Comparison with computer simulation results [53] shows good
agreement for weak and strong ﬁelds as long as the dipolar interaction strength is
not too large. Note that the chosen parameters are beyond the weak interaction
regime.
4.3 Perturbation Method and Modiﬁed Mean-Field Approach
Another approach to the equilibrium magnetization, developed by Ivanov and
Kuznetsova [126], was based on the deﬁnition (28). In order to determine the
single-particle orientational distribution function f (u), an exact relation to the
pair correlation function g (2) was established, which can be considered as the
static analogue of Eq. (30). The authors studied solutions of this equation in the
form of the so-called eﬀective ﬁeld approximation. Within this approximation,
the distribution function is assumed to be of the form
fαe (u) =

αe
exp [αe · u],
4π sinh(αe )

M = Msat L1 (αe )Ĥe ,

(38)
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with αe = μ0 mHe /kB T and He is the eﬀective ﬁeld acting on each particle. In
the framework of the perturbation method, the eﬀective ﬁeld was found up to
second order in the concentration φ and the intensity of magnetic dipole–dipole
interaction λ, as
χ2L
L1 (α)L1 (α).
(39)
16
Up to linear order in χL , Eq. (39) coincides with the so-called modiﬁed mean-ﬁeld
approximation suggested in [127].
The resulting expressions for the magnetization M (H) = Msat L1 (αe ) and
initial susceptibility χ = χL (1 + χL /3 + χ2L /144) describe very accurately the
magnetization curves, the temperature and concentration dependencies of the
initial magnetic susceptibility for ferroﬂuids with saturation magnetization up
to Msat ≈ 90 kA/m and initial susceptibility χ ≈ 40 [126]. The ﬁrst-order correction to the Langevin magnetization and susceptibility coincides with the cluster
expansion (37) presented above.
Also the comparison to computer simulations shows very good agreement
with Eq. (39) up to dipolar interaction strengths λ ≤ 2. For stronger dipolar
interactions, clustering of the magnetic particles leads to systematic deviations
from Eq. (39), like a larger initial susceptibility than predicted by the secondorder perturbation model [53]. The right panel of Fig. 6 shows a comparison of
simulation results obtained in [53] with Eq. (39) for strong dipolar interactions
χL = 5.02. Even in this regime, the agreement with the perturbation method is
good.
αe = α + χL L1 (α) +

4.4 Chain-Formation Model
Starting with the early work of de Gennes and Pincus [128], chain formation in
magnetic and dipolar ﬂuids has been studied theoretically by a number of authors
[50, 129–134]. For a recent review see [46]. The formation of chain-like clusters
has been observed in several simulations [53, 135–137]. Figure 7 shows snapshots
from simulations of the ferroﬂuid model introduced in Sect. 3.1 for weak and
strong dipolar interactions. The steric repulsion was modeled by Rosensweig’s
potential (22) with strength Np = 314 and range dδ /dm = 1.2. The equivalent
hard sphere diameter dh deﬁned by the Barker–Henderson formula is dh /dm ≈
1.17, leading to a hydrodynamic volume fraction of φh ≈ 0.08 and eﬀective
dipolar interaction strengths of λ∗ ≈ 1.2 and 2.5, respectively. In the simulations,
clusters are deﬁned by an energy criterion: two particles are considered to be in
the same cluster if the absolute value of their dipolar interaction energy exceeds
a threshold value Edd . Such a criterion was also used in [53] to study the ﬁeld
dependence of the cluster sizes. Out of N = 104 particles, only those within
clusters of at least three particles are shown. Signiﬁcant cluster formation is
observed for λ∗ = 2.5 while only very few clusters can be observed for λ∗ =
1.2. A very recent review on the equilibrium structure of ferroﬂuids as seen in
simulations is given in [11]. In inverse ferroﬂuids, strong chain formation of the
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Fig. 7. Snapshots taken from simulations showing only particles within clusters consisting of three or more particles. Parameters have been chosen as φ = 0.05, α = 10,
λ = 2 (left) and λ = 4 (right), corresponding to φh ≈ 0.08, λ∗ ≈ 1.2 and 2.5, respectively. The large arrows indicate the direction of the applied magnetic ﬁeld, the small
ones the orientation ui of the magnetic dipole moments of the particles

suspended, micron-sized, non-magnetic particles can be observed optically [138].
Perhaps the most direct experimental evidence for chain formation in ferroﬂuids
available today is found via cryo-TEM imaging [139–141]. However, it should be
noted that the sample preparation (ﬁlm preparation and cooling) might have a
signiﬁcant inﬂuence on the observed structure.
From the analogy to suspensions of elongated particles one expects that the
occurrence of chains of magnetic particles has a strong inﬂuence on dynamical
and rheological properties of ferroﬂuids [142]. Contrary to suspensions of elongated particles, the length of the chains in ferroﬂuids results from a competition
between dipolar forces and thermal motion. It is therefore very helpful to study
ﬁrst the properties of the chain-like aggregates (their shape and size distribution)
in equilibrium before discussing their inﬂuence on dynamical properties.
Point of departure is again Eq. (33) for the free energy of the system. With
id
int
+ FN
.
the help of Eq. (34), the free energy is again split in two parts, FN = FN
Since chain formation is expected to occur for strong dipolar interactions, a perint
seems not well suited. In more general terms, the
turbative approach to FN
cluster expansion of Sect. 4.2 belongs to the class of high temperature approximations in statistical physics, where interparticle interactions are treated perturbatively [123]. The known methods to deal with the opposite, low temperature,
limit where interactions are dominant usually determine the energetically most
favorable state and add thermal ﬂuctuations. Viewing the dipolar interaction parameter λ = μ0 m2 /4πkB T d3m as inverse temperature scale, the chain-formation
regime belongs to the latter.
Here, we review the main features of the chain-formation model as proposed
by Zubarev and Iskakova [49, 65] since this model serves as a basis for kinetic
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chain model used by the same authors to study dynamical properties of ferroﬂuids containing such chain-like aggregates.
Within the chain-formation model, the total free energy is calculated in three
steps. First, the free energy An of an n-particle chain is calculated within certain
approximations. Then, the average interaction energy between parallel pairs of
chains Wnk is estimated [65]. The third and ﬁnal step to determine the free
energy is the calculation of the statistical weights gn that denote the number of
n-particle chains per unit volume of the ferroﬂuid. Then, the total free energy is
given by
F = kB T

nc
*

{gn ln(Vh gn ) + gn An + gn wn } .

(40)

n=1

The maximum number of particles in a chain is denoted by nc . In equilibrium,
one can allow for nc → ∞. The ﬁrst term in Eq. (40) represents the entropy of an
ideal gas of n-particle chains, resulting from translational motion only. Without
the last term in Eq. (40), i.e., neglecting interactions between the chains, the free
energy reduces to the expression given in the original development [49] and used
later throughout [143–145].
The interaction term in Eq. (40) is assumed to be

of the form wn = 12 k Wnk gk , similar to other mean-ﬁeld approaches like the
Flory–Huggins theory of polymer blends [146]. The weights gn are determined by
minimizing the free energy (40) subject to the constraint of ﬁxed total number
of particles [143],
nc
*

ngn =

n=1

φh
.
Vh

(41)

With the volume fraction of n-particle chains,
 φn = nVh gn , with nVh the volume
of such a chain, the condition (41) reads n φn = φh . Introducing the Lagrange
multiplier Λ to satisfy the constraint (41), the solution to the minimization
problem reads
gn =

*
1
exp [−An −
Wnk gk − Λn].
Vh

(42)

k

The Lagrange multiplier Λ is determined from the constraint by inserting
Eq. (42) into the normalization condition (41) and solving for Λ.
Free Energy of an n-Particle Chain
The free energy of an n-particle chain An = −kB T ln Zn is calculated from the
canonical partition sum Zn = Tr e−βU , where Tr runs over all positional and
orientational degrees of freedom of the n particles and U denotes the potential
energy of the system as given in Sect. 3.1. Since we are interested in the chainformation regime, the interactions between the particles cannot be considered
weak. In [49], Znint was calculated with the help of basically two assumptions:
First, it is explicitly assumed that the ferromagnetic particles form chain-like
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structures, thus λ
1 is required. Under the additional assumption that only
nearest neighbor interactions have to be considered, Znint factorizes

Zn =

Vz1n Z2n−1 ;

Z2 =

d3 r exp [−βΦdd (r, Ĥ, Ĥ) − βΦsp (r)],

(43)

where Z2 is the partition sum of a dimer. In the right part of Eq. (43), we
have assumed strong magnetic ﬁelds with α
1, where f0 is sharply peaked
around the magnetic ﬁeld direction Ĥ. Therefore, in this regime, the assumption
f0 (uj ) ≈ δ(uj − Ĥ) is valid. For the case of hard sphere interactions, the leading
contribution to Z2 for large λ, Z2 = e2λ /3λ2 , has been obtained by de Gennes
and Pincus [128]. Corrections to this asymptotic result have been calculated
in [50] as a power series in λ−1 . The corresponding expression for the dimer
partition sum in zero ﬁeld Z02 = e2λ /3λ3 has also been calculated in [129, 130].
Using Eq. (43), the free energy of an n-particle chain in the limit λ
1 and
α
1 becomes [49]
βAn = −n ln z1 − (n − 1) ln Z2 ≈ − [nα + 2(n − 1)λ] ,

α

1

(44)

up to logarithmic corrections. The derivation of the free energy (44) outlined
above holds for zero and very strong magnetic ﬁelds. For intermediate ﬁeld
strengths α, the factorization property (43) does not hold strictly [50]. Instead,
Zubarev and Iskakova argue that for α  λ the chain aggregate as a whole orients in the ﬁeld rather than the individual particles [143]. Therefore, the ideal
contribution to the free energy −n ln z1 (α) should be replaced by − ln z1 (nα) in
this regime. Thus, the free energy (44) generalizes to

sinh(nα)
βAn = − ln
− 2(n − 1)λ.
(45)
nα
For strong magnetic ﬁelds, α

1, Eq. (44) is recovered from Eq. (45).

Average Interchain Interaction
Interactions between chains are estimated by the last term on the right
hand side
of Eq. (40), which is assumed to be of the mean-ﬁeld form wn = 1/2 k Wnk gk .
m
st
+ Wnk
. To
It is useful to split magnetic and steric interactions, Wnk = Wnk
simplify the analysis, the chains are modeled as straight rod-like aggregates [65].
st
ex
= Vnk
I(φh ),
Steric interactions can approximately be represented by Wnk
ex
where I(φh ) is a function of concentration only and Vnk denotes the excluded
volume of two cylinders with diameter dh and length ndh and kdh [65, 147].
ex
= 6(n + k − 2/3)Vh . The
Using Onsager’s classical result [148], one ﬁnds Vnk
function I(φh ) is determined in [65] using the Carnahan–Starling approximation,
I(φh ) = (1 − 3/4φh )/(1 − φh )2 .
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The estimation of the average magnetic interaction between chains is more
involved. For two parallel chains with perfectly aligned magnetic moments ui =
n, the average dipolar interaction energy Wnk can be written as [65]
.
 *
n *
k
μ0 m2
(rij · n)2
1
m
Wnk =
dV,
(46)
3 −3
5
4π
rij
rij
i=1 j=1
where rij is the distance between the ith particle in the n-particle chain and the
jth particle in the k-particle chain. The integration in Eq. (46) has to be done
over all positions of the k-particle chain for ﬁxed n-particle chain. Treating the
m
has been evaluated in [65].
chains as straight rigid rods, Wnk
Chain Size Distribution
Inserting the expression for the internal free energy of an n-particle chain,
Eq. (45), the functions gn can be written as
gn =

*
1
X n exp [−
Wnk gk ],
Vh Z2

(47)

k

where X = z1 Z2 e−Λ ≈ exp [α + 2λ − Λ]. In order to determine the Lagrange
multiplier Λ (or equivalently X), Eq. (47) should be substituted into Eq. (41).
However, since Eq. (47) does not provide an explicit form of gn due to the
occurrence of gk on the right hand side, this straightforward procedure is diﬃcult
to carry out in the present case.
In order to circumvent this problem, an iterative procedure was proposed in
[65]. There, it is argued that interactions between diﬀerent chains are generally
weaker than those within one chain since the energetically most favorable positions are already occupied by other particles within the same chain. In a ﬁrst
approximation, the interactions between chains are therefore neglected. Then,
Eq. (47) simpliﬁes to
g0n =

1
X n,
Vh Z2 0

(48)

where index 0 indicates the ﬁrst approximation. Inserting Eq. (48) into the
normalization condition (41) the resulting geometric series evaluated for zero
or strong magnetic ﬁelds and using nc → ∞ lead to a quadratic equation for X0
with solution


1 
1 + 2φh Z2 − 1 + 4φh Z2 .
(49)
X0 =
2φh Z2
Equations (48) and (49) with the asymptotic expression Z2 ≈ e2λ have been
derived in [49, 143]. For intermediate magnetic
1,
 ﬁeld strengths with α  λ, λ
2
2
the corresponding expression X0 (α) = [c − c − y ]/y, c = y cosh(α) + sinh(α),
y = 2αφh e2λ , has been calculated in [143]. For vanishing ﬁeld α → 0, X0 (0) =
X0 , one recovers Eq. (49) with the zero-ﬁeld expression Z02 instead of Z2 .
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Inserting the functions g0n on the right hand side of Eq. (47) deﬁnes the ﬁrst
iteration to account for interchain interactions [65]:
g1n =

*
1
X1n exp [−
Wnk g0k ].
Vh Z2

(50)

k

Eliminating the Lagrange multiplier by substituting Eq. (50) into (41) using
Eqs. (48) and (49) leads to a transcendent equation for X1 that has to be solved
numerically.
With the help of the concentrations gn , the average number of particles in a
chain is given by
nc
ngn
φh /Vh
n = n=1
= nc
.
(51)
nc
n=1 gn
n=1 gn
In the ﬁrst-order approximation gn ≈ g0n , Eq. (51) can be evaluated explicitly
for nc → ∞ as n = 1/2 + (1/4 + φh Z2 )1/2 . Thus, for large dipolar interactions
decays exponentially gn ∝ e−n/ n
where Z2 ∝ e2λ , the chain size distribution
√
λ
with the mean chain length n ∝ φh e . It is interesting to note that identical
expressions are predicted for micellar solutions by a mean-ﬁeld theory [149] where
the scission energy of the micellar chains replaces the dipole–dipole interaction
energy. A very similar result for the average chain length in dipolar ﬂuids in the
absence of a ﬁeld has been derived by Osipov and co-workers [132]. Comparison
with Monte Carlo simulations of dipolar hard spheres [133] showed quantitative
agreement with the theoretical result obtained in [132] for dipolar interactions
λ  6. For stronger dipolar interactions, the number of long chains is found to
be overpredicted by the theory. See also [46] for a review on the structure of
dipolar ﬂuids in the absence of ﬁelds.
Figure 8 shows histograms of cluster sizes gn in the absence of a magnetic
ﬁeld. Results of computer simulations [53] using the repulsive Lennard-Jones
potential (21) or the entropic repulsion proposed by Rosensweig (22) for diﬀerent concentrations and dipolar interaction strengths are all compatible with an
exponential distribution predicted by the chain-formation model. Very recent
experimental results on magnetite ferroﬂuids obtained by direct imaging analysis show a similar cluster size distribution [150]. In all cases shown in Fig. 8,
the prediction (48) of the chain-formation model was found to overestimate the
number of large clusters. This discrepancy might be reduced if interactions between the chains are taken into account [65]. Furthermore, the precise value of
the cluster criterion energy Edd used in the simulations does have an inﬂuence
on the results.
The right panel of Fig. 8 shows the average chain size n , Eq. (51), as a
function of the dipolar interaction strength λ. Simulation results are taken from
[53] for the same conditions as in the left panel of Fig. 6. No magnetic ﬁeld was
applied. For λ ≤ 4, only weak chain formation is observed, while strong chain
formation is found for λ = 8, in agreement with the predictions of the chainformation model. Unfortunately, the numerical data are not suﬃcient to validate
the predicted exponential increase of n with λ. Note that only the data point
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Fig. 8. Left: Relative cluster size distribution Vh gn /φh in the absence of a magnetic
ﬁeld α = 0. Circles and squares represent the results of BD simulations for the same
conditions as in Fig. 7 with φh ≈ 0.08 and λ∗ ≈ 1.2 and 2.5, respectively. Results of
MD simulations [53] with φ ≈ φh = 0.039 and λ ≈ λ∗ = 4 are shown by triangles.
In all cases, the deﬁning threshold energy was chosen as Edd /kB T = 1.5. The solid
line denotes the prediction of the chain-formation model g0n , Eq. (48), if interactions
between diﬀerent chains are neglected. Right: The average chain size n is shown as
a function of λ for the same conditions as in the left panel of Fig. 6. Circles denote
the data taken from [53], while the solid line is the prediction of the chain-formation
model

for λ = 8 is within the range of validity of the chain model, λ
1, λ > n /2.
Nevertheless, the simulation results do support the existence of small aggregates
of magnetic particles that grow with increasing dipolar interaction strengths.
Magnetization Within Chain-Formation Model
The magnetization is deﬁned by the standard thermodynamic relation M =
−(μ0 V)−1 (∂F/∂H). From the free energy (40) together with Eq. (45) one obtains
a superposition of Langevin functions,
M =m

∞
*

ngn L1 (nα).

(52)

n=1

If no chains would be present, gn = (φh /Vh )δn,1 , the magnetization (52) reduces
to the Langevin magnetization of non-interacting magnetic dipoles. However,
the chain-formation model assumes strong dipolar interactions. Therefore, this
limit is strictly speaking outside the range of validity of the model.
In order to improve on this situation, it was proposed in [151] to additionally
take into account dipolar interactions between particles that do not belong to
the same chain. Having in mind the limit of weak dipolar interactions, a diﬀerent
method than the average interchain interactions presented in Sect. 4.4 is needed.
Using the eﬀective ﬁeld model [127] as an approximation of this eﬀect, it is
suggested to replace the ﬁeld α in the free energy (45) by the eﬀective ﬁeld
αeﬀ = α + χL L1 (α)/ n

(53)
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and dropping the average interchain interaction term Wnk . By construction,
the magnetization in the limit where no chains are present is now given by the
modiﬁed mean-ﬁeld model.
With this modiﬁcation, the chain model is compared to computer simulation
results [53] on the equilibrium magnetization. The extended chain-formation
model agrees well with the simulation results for all values of dipolar interactions
λ ≤ 5 and all volume fractions investigated. In fact, the agreement was found
to be better than with other available analytical approaches [151]. The authors
conclude therefore that chain formation is an important ingredient in strongly
interacting ferroﬂuids.
A more complicated expression for the magnetization than Eq. (52) was
obtained for ferroﬂuids containing ﬂexible chain aggregates in [152, 153]. It was
shown that in weak magnetic ﬁelds the magnetic moment mn of a ﬂexible nparticle chain is deﬁned in a way similar to polymer theory:
+
mn = m

n+2

K0
(n − 1 + K0n − nK0 ),
(1 − K0 )2

(54)

where K0 = L1 (λ/2) is the zero-ﬁeld correlation coeﬃcient, describing the averaged projection of one magnetic moment in a ferroparticle dimer onto the
direction of the other. For a rigid rod-like chain approximation (λ
1, K0 = 1)
one recovers mn = mn, and the obtained expression for magnetization coincides
with Eq. (52). This theory describes well the data of molecular dynamics simulations by Wang and Holm on both the mono and bidisperse ferroﬂuids [53, 63]
(see also [154]).
Range of Validity
The above arguments assumed straight, rod-like aggregates. To discuss the range
of validity of this assumption, the persistence length p can be deﬁned from the
orientational correlation function ui · ui+k ≈ e−rk / p [82]. Thus, for n  p ,
the orientational correlations are preserved along the average chains. For strong
dipolar interactions, the leading order contribution reads p = λ/2 + . . . [50].
Therefore, the chain-formation model as presented above is valid if the chains
are short enough, n  λ/2. It has been argued [50] that this range of validity
might be very small in zero ﬁeld, since n ∝ e2λ grows very fast with λ. For
strong ﬁelds, however, the chain-like aggregates are presumably more rigid. In
any case, a necessary condition for the validity of the chain model is n < 2λ
[143].
The diﬀerent regimes considered in Sects. 4.2 and 4.4 are shown in Fig. 9. The
top lines correspond to average chain sizes of n = 2, 3, 4 and 5 as calculated
by n = 1/2 + (1/4 + φZ2 )1/2 with Z2 = e2λ /3λ3 corresponding to the absence
of a magnetic ﬁeld [129]. Since this expression is strictly valid only for large
λ, corrections to this result are expected [50]. In agreement with Fig. 8, we
observe that signiﬁcant chain formation sets in only for λ  5. The dilute,
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Fig. 9. The weak interaction regime (bottom) as well as the occurrence of n-mer chains
(top) in the (λ, φ) plane as calculated by [129] in the absence of a ﬁeld with n = 2, 3, 4
and 5, respectively

weakly interacting regime deﬁned in Sect. 4.2 is shown at the bottom of Fig. 9.
In between these regimes, higher order cluster expansion or the perturbation
method can be applied in order to predict the magnetic behavior.
4.5 Polydispersity Eﬀects
So far, the equilibrium properties of monodisperse systems have been discussed.
Many real ferroﬂuids, however, show a broad size distribution of magnetic particles. It is therefore of great interest to study the eﬀect of polydispersity on
equilibrium properties.
Huke and Lücke extended the Born–Mayer cluster expansion presented in
Sect. 4.2 to polydisperse systems in [108, 109]. For polydisperse systems, the magnetic moment mj of particle j and the corresponding Langevin parameter αj are
in general diﬀerent from those of the other particles. The ideal paramagnetic
/N gas
in a magnetic ﬁeld Hw is therefore described by the partition sum ZN = j=1 zj ,
the magnewith zj = 4πV sinh(αwj )/αwj and αwj = μ0 mj Hw /kB T . Therefore,

tization of the polydisperse ideal paramagnet is M = V −1 j mj L1 (αwj ). To
incorporate steric and dipolar interactions within the cluster expansion, the governing parameters λ and φ are generalized to incorporate polydispersity eﬀects
[108, 109]. In terms of these generalized parameters, a similar analysis can be
carried out as in the monodisperse case. The resulting magnetization was found
to be of the same form as Eq. (37).
Ivanov and Kuznetsova generalized the perturbation approach described in
Sect. 4.3 to polydisperse systems [126]. The resulting expression M = ρmL1 (αe ),
where the overline denotes averaging over the particle size distribution, shows
good agreement with simulation results [63, 155] described below.
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Chain Formation in Bidisperse Ferroﬂuids
The chain-formation model [49] presented in Sect. 4.4 has also recently been
extended to polydisperse systems by Zubarev and Iskakova [64, 107]. In order to
simplify the analysis, a bidisperse model of large and small particles has been
assumed in [64, 107], where the dipolar interactions between the large particles
1, are of the order of
are much stronger than the thermal energy kB T , λ
kB T for interactions between large and small particles, λ s ≈ 1, and are much
smaller than kB T for interactions between the small particles λss  1. Under
these conditions, it is expected that the large particles form chain-like structures
similar to the monodisperse case that are now, however, surrounded by a gas of
small particles.
Starting point for the bidisperse model is again expression (40) for the free
energy, where gn now denotes the number of n-particle chains per unit volume
composed of only large particles, An the internal free energy of such chains and
Vh = V the hydrodynamic volume of the large particles. In the bidisperse case,
the interaction term wn does not represent interchain interactions but rather
the interactions between the chain and the gas of small particles. Similar to
the estimation of interchain interactions, it is useful to split wn into magnetic
and steric interactions, wn = wnm + wnst . Since the dipolar interactions between
large and small particles are assumed to be of the order of the thermal energy,
λ s ≈ 1, a similar approach as presented in Sect. 4.2 was employed in [64] to
estimate wnm . The authors used a ﬁrst-order expansion in the corresponding f˜
functions, followed by an expansion up to second order in λ s . The rather lengthy
expression for wnm can be found in [64]. The contribution of steric interactions
to the free energy wnst is estimated in [64] as wnst = (φs /Vs )Vnex I(φs ), where φs,
and Vs, are the hydrodynamic volume fraction and hydrodynamic volume of the
small and large particles, respectively. Vnex denotes the excluded volume that an
n-particle chain creates for the small particles. This ansatz is analogous to the
estimation of steric eﬀects of interchain interactions in Sect. 4.4, with the same
function I(φ) presented there. The excluded volume Vnex is obtained by a simple
geometric consideration. The excluded volume created by a single big particle
of diameter d for a small particle with diameter ds is V1 = π(d + ds )3 /6. For
a chain of n big particles, the total excluded volume is less than nV1 due to the
overlap of the excluded spheres, V2 = 2π(ds /2)2 (d /2 + (2/3)ds ). Since there are
n − 1 such overlaps in an n-particle chain one obtains Vnex = nV1 − (n − 1)V2 .
Using the same expression (45) for the internal free energy of the n-particle
chain, the chain size distribution for the bidisperse model obtained by minimizing
the free energy functional becomes [64]
gn =

1 −wn n
e
X ,
Vh Z2

X = Z2 exp [V2 − V1 + Λ],

(55)

where Z2 again denotes the partition function of a dimer
∞ and the Lagrange
multiplier Λ has to be determined from the constraint n=1 ngn = φ /V .
From Eq. (55) and the above analysis it is found that magnetic interactions
with the gas of small particles decrease the chain size. This eﬀect is due to the
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preference of the small particles to align head-to-tail with the big particles, which
obviously decreases the chain length. On the other hand, steric interactions with
the small particles are found to increase the chain size. This results from the
fact that the excluded volume for the small particles is less if the big particles
are close together. This depletion eﬀect is well known in colloidal science [15].
Thus, the ﬁnal result of interactions with the gas of small particles is a result
of these two competing eﬀects. Depending on the values of dipolar interaction
parameters and mutual sizes of the small and large particles, the mean chain
length was found to either increase or decrease signiﬁcantly due to the addition of small particles [64]. For a comparison of the model to simulation and
experimental studies see also [157].
Magnetization and Structure in Bidisperse Systems
The equilibrium magnetization and structure of bidisperse systems have recently
been studied by computer simulation in [63, 155]. The bidisperse model system
used in these studies is described in Sect. 3.1. The dipolar interaction parameter
between the small particles is chosen as λss = 1.3 and between the large particles
λ = 5.26.
Figure 10 shows simulation results obtained in [63] for the magnetization
and the mean cluster size as a function of the Langevin parameter for the small
particles αs . Figure 10 and the results presented in [63, 155] show that even a
small fraction of large particles has a signiﬁcant inﬂuence on the magnetization
due to the clustering of the large particles. For example, the magnetization is
observed to be strongly enhanced for weak ﬁelds. On the other hand, the addition
of small particles was found to quickly decrease the clusters formed by the large
particles. As discussed above, this eﬀect is mainly due to the weakening of the
chain-like cluster if a small particle joins the chain. A cluster analysis performed
in [63] showed that the small particles are predominantly found at the end of the
chain. These simulations are thus consistent with theoretical considerations [110,
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Fig. 10. The equilibrium magnetization (left) and mean cluster size (right) of a bidisperse model as a function of the Langevin parameter for the small particles αs . Adapted
from [63]
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157, 159]. A possible way to extract information on the particle size distribution
using the eﬀect of magnetostriction is explored in [160].
4.6 Structural Transformations
The details of the gas–liquid phase transition in dipolar ﬂuids are still a matter of
debate [11, 45, 161–164]. It is believed that the formation of chain-like aggregates
interferes with the gas–liquid transition and that the chains need to form dense
clusters before the gas–liquid transition can take place [163, 165, 166]. Instead of
dense clusters, there are suggestions that a network of chains is formed, leading
to the absence of the gas–liquid transition [167].
Similar scenarios for ferroﬂuids have been worked out in the last years. In
[168] it was shown that chain formation indeed suppresses the gas–liquid transition in ferroﬂuids which would happen in a system of individual particles. Later,
the same authors found a new scenario of condensation phase transition where
the chain-like aggregates collapse into a dense globular phase when the chains
exceed a critical size ncrit [169]. These globules then serve as nuclei for the gas–
liquid transition. The critical size was estimated in [169] as ncrit ≈ 50−90. The
rheological properties of ferroﬂuids containing such globules have been worked
out in [170] showing a very strong viscosity increase due to the globules. These
studies indicate that a globular phase might occur in the region at the top of
Fig. 9. Unfortunately, so far, computer simulations have not been able to detect
the predicted collapse of the chain-like structures into dense globules [11]. Similarly, direct imaging analysis experiments performed recently on iron [141] and
magnetite [150, 171] ferroﬂuids also failed to detect such a transition. The latter experiments were, however, performed on thin ﬁlms, where condensation is
expected to occur at much higher interaction strengths than needed in bulk ferroﬂuids. In other experiments, it was claimed that the formation of a dense phase
in ferroﬂuids was observed (see references in [169]). It would be very helpful, if
some of these older experiments could be reproduced with well-characterized
ferroﬂuids. In addition, further simulation studies on larger systems would be
interesting in order to ensure that the critical chain size ncrit can indeed be
accessed in the simulations.
4.7 Pseudo-Crystalline Ordering
Under suitable conditions, the formation of rings or networks rather than chains
of magnetic particles is expected [167]. In addition, interesting ﬁeld-induced
hexagonal patterns have been observed by X-ray diﬀraction and TEM images in
thin ﬁlms [172, 173] of iron-based ferroﬂuids as well as in SANS experiments on
bulk cobalt ferroﬂuids [174].
Figure 11 shows two-dimensional SANS intensity patterns measured in [174]
for magnetic volume fraction φ = 0.01 (left) and φ = 0.02 (right panel). A strong
magnetic ﬁeld was applied horizontally, perpendicular to the neutron beam. For
the more dilute sample, the strong asymmetry of the scattering pattern with
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Fig. 11. SANS intensity patterns for cobalt ferroﬂuids with magnetic volume fraction
φ = 0.01 (left) and φ = 0.02 (right) in a horizontal ﬁeld applied perpendicular to
the neutron beam. While in the more dilute sample only diﬀuse scattering appears in
vertical planes, the in-plane peaks observed in the more concentrated sample is assigned
to a hexagonal symmetry. Adapted from [174]

peaks at the nearest neighbor distance are consistent with chain-like structures
oriented parallel to the ﬁeld direction.
For the more concentrated sample shown in the right panel of Fig. 11, however, a more complicated scattering pattern is observed. The six peaks observed
in Fig. 11 form angles of 30◦ , 90◦ and 150◦ with respect to the ﬁeld direction.
The position of these peaks correspond to a pseudo-crystalline ordering where
the cobalt particles are arranged in hexagonal planes with the magnetic moments
aligned along the ﬁeld direction. While the in-plane nearest neighbor distance
was found to be almost independent of the concentration and temperatures, the
distance between neighboring planes decreases with increasing concentration.
The correlation length of the ordered domains induced by the external magnetic
ﬁeld was estimated from the actual peak widths to about 4–5 “unit cells”. The
hexagonal scattering patterns disappear when the magnetic ﬁeld is switched oﬀ.
For a detailed discussion of the underlying interactions see [174, 175]. For a simpliﬁed model of perfectly oriented dipoles, hexagonal ordering has been observed
in [176] for more concentrated systems. Details on SANS measurements can be
found in chapter of S. Behrens. See also [51] for a recent review on ferroﬂuid
structure as measured by SANS techniques. For cobalt ferrite ferroﬂuids with
weaker dipolar interactions, no signs of chain-like or hexagonal ordering could
be observed [177]. Scattering experiments on magnetosomes, however, strongly
suggest the existence of chain-like aggregates [178].

5 Kinetic Models of Ferroﬂuid Dynamics
The dynamics of the ferroﬂuid model system presented in Sect. 3.1 shows a very
rich behavior and cannot in general be solved rigorously. Therefore, it is very
instructive to consider limiting cases that allow for further analytical treatment.
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Building upon the results for the equilibrium state, kinetic theories for the weakly
and strongly interacting regime for dilute or moderately concentrated ﬂuids have
been developed in the last years. Below, these models are presented in Sects. 5.2
and 5.3 together with some comparisons to simulation results of the unapproximated model.
5.1 Non-interacting limit
In the non-interacting limit (λ = 0, φ → 0), the model presented in Sect. 3.1
reduces to a spatially homogeneous system of non-interacting magnetic dipoles
subject only to Brownian motion, an external magnetic ﬁeld H and the local
vorticity of the ﬂow Ω, i.e., the NI model. In fact, in the absence of dipolar
interactions, the orientational dynamics decouples from the translational motion,
as can be seen from Eq. (24) or (30). In this limit, the eﬀective potential (31)
contains only the interaction with the magnetic ﬁeld, U eﬀ (u) = UH (u), and
Eq. (30) reduces to the single-particle Fokker–Planck equation proposed in [17,
18]. In addition, the expression for the viscous stress tensor Eq. (29) reduces to
Πv = 2ηs Γ + μ20 (MH − HM) in the absence of interparticle forces such that the
NI model proposed in [17, 18] is indeed derived from the full model of Sect. 3.1
in the non-interacting limit.
Exact solutions to the kinetic equation are not known in general, even in
the absence of interparticle interactions. For analytical results of the NI model
in some limiting cases see [32, 34, 35, 38]. In order to derive macroscopic properties of the NI model under general conditions, it was suggested in [18] to use
the so-called eﬀective ﬁeld approximation, i.e., to assume the nonequilibrium
distribution function to be described by Eq. (38) with an eﬀective ﬁeld He . In
equilibrium where He reduces to the magnetic ﬁeld H, Eq. (38) becomes the
equilibrium orientational distribution function in the noninteracting case with
the ideal paramagnetic magnetization law. Out of equilibrium, the orientational
probability distribution is assumed to be given by the same functional form as
in equilibrium, but for a diﬀerent, eﬀective ﬁeld He instead of H. Equation (38)
presents an uncontrolled approximation, which, however, is found to give very
accurate results for most parameter regimes [3, 38, 179]. With the help of the
eﬀective ﬁeld approximation, a closed form of the magnetization equation can be
derived from the Fokker–Planck equation, which, for weak ﬂows with τ BΩ  1,
leads to the rotational viscosity given by Eq. (3).
5.2 Weakly Interacting Regime: Dynamical Mean-Field Model
Dipolar interactions increase the equilibrium magnetization compared to the
noninteracting case, as has been discussed in Sect. 4. Similarly, one expects that
steric and dipolar interactions also increase the viscosity of the ﬂuid. In addition,
dipolar interactions are at the origin of the shortcomings of the NI model mentioned above. However, contrary to the case of the equilibrium magnetization,
very few studies are reported in the literature which systematically try to clarify
the role of interactions on viscous properties of magnetic ﬂuids. The rotational
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relaxation of a pair of dipoles was studied in [180]. The NI model was extended
in an ad hoc fashion in [58] by including dipolar interactions in a quasi-static
mean-ﬁeld approximation. In [57], a decoupling approximation was applied to
the full kinetic model, giving similar results to [58]. These studies were extended
in [59] to include also ﬂow-induced structural changes.
Model Formulation
Point of departure is the time evolution equation (30) for the single-particle
orientational distribution function f (u),
∂t f = −L · [Ωf ] + L · Dr {β[LU eﬀ ]f + Lf }.

(56)

The self-consistent potential U eﬀ deﬁned in Eq. (31) contains the local magnetic
ﬁeld and the contribution of dipolar interactions with neighboring particles. Approximating the angular dependence of the pair correlation function, the eﬀective
potential becomes [59]


U eﬀ (u1 ; f ) ≈ −μ0 mu1 · Hw + n d2 u2 f (u2 ) d3 r12 Φ(12)g (2) (r12 ),
(57)
where Hw = H+M/3 denotes the magnetic ﬁeld resulting from the separation of
long-range and short-range interactions described in Sect. 4.2. Equation (57) can
be interpreted as the ﬁrst terms of a virial series together with an expansion in
the dipolar interaction parameter λ. Therefore, the model is valid in the dilute,
weakly interacting regime. Further terms of this expansion have been worked
out in [59]. In [59], it is also shown that in equilibrium this expansion reduces
to the Born–Mayer expansion described in Sect. 4.2.
The distortion of the pair correlation function due to shear ﬂow has been
studied experimentally [181] and theoretically [182]. For small distortions, the
pair correlation function g (2) (r; t) satisﬁes the Kirkwood–Smoluchowski equation
[182]
1
(2)
∂t g (2) + r · (∇r v) · ∇r g (2) + (g (2) − geq
) = 0,
(58)
τg
where τg denotes a structural relaxation time. Results of recent nonequilibrium
molecular dynamics simulations of a dipolar model ﬂuid conﬁrm that the stationary solution of Eq. (58) provides a reasonable description of the shear-induced
distortion of the pair correlation function [102]. The left part of Fig. 12 shows
contour plots of the stationary pair correlation function for planar Couette ﬂow
calculated from Eq. (58). Thereby, the equilibrium pair correlation function was
calculated in lowest order approximation, g (2) ≈ exp [−βΦ], valid in the very
dilute regime. The preferred arrangement parallel to the magnetic ﬁeld direction
is evident. In the lower ﬁgure, the stationary, nonequilibrium pair correlation
function in planar Couette ﬂow is shown. One observes that the location of
the nearest neighbors is tilted with respect to the ﬁeld direction. The tilt angle increases with increasing shear rate. In the right part of Fig. 12, the pair
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Fig. 12. Flow-induced disturbance of the pair correlation function. Left panels are
calculated from the Kirkwood–Smoluchowski equation (58) while the right panels show
simulation results. Top row corresponds to equilibrium situation, bottom row to shear
ﬂow. In all cases a magnetic ﬁeld with strength α = 10 was applied

correlation function is shown as is obtained from simulation results of the full
model. Qualitatively, the same behavior is observed as predicted by Eq. (58).
Quantitative agreement cannot be expected, due to the crude approximation of
(2)
the equilibrium geq (r) and because strong dipolar interactions are chosen for
better visibility. In particular, since hard-core interactions were assumed in the
left panel, the distance to the nearest neighbors is underpredicted. It is interesting to observe that although g (2) (r) is tilted in shear ﬂow, its maximum stays
parallel to the ﬁeld direction. This eﬀect is not described correctly within the
present model.
In order to study viscous phenomena within the DMF model, the kinetic
equation (56) has to be supplemented with an expression for the viscous stress
tensor. Re-expressing the conﬁgurational contribution in Eq. (29) in terms of
probability densities and applying the same approximations to the two-particle
correlations as done in (57) and (58), the stress tensor (29) becomes within the
DMF model [59]
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Πv = −p bone + 2η̃0 Γ + 7a u u × Ω
μ0
(MH − HM).
+2a(c1 − 3) Γ · u u +
2

(59)

In Eq. (59), we have introduced a ≡ 2ηs κλφ2 , where κ ≡ 72τg /(35τ B). The shear
viscosity of the isotropic suspension is η0 = ηs (1 + 52 φ + bφ2 ), where b ≡ 76 c4 κ
and η̃0 ≡ η0 − 13 (c1 − 3)a u 2 . The coeﬃcients ck depend on the detailed form of
the short-range interaction potential. For the repulsive Lennard-Jones potential
considered in Sect. 3.1 and in the limit of small concentrations where the pair
correlation function of the reference ﬂuid can be approximated by g (2) (r) ≈
exp [−βΦsp (r)] for r > dh and zero else, these coeﬃcients take the values c1 ≈
7.72 and c4 ≈ 8.36. For these estimates, the Lennard-Jones parameter was chosen
as ε/kB T = 1. For potentials with softer repulsion, larger values of c1 and c4
are obtained. Equations. (56), (57), (58) and (59) deﬁne the dynamic mean-ﬁeld
model (DMF) introduced in [59]. The DMF model extends the NI model to the
dilute, weakly interacting regime and reduces to the NI model in the absence of
steric (φ → 0) and dipolar (λ → 0) interactions.
With the help of the eﬀective ﬁeld approximation (38), explicit expressions
for the Miesowicz viscosities have been derived in [59],
3S12
2 + S2
3
ηi = η0 + ηs φh
(1 − δi,3 ) + c̃i κχL
,
2
2 + S2
3

(60)

where the coeﬃcients c̃i are deﬁned by c̃1 = (c1 /6 + 3)/6, c̃2 = (c1 /6 − 4)/6,
c̃3 = (1 − c1 /3) and c̃4 = −c̃3 . For weak ﬂows, the orientational order parameters
Sj can be approximated by their equilibrium values Sj = Lj (αe ). The functions
Lj (x) are deﬁned in Appendix A. Then, the reduced eﬀective ﬁeld αe can be
taken from the modiﬁed mean-ﬁeld approximation, αe = α + χL L1 (α). Note,
that the DMF model was derived for weak dipolar interactions, where higher
order terms in χL appearing in αe , Eq. (39), can be neglected.
Discussion of the DMF Model
The DMF model overcomes several shortcomings of the NI model. The following experimental results can be explained within the DMF model but not by
the NI model: First, ﬂow-induced structural changes are taken into account via
Eq. (58). Consequently, not only rotational but also irrotational ﬂows aﬀect the
dynamics, as was shown for the magnetization dynamics in [43]. Next, dipolar
interactions lead to more independent viscosity coeﬃcients as compared to the
NI model. For example, three diﬀerent viscosity coeﬃcients have been measured
in a channel ﬂow [41] if the magnetic ﬁeld is oriented in the ﬂow, gradient and
vorticity direction. The predictions of the DMF model for the corresponding case
in planar Couette ﬂow are shown in Fig. 13. Finally, the existence of normal
stress diﬀerences measured in [42] is explained by the DMF model.
Besides these qualitative features which are captured by the DMF model,
also the maximum viscosity increase with magnetic ﬁeld is found to be stronger
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Fig. 13. Relative change of shear viscosity as a function of the Langevin parameter α
(left). From top to bottom, the magnetic ﬁeld was oriented in ﬂow, gradient and vorticity
direction, respectively. First and second normal stress diﬀerences as a function of the
Langevin parameter α (right). Adapted from [85, 86]

than in the NI model. In order to discuss the validity of the DMF model more
quantitatively, many-particle nonequilibrium Langevin dynamics simulations of
the full model system (23) and (24) have been performed in [85, 86]. Figure 13 shows a comparison of the simulation results to the predictions of the
DMF model, Eq. (60), in planar Couette ﬂow. In a detailed comparison presented in Refs. [85, 86], it was shown that the DMF model indeed provides a
fairly accurate description of dynamic and viscous phenomena for volume fractions φ  0.05 and dipolar interactions weaker than λ∗ < 1. This is true in
particular if the magnetic ﬁeld is oriented in ﬂow or vorticity direction, while
the comparison is less convincing if the ﬁeld is oriented in the gradient direction.
It is interesting to note that the DMF model predicts for the Miesowicz viscosities η1 > η2 > η3 which is typical for oblate particles, while prolate or rod-like
particles show η2 > η1 . The head to tail attraction and side-by-side repulsion
of dipolar particles can in a mean-ﬁeld picture indeed be described by eﬀective
oblate particles if the interactions are weak enough such that no chain formation
occurs.
The validity of the DMF model is limited to the dilute and weakly interacting
regime. In principle, the model can be extended to both the semi-dilute regime
and toward stronger dipolar interactions. In practice, however, keeping higher order terms in the virial expansion complicates the theory considerably so that the
semi-dilute regime is rather diﬃcult to achieve. On the other hand, stronger dipolar interactions quickly lead to non-linear, structural changes (“chaining”) that
cannot be captured by an expansion around the non-interacting limit. Therefore,
we consider in the next chapter the chain model that has been proposed in [49]
for the case of strong dipolar interactions.
5.3 Strongly Interacting Regime: Kinetic Chain Model
The chain-formation model presented in Sect. 4.4 describes the equilibrium chain
size distribution gn assuming strong dipolar interactions. A kinetic model for the
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dynamics of ferroﬂuids containing such chain-like aggregates has been proposed
by Zubarev and Iskakova in [49, 143]. Dynamical properties of ideal solutions
of elongated, ferromagnetic particles in a ﬂow ﬁeld have been investigated by
a number of authors [33, 55, 144, 183–191]. Many of these studies, however,
consider a ﬁxed chain size only instead of the whole distribution gn . Here, we
summarize the main properties of the model and present some results that have
been obtained in the last years. Special emphasize is paid to the relationship of
the model to the macroscopic theory of Liu and Müller [70] presented in detail
also in chapter of M. Liu. Further, we focus on the behavior in shear ﬂow in
order to allow later comparison to experimental results. We will ﬁrst assume
that the ﬂow is weak enough such that the equilibrium chain size distribution
is not modiﬁed signiﬁcantly due to the ﬂow. The weak ﬂow condition for this
case [49] reads τ B γ̇  λ/ n , where τ B is the Brownian rotational relaxation
time introduced above. The case of high shear rates with ﬂow-induced structural
changes will brieﬂy be discussed later.
Stress Tensor
Since the chain-formation model cannot be derived straightforwardly from the
full model presented in Sect. 3.1, also the expression (29) for the viscous stress
tensor cannot be transferred. Instead, the viscous stress tensor is taken from
the theory of dilute suspensions of rigid particles. The straight, chain-like aggregates considered in the chain-formation model might be reoriented but otherwise remain unchanged in the weak ﬂow regime. Unfortunately, the viscous
stress tensor for chain-like aggregates is unknown due to their complicated shape.
Approximating the chain-like aggregate of n particles as a perfectly rigid, prolate spheroid with semiminor axis dh /2 and semimajor axis ndh /2, the viscous
stress tensor of a dilute suspensions of such particles is known from the literature [3, 192, 193]. It is important to note that the volume of the ellipsoid
Vn = nπd3h /6 = nVh equals the volume of an n-particle chain. Assuming an
ideal solution of non-interacting chains, the total viscous stress tensor within
the chain model is obtained by adding up the independent contributions of the
diﬀerent chain sizes [3, 49, 193],
*
* gn
 · LUnH n + O(φ2 ).
5ηs φn A n +
(61)
Πv = 2ηs Γ +
2
n
n
The volume fraction of n-particle chains is denoted by φn = nVh gn , introduced
above. The averages have to be performed with the nonequilibrium
 orientational
distribution functions fn (u; t) of the n-particle chains, • n ≡ d2 u • fn (u; t).
The
 applied couple summed over all n-particle chains is denoted by N =
− n gn LUnH n . In the presence of a magnetic ﬁeld, UnH = −nμ0 m · H, this
terms becomes N = μ0 M × H. Therefore, the third term on the right hand side
of Eq. (61) is identical with the antisymmetric stress π a deﬁned above for the
full model. The stresslet A introduced in Eq. (61) is given by
A

n

= C1 Γ + C2 (Γ · uu

n

+ uu

n

· Γ) − C3 Γ : uuuu

n

+ Apot n .

(62)
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The geometric coeﬃcients Ci are given by C1 ≡ 2Q1 (n), C2 ≡ 2Q3 (n) − BQ0 (n)
and C3 = 3Q2 (n) + 4Q3 (n) − 2BQ0 (n). The shape factor of the ellipsoid B =
(n2 − 1)/(n2 + 1) as well as the coeﬃcients Qi depend only on the axis ratio
n of the ellipsoid, i.e. the chain size. Explicit expressions for these coeﬃcients
are given in Appendix B. The contribution of the “Brownian potential” U B =
ln fn + UnH /kB T to the stresslet Apot n is given by Apot n = Q0 Dn u∇u U B +
[∇u U B ]u n , where Dn denotes the rotational diﬀusion coeﬃcient of a spheroid
with axis ratio n [192]. The latter is given in terms of the coeﬃcients introduced
above by the relation BkB T = 10ηs Vn Q0 Dn [193]. Inserting the potential UnH
and evaluating the derivatives, this contribution becomes


Apot n = Q0 Dn 6 uu n − nα( u Ĥ + Ĥ u n ) + 2nα uuu n · Ĥ .
(63)
It should be mentioned that the model (62) applies also for ferroﬂuids composed of anisotropic magnetic particles as used, e.g., in [194, 195].
Kinetic Equation
The nonequilibrium orientational distribution functions fn (u; t) have to be determined in order to evaluate the moments appearing in the stress tensor (61).
For a system of non-interacting ellipsoids of revolution, the time evolution in the
presence of a ﬂow ﬁeld is described by the Fokker-Planck equation [3, 49, 196]
∂fn
= −L · [(Ω + Bu × Γ · u)fn ] + Dn L · [nαĤ × u + Lfn ].
∂t

(64)

For spherical particles (n = 1, B = 0, Dn = Dr ), Eq. (64) reduces to the kinetic
equation for the non-interacting model described in Sect. 5.1. The modiﬁcations
for a rigid chain with n > 1 in the absence of ﬂow are obtained by replacing (i)
the single-particle rotational diﬀusion coeﬃcient Dr by the rotational diﬀusion
coeﬃcient of a spheroid with axis ratio n, Dn , and (ii) the Langevin parameter
α by nα in order to account for the total magnetic moment of the n particle
chain. The meaning of the additional ﬂow term proportional to the shape factor
B occurring in Eq. (64) is illustrated in Fig. 14. Such a ﬂow term occurs also in
polymer and liquid crystal dynamics [9], where this term is responsible for the
ﬂow-induced orientation of the molecules.
The stationary solution to Eq. (64) in the absence of ﬂow is the canonical
distribution function fn,0 (u) = nα/[4π sinh(nα)] exp [nαu · Ĥ]. In equilibrium,
A n,0 = LUnH n,0 = 0 and the stress tensor (61) vanishes as it has to.
The stress tensor (61) depends explicitly only on the ﬁrst four moments of
the distribution functions fn . Time evolution equations for the kth moments are
derived by multiplying Eq. (64) with uμ1 . . . uμk and subsequent integration over
u. For the ﬁrst moment, the result reads [55]
d
u
dt

n

= Ω × u n +B[Γ· u n − uuu

n : Γ]−2Dn

u n +nαDn ( bone− uu n )· Ĥ
(65)
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Fig. 14. Geometric illustration of the viscous drag due to the symmetric velocity
gradient Γ. If the chain follows the macroscopic velocity gradient Γ, its direction changes
as u̇ = ( bone − uu) · Γ · u. Hence the contribution to the angular velocity is given by
u × u̇ = u × Γ · u

Explicit expressions for the time evolution of arbitrary moments are presented in
[55]. The magnetic ﬁeld and the ﬂow terms couple the moment equation of order
j to those of order j + 1 and j + 2. This inﬁnite hierarchy does not allow a closed
description in terms of the four lowest order moments that would be suﬃcient
in order to determine the stress tensor (61). Similar closure problems appear
in many areas of nonequilibrium statistical physics [123]. In order to solve this
problem, two closure approximations will be discussed below.
With the help of the second moment equation, the stresslet A n can be
rewritten as
A

n

= C1 Γ + 2Q3 (n)(Γ · uu

· Γ) − Q23 (n)Γ : uuuu
d
uu n ],
+Q0 (n)[Ω × uu n − uu n × Ω −
dt
n

+ uu

n

n

(66)

with Q23 = 3Q2 +4Q3 . Equation (66) is equivalent to Eqs. (62) and (63) but does
not contain the potential terms explicitly. Thus, in the stationary state, where
the last term in Eq. (66) vanishes, a weak ﬂow expansion is readily obtained
from Eq. (66). The ﬁrst-order contribution in the velocity gradient, for example,
is obtained by replacing the second-and fourth-order moments in Eq. (66) by
their equilibrium values. Therefore, the rheological behavior for weak velocity
gradients is already solved as far as the symmetric part Πv of the stress tensor
is concerned. For planar Couette ﬂow, the viscosity contribution from A n is
shown in Fig. 15, left panel. For the antisymmetric part, π a = μ0 M×H, a similar
strategy of eliminating the ﬁeld H does not allow to read oﬀ viscosity coeﬃcients.
Therefore, the nonequilibrium magnetization indeed needs to be calculated in
order to evaluate the stress tensor. The exact solution of the nonequilibrium
magnetization is, however, not known in general. Approximate solutions will be
discussed below.
Since the chain model assumes an ideal solution of non-interacting chains,
the magnetization and the stress tensor can be determined by the weighted sum
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Fig. 15. Left: The symmetric contribution to the viscosity Axy n /γ̇, Eq. (66), as a
function of the axis ratio n. Upper and lower curve correspond to inﬁnite and zero-ﬁeld
strengths, respectively. Right: The transport coeﬃcients λi appearing in the magnetization equation (67) as a function of the dimensionless eﬀective ﬁeld strength αe .
Adapted from [190]

of the individual contributions of the diﬀerent chain sizes. In order to discuss
dynamic and rheological properties of the model, it is helpful to ﬁrst focus on a
ﬁxed chain size before taking into account their size distribution.
Derivation of Macroscopic Equations
A new approach to the macroscopic thermodynamics of ferroﬂuids proposed
in [70] suggests a generalized magnetization dynamics that cannot be derived
from the NI model. Experimental results [43] showing the dependence on the
symmetric velocity gradient Γ demonstrate the necessity of at least one new
term in the magnetization equation. For more details on the macroscopic theory
see chapter of M. Liu. Since the coeﬃcients of the magnetization equation cannot
be determined within the thermodynamic approach, it is desirable to derive the
magnetization dynamics including explicit expressions for the coeﬃcients from
the kinetic model (64).
The derivation of macroscopic transport coeﬃcients from a more microscopic
model is the central theme of nonequilibrium statistical physics. The so-called
“quasi-equilibrium approximation” (QEA) provides a general method of reduced
description that has been applied successfully to a variety of models [197–200].
The main assumption underlying the QEA is a strict separation of timescales: all
variables except the chosen macroscopic ones are assumed to be equilibrated.
Following the macroscopic approach of Liu and Müller [70], we assume that
the magnetization M is the only relevant macroscopic variable in addition to
the hydrodynamic ﬁelds. Then, theQEA distribution obtained from extremizing
the free energy functional F[f ] = d2 u f (u) ln[f (u)/f0 (u)] subject to the constraints of ﬁxed normalization and magnetization is identical to the eﬀective ﬁeld
approximation, Eq. (38). The QEA can be improved systematically by incorporating more macroscopic variables [198, 201]. We here stick to the lowest order
approximation, Eq. (38), in agreement with the thermodynamic approach [70].
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For simplicity, we here assume the chain size distribution to be narrow enough so
that it is suﬃcient to study the mean chain size only. With the help of Eq. (38),
a closed-form magnetization equation can be derived from Eq. (64) [55, 190],
Ṁ − Ω × M = −(τ̃1 bone − τ̃2 MM) · αe
+ λ1 (tr Γ)M + λ2 Γ · M + λ3 (Γ : MM)M.

(67)

Equation (67) is of the same form as proposed in the thermodynamic approach
[70]. The new coeﬃcients λi depend on the degree of orientation and are linear
in the shape factor B. Thus, for spherical particles λi = 0, Eq. (67) reduces
to the magnetization equation of the NI model, where τ̃1 , τ̃2 are relaxation times
and αe denotes the eﬀective ﬁeld (i.e., the Lagrange multiplier). Figure 15 shows
the coeﬃcients λi as a function of the dimensionless eﬀective ﬁeld strength αe .
Their explicit analytical expressions derived in [190] read λ1 = −BO(αe ), λ2 =
2
L31 (αe )] with O(x) = L2 (x)/[xL1 (x)]. It
B[1 − 2O(αe )], λ3 = −BL3 (αe )/[Msat
is interesting to note that the coeﬃcients λi are bounded: −1/5 ≤ λ1 ≤ 0, 0 ≤
2
λ3 ≤ 0. The functions Li (x) are deﬁned in Appendix A.
λ2 ≤ 1 and −1 ≤ Msat
Comparing Eqs. (65) and (67) we note that the appearance of terms proportional
to Γ in the magnetization equation is a consequence of the shape anisotropy of
the chain-like cluster. Such terms are absent in the NI model (1). The precise
form of the coeﬃcients λi depends on the chosen closure approximation.
The coeﬃcient λ2 has recently been determined for a magnetite-based commercial ferroﬂuid with volume fraction φ ≈ 0.07 under moderate ﬁeld strengths
[43]. Within the present approach, the experimentally observed value λ2 =
0.2 ± 0.05 corresponds to an average chain size of n = 1.4 ± 0.1 [55]. A somewhat
larger chain size was estimated in [43] based on the stationary solution for elongational ﬂow. Very recently, experiments on ferroﬂuid under rigid body rotation
(Γ ≡ 0) have been performed [202, 203]. For suitable choice of coeﬃcients, the experimental results can quantitatively be described by a magnetization equation
of the form (67).
Flow-induced degradation of clusters (“rupture of chains”) is accounted for
phenomenologically by introducing a maximum chain length for a given shear
rate [8, 190, 204]. For an interpretation of the experimental results [43] on the
coeﬃcient λ2 in strong ﬂows within this approach see also [190, 205].
Uniaxial Symmetry and Director Theory
Phenomenologically, there is evidence that the anisotropy of the viscosity can be
characterized by the same set of viscosity coeﬃcients [142] as used for uniaxial
nematic liquid crystals in the presence of an orienting ﬁeld [74, 206, 207]. In
principle, this is not obvious since the head–tail symmetry of liquid crystals is
absent in ferroﬂuids and the physical mechanisms leading to anisotropic viscosities is very diﬀerent in these systems. It was suggested phenomenologically in [3]
to use the Ericksen–Leslie theory of uniaxial nematic liquid crystals to explain
the more complicated anisotropy of the MVE observed in [48] which is not captured by the NI model. In [55] it is shown that in case of uniaxial symmetry the
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chain model does indeed ﬁt into the general Ericksen–Leslie theory [74]. This
study extends an earlier work [38] on the NI model. The results obtained in [55]
are useful since they allow to transfer methods and results obtained for nematic
liquid crystals to ferroﬂuids, at least within certain parameter regimes.
For uniaxial symmetry around the director n (here, in particular, n =
M/|M|), the orientational distribution function is of the form f (u) = f (u · n)
and can be represented in terms of orientational order parameters Sj by Eq. (70).
Note that the distribution functions (38) of the eﬀective ﬁeld approximation represent a special family within the class of uniaxial distributions. With the uniaxial ansatz, the magnetization dynamics Eq. (65) can be rewritten as a system
of time evolution equations for the director n and the order parameters Sj . The
◦
balance equation for the director n reads 0 = ( bone − nn) · [ch H − γ1n −γ2 Γ · n],
◦
where n= ṅ − Ω × n denotes the co-rotational derivative. The factor ch and
the coeﬃcients γi depend on Sj . For the present model the interesting relation
λ2 = −γ2 /γ1 was derived in [55]. For spherical particles, γ1 = ηr reduces to
the rotational viscosity of the NI model given in Eq. (3). The stress tensor (61)
becomes in case of uniaxial symmetry [55]
◦

◦

Πv = α1 (nn : Γ)nn + α2 nn +α3n n + α4 Γ + α5 nn · Γ + α6 Γ · nn,

(68)

where γ1 = α3 − α2 and γ2 = α6 − α5 . Both the balance equation for the director
and the expression (68) for the stress tensor are of the general form assumed in
the Ericksen–Leslie theory [74, 142, 207].
Explicit expressions for the viscosity coeﬃcients αi and γi in terms of orientational order parameters and the axis ratio of the cluster have been worked out
in [55]. Figure 16 shows the Miesowicz shear viscosities ηi as a function of the
Langevin parameter, i = 1, 2, 3 corresponding to magnetic ﬁelds oriented in ﬂow,
gradient and vorticity direction, respectively. In terms of the coeﬃcients αi , the
Miesowicz viscosities are given by η1 = (α3 +α4 +α6 )/2, η2 = (−α2 +α4 +α5 )/2,
6
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Right: Elastic storage and loss modulus as a function of the frequency of the oscillating
shear ﬂow. The axis ratio and Langevin parameter are n = 5 and α = 0.2, respectively.
Adapted from [191]

298

P. Ilg and S. Odenbach

η3 = α4 /2 and η4 = (α1 − α2 + α3 + 2α4 + α5 + α6 )/4. Weak shear ﬂows have
been assumed where the orientational order parameters Sj and the direction of
the magnetization n can to lowest order be approximated by the equilibrium
values Lj and Ĥ, respectively. Good agreement is found between the numerical
solution of the model (64) and the analytical result from Eq. (68), where the
orientational order parameters are approximated by their equilibrium values.
For weak magnetic ﬁelds and high shear rates, however, the comparison is less
accurate due to strong biaxial contributions in this regime [55]. For the limiting
case of weak and strong magnetic ﬁelds, a similar approach for rod-like particles
was explored in [208].
Rheological Properties for Vanishing Shear Rates
The derivation of the macroscopic magnetization equation (67) employs the QEA.
Since this approximation is uncontrolled, the validity of the QEA needs to be
investigated. A detailed comparison between the predictions of the QEA and
a linearized moment expansion with direct Brownian dynamics simulation of
Eq. (64) has been performed in [191]. The predictions of the QEA are found to
be quite accurate for most parameter regimes. For intermediate magnetic ﬁeld
strengths α ≈ 1 and for high-frequency oscillatory ﬂow, however, deviations from
the QEA predictions can be signiﬁcant [55, 191].
Instead of the QEA, a linearized moment expansion has been employed by
Zubarev and co-workers in [49, 56, 143, 144] in order to derive macroscopic
properties from the kinetic chain model. Contrary to the QEA, the linearized
moment expansion is inherently restricted to small deviations from equilibrium
since nonequilibrium distribution function f is expanded near the equilibrium
state f0 ,
(69)
f (u) = f0 (u) [1 + a · (u − u 0 ) + b : (uu − uu 0 )] ,
where • 0 denotes equilibrium averages performed with f0 . The coeﬃcients
a(t) and b(t) are assumed to be ﬁrst order in the deviation from equilibrium.
They are determined from the time evolution equation for u and uu after
suitable linearization. Comparing Eq. (69) to the corresponding expansion of
the QEA distribution (38) around f0 , one notices that the coeﬃcients b allow to
describe also biaxial states while (38) is uniaxially symmetric.
The right panel of Fig. 16 shows a comparison of the QEA, the linearized
moment expansion and Brownian dynamics simulations of the unapproximated
model for a particular choice of parameters. For stationary and oscillatory shear
ﬂow, the linearized moment expansion shows good or very good agreement with
the numerical solution of the unapproximated model and performs better than
the QEA for small shear rates [191]. While the two approximations give in general
similar results in stationary shear, the discrepancy in oscillatory shear can be
serious, see Fig. 16.
Coming back to the chain model [49, 143], the whole chain size distribution gn
has to be taken into account in order to calculate the viscous stress tensor (61).
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Fig. 17. The reduced viscosity (η2 − ηs )/ηs predicted by the chain model for vanishing
shear rate is shown as a function of the Langevin parameter α. The concentration was
chosen as φ = 0.05. From top to bottom, the dipolar interaction parameter decreases
as λ = 2, 1.5 and 1. The dashed line corresponds to the NI model (λ = 0)

As discussed above, the equilibrium distribution gn remains unchanged in the
weak ﬂow regime τ B γ̇  λ/ n . Using the linearized moment approximation, the
shear viscosity η2 calculated from Eq. (61) is shown in Fig. 17 for a concentration
φ = 0.05. The magnetic ﬁeld was oriented parallel to the gradient direction of the
ﬂow. For increasing dipolar interaction strength λ, i.e., increasing chain size, the
viscosity is found to be signiﬁcantly enhanced compared to the non-interacting
case. This is true even for moderate dipolar interaction strengths where only
small chains exist. For φ = 0.05, for example, mean chain sizes of n ≈ 1.5, 2
and 3 are calculated for α = 1 from Eq. (48) for λ = 1, 1.5 and 2, respectively.
Rheological Properties for Finite Shear Rates
From the balance of dipolar and viscous forces on a chain, it was estimated in
the maximum
[75] that chains with n  nc are destroyed in shear ﬂow, where 
size of a chain decreases with increasing shear rate γ̇, nc ≈ (1/3) λ/γ̇ ∗ . It was
suggested in [56] to account for this rupture of long chains by introducing nc in
Eq. (40) as the maximum number of particles in a chain for a given shear rate.
With this modiﬁcation, the chain model is able to describe strong shear thinning
behavior as has been observed, e.g., in [75].
For ﬁnite shear rates, also the ﬂow-induced modiﬁcation of the orientational distribution function (69) has to be taken into account in calculating
the (nonequilibrium) free energy An of an n-particle chain (45). To lowest order,
the deviation from equilibrium contributes a term proportional to (fn − f0 )2 to
An [56].
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6 Equilibrium Dynamics in Ferroﬂuids
The anisotropy and long-range nature of dipolar interactions are able to induce
complicated equilibrium structures (see, e.g., the SANS and SAXS experiments
described in chapter of S. Behrens and in Sect. 4). Therefore, interesting equilibrium dynamics can be expected in these systems, like anisotropic, ﬁeld-dependent
relaxation and diﬀusion. In addition, also the relaxational dynamics caused by
changes in the magnetic ﬁeld is expected to be strongly inﬂuenced by the equilibrium structures. The relaxation of the magnetization following a sudden change
of the magnetic ﬁeld strength could be used in medical applications, e.g., to
detect whether the magnetic particles are indeed bounded to larger objects like
cells [209]. In principle, the equilibrium or relaxational dynamics should be studied ﬁrst before considering the additional eﬀect of a ﬂow ﬁeld. Unfortunately,
only few systematic studies on well-characterized samples exist at present that
would allow a careful comparison between experimental and theoretical results
for the equilibrium and relaxational dynamics as well as for the dynamics in
ﬂow. For a discussion of the magnetization relaxation dynamics see also [96] and
chapter of M. Liu.
Below, some recent experimental and theoretical work concerning the diffusion properties of ferroﬂuids are brieﬂy described. Gradient and self-diﬀusion
properties are distinguished, which are related to collective and tracer motion,
respectively. We hope that further studies in this direction will be performed,
such that future comparison of experimental and theoretical results can include
the equilibrium as well as nonequilibrium dynamics.
6.1 Gradient Diﬀusion
The gradient or mass diﬀusion coeﬃcients Dαβ (k) measures the ﬂux of mass
in the α-direction that results from a perturbation of the homogeneous density
of the ﬂuid in the β-direction with wavevector k [15]. Using forced Rayleigh
scattering, anisotropic, ﬁeld-dependent gradient diﬀusion has been observed in
maghemite ferroﬂuids [210–212]. These experiments suggest that the anisotropy
can be described by the diﬀusion coeﬃcient parallel, D , and perpendicular, D⊥ ,
to the magnetic ﬁeld H, Dαβ = D Ĥα Ĥβ + D⊥ (δαβ − Ĥα Ĥβ ). Similarly, static
and dynamic small angle X-ray scattering (SAXS and XPCS) and quasi-elastic
light scattering (QELS) can be used to determine diﬀusion coeﬃcients, see chapter of S. Behrens. In these experiments, the decay of the normalized, intensity
auto-correlation function of the scattering signal C(t) is used to determine Dαβ
from the relation C(t) ∝ exp [−Dαβ (k)kα kβ t]. For parallel and perpendicular
orientations of the wavevector k with respect to the ﬁeld direction Ĥ, the parallel and perpendicular diﬀusion coeﬃcients D and D⊥ can be measured. Details
on these experiments can be found in chapter of S. Behrens.
Thanks to the high precision of the SAXS experiments, the equilibrium structure factor S(k) could be determined very accurately (see chapter of S. Behrens)
together with the wavevector dependence of the gradient diﬀusion coeﬃcient
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D⊥ (k) [213]. For the cobalt ferrite ferroﬂuid stabilized with large silica shells
used in these experiments, the eﬀective dipolar interaction is very weak, λ∗  1.
Nevertheless, the authors observe an unexpectedly slow diﬀusion that cannot
be explained with existing hydrodynamic theories of colloidal suspensions [213].
Whether this discrepancy is due to very weak dipolar interactions remains on
open question [214].
QELS experiments described in chapter of S. Behrens provide an alternative
route to the gradient diﬀusion coeﬃcient. Due to problems with backscattering,
however, this technique is limited to a narrow interval of scattering vectors k. On
the other hand, the extension of QELS to capillary wave spectroscopy described
in Chapter 1 allows to access not only bulk but also surface properties of ferroﬂuids. Therefore, this promising technique could give information also on surface
properties of ferroﬂuids that are very valuable for an improved understanding of
surface eﬀects, see chapter of R. Richter.
6.2 Self-Diﬀusion
Experimental results on self-(or tracer) diﬀusion in ferroﬂuids are less frequent
in the literature. Very nice combined experimental and numerical studies on
self-diﬀusion in quasi-two-dimensional ferroﬂuids are reported in [104, 105]. A
hydrodynamic theory of self-diﬀusion in ferroﬂuids is proposed in [215, 216].
However, the eﬀect of a magnetic ﬁeld on the diﬀusion coeﬃcient has not been
investigated in these studies.
Recently, anisotropic, ﬁeld-dependent self-diﬀusion has been studied theoretically within the chain-formation model in [217] and compared to computer
simulations in [91]. These simulations were performed for moderate dipolar interaction strengths where no signiﬁcant chain formation is expected. Nevertheless,
the simulation results can be described within the chain-formation model [217]
for eﬀective oblate particles. Further studies on self-diﬀusion in strongly interacting ﬂuids could provide further tests of the theoretical results obtained in [217].
Moreover, it would be extremely interesting to investigate whether a consistent
description of self-diﬀusion and rheological properties within the chain-formation
model is possible.

7 Experimental Determination of Rheological
and Microstructural Properties
To obtain a detailed insight into the microstructural background of changes in
the rheological behavior of ferroﬂuids combined experimental investigations of
the ﬁeld-dependent rheological properties and the microstructure of the ﬂuid are
required. Such investigations have to meet several major boundary conditions
to provide ﬁnally valuable data which can be used to create a detailed picture
of the microscopic reasons for the well-known changes of viscosity in magnetic
ﬁelds. First of all ferroﬂuids with well-known microstructural properties should
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be used in experiments to enable a reliable comparison with theoretical calculations. In principle this requirement is a contradiction to the actual situation in
ferroﬂuid research. The ﬂuids which can be obtained from commercial sources
show a broad particle size distribution which is usually not well known. Fluids
from experimental production lines are only limitedly available and basic microscopic makeup is also usually not known to an extent necessary for quantitative
comparison between theory and experiment. Therefore the ﬂuids used in the
experiments should diﬀer signiﬁcantly concerning their magnetoviscous properties as well as their microstructural makeup in order to allow a discrimination
between diﬀerent rheological states and their microstructural background.
A second important point is the requirement that the rheological investigations and the experiments exploring the microstructure should be performed
with boundary conditions and parameter ranges as similar as possible. This claim
is again forced by the interest to compare calculations and experimental results
to determine those models describing the behavior of ferroﬂuids best.
7.1 Experimental Setup
The above-mentioned boundary conditions, the known facts about the magnetoviscous eﬀect in ferroﬂuids as well as the principle possibilities to investigate
microstructural changes in ferroﬂuids have to be considered in the design of the
experimental setup. Since the magnetoviscous eﬀect in ferroﬂuids shows a strong
shear dependence [8], which is usually assigned to a breakage of chains of magnetic particles and thus to a change of the microstructure, the rheometer has to
be equipped with a shear cell providing a constant shear rate all over the ﬂuid
volume. Therefore a cone–plate arrangement has been chosen for the shear cell.
Due to the optical opaqueness of ferroﬂuid layers with a hydrodynamically reasonable thickness optical methods for the determination of the microstructure
cannot be used. Since the size of the microstructural units in the ﬂuid – being in
the order of 10–100 nm – requires small-angle scattering techniques either smallangle X-ray scattering (SAXS) or small-angle neutron scattering (SANS) could
be used. In the experiments presented here SANS has been chosen to make use
of the fact that neutrons provide additional information by magnetic scattering.
This gives a clear ﬁnger print of the magnetic structures being in focus of the
investigations.
Due to the fact that a cone–plate shear cell is required for the investigations
the scattering experiments have to be performed with the neutron beam probing
the ﬂuid parallel to the axis of rotation. Since the neutron beam of small-angle
scattering beamlines is generally horizontal, the axis of rotation has to be oriented horizontal too leading to the necessity of a seal between cone and plate.
This seal produces friction making rheological measurements in this conﬁguration impossible. Thus the rheological investigations and the SANS experiments
have to be performed independently but using identical parameters for the shear
cell as well as for the magnetic ﬁeld.
Basing on these considerations an experimental setup has been developed
which allows both kind of investigations with a few changes not inﬂuencing the
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Fig. 18. Schematic sketch of the experimental setup used for the investigations of
rheological properties and microstructural changes in ferroﬂuids. The left side shows
the setup in the arrangement used for the rheological investigations while the right side
depicts the shear cell and pole shoe arrangement for the SANS investigations

relevant parameters [218]. The setup itself is shown in Fig. 18. The left side shows
the setup used for the rheological investigations. The shear cell is subjected to
a magnetic ﬁeld created by two coils and directed toward the ﬂuid volume by
steel bars and pole shoes made of high permeable magnetic material.
As in former experiments [219] the shear cell is designed as a combination of
a cone – plate system – needed to perform the rheological measurements – and
a Couette region dimensioned in a way that the torque transmitted from this
region of the overall ﬂuid volume is negligible compared to that from the cone–
plate system. The Couette region is needed to avoid problems due to a dewetting
of the cone forced by the appearance of the normal ﬁeld or Rosensweig instability
(see, e.g., chapter of R. Richter). The plate is driven by a gear drive allowing
shear rates between 0.01 and 500 s−1 . The cone is attached via an air - bearing
minimizing residual friction to a torque sensor measuring the torque transmitted
from the plate to the cone via the ﬂuid. The range of the torque sensor goes from
10−8 to 10−1 Nm. As usual the viscous behavior of the ﬂuid can be obtained
from the relation between the measured torque and the applied shear rate.
The magnetic ﬁeld is produced by two coils which are connected via steel
bars supporting the pole shoes made of high permeable material. With this
arrangement magnetic ﬁeld strengths up to 200 kA/m with a homogeneity better
than 1% over the cone–plate area can be produced.
The right side of the ﬁgure shows the shear cell with the changes needed
for the SANS investigations. The major diﬀerences between this setup and the
arrangement for the rheological investigations described above is ﬁrst of all the
fact that the torque measurement system has to be removed and the whole setup
has to be turned by 90◦ to have the neutron beam parallel to the axis of rotation
and perpendicular to the shear planes. As mentioned above this change in the
arrangement leads to the requirement to have a seal between cone and plate.
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More important are the changes needed to enable the neutron beam to pass
through the arrangement. The ﬁrst required change is channels in the pole shoes
– a cylindrical channel on the entrance side of the neutron beam and a conical
channel having an opening angle large enough to allow scattering with scattering
vectors appropriate to detect the structural changes in the ﬂuid. These channels
lead to a change in the magnetic ﬁeld distribution but these changes are still
small enough to be neglected in the interpretation of the experimental results.
7.2 Rheological Results
The rheological results provide the basis for the further interpretation of the
SANS data. Since the data itself do not diﬀer qualitatively from former rheological investigations of ferroﬂuids [8] we will here only shortly outline the diﬀerences between the ﬂuids used in the experiments. Generally three diﬀerent kind
of ﬂuids have been used in the experiments (a) a commercial magnetite-based
ferroﬂuid – APG513 A – with strong magnetoviscous eﬀect; (b) magnetite-based
ferroﬂuids with negligible magnetoviscous eﬀect and (c) cobalt-based ferroﬂuids
with various concentrations of magnetic material, all showing strong magnetoviscous eﬀects. Figure 19 shows as an example the results obtained for the ﬂuid
APG513A as well as for a ﬂuid containing 0.35 vol% Co particles with a mean

Fig. 19. The magnetoviscous eﬀect for various shear rates for the ferroﬂuid APG513A
(a) and a ﬂuid containing 0.35 vol% of Co particles with a mean diameter of 9 nm (b)
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diameter of 9 nm. The later has been produced by the group of Prof. Bönnemann
following the synthesis route described in chapter of S. Behrens.
It is clearly seen that both ﬂuids show large magnetoviscous eﬀects despite
the fact that their overall concentration of magnetic material diﬀers by a factor
20. This is easily understood if one recalls the fact that the ﬂuid APG513A contains only about 0.7 vol% of magnetic particles with diameters above 13 nm and
thus only a small portion of particles being able to contribute to the formation
of structures due to magnetic interparticle interaction. In contrast the relatively
small size distribution of the Co particles leads to the fact that the whole magnetic material in the Co-based ﬂuid can contribute to the magnetoviscous eﬀect.
A signiﬁcant diﬀerence in the rheological behavior of both ﬂuids is seen in
Fig. 20 comparing the shear thinning behavior of the magnetite- and the cobaltbased ﬂuid. The magnetite-based ﬂuid shows a permanent decrease of the ﬁelddependent contribution to viscosity with increasing shear rate leading to a nearly
negligible magnetoviscous eﬀect for shear rates around 100 s−1 and higher. In
contrast the cobalt-based ﬂuid exhibits a magnetoviscous increase of more than
200% of the basic viscosity without an applied ﬁeld η0 even at the highest shear
rates considered here showing a nearly plateau like behavior for shear rates above
40 s−1 . This qualitatively diﬀerent behavior can be explained by the fact that
the interparticle interaction of the Co particles is approximately twice as strong
as for the magnetite particles – a diﬀerence which leads, as shown above, to a
signiﬁcant change in the size and stability of the structures formed.
7.3 Neutron Scattering Investigations
With the ﬂuids described above a set of SANS experiments has been performed.
Since no modiﬁcation of the ﬂuids should be carried out to avoid uncertainties in
the interpretation of the relation between rheological and microstructural eﬀects,
one has to observe that the scattering by the magnetic particles is superposed

Fig. 20. Comparison of the magnetoviscous eﬀect of APG513A and the Co-based
ferroﬂuid for a magnetic ﬁeld strength of H=60 kA/m as a function of shear rate
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by scattering from the carrier liquid as well as from the surfactant shell. Since
ferroﬂuids are moreover polydisperse systems the overall scattering pattern will
be composed in a complex way by numerous contributions from diﬀerent sources
which are not well known. This reduces severely the probability to perform an
unambiguous analysis of the data, and thus it is reasonable not to discuss the
direct scattering patterns taken from the whole sample for a certain shear rate
and ﬁeld strength but the changes appearing relative to an appropriately chosen
reference. These changes in the scattering pattern will only be determined by
changes in the microstructure of the ﬂuid generated by formation and rupture
of chains or agglomerates of magnetic particles while the inﬂuence of parasitic
eﬀects, like the scattering from the carrier liquid, remains unchanged and will
thus disappear in the diﬀerence scattering patterns. Looking to the assumptions
made in the chain model for the microstructure of magnetic ﬂuids one can make
some estimates concerning the expected scattering behavior.
If the magnetic ﬁeld is aligned parallel to the neutron beam, chains of particles will be formed which align with the ﬁeld direction for γ̇ = 0 s−1 (see
Fig. 21(a)). The scattering pattern will show the eﬀect of the projection of the
chains on the detector plane which is nearly equal to the projection of single
particles for well-aligned chains but with a slightly reduced number of scatter-

Fig. 21. Model assumption for the behavior of particle chains in a sheared ferroﬂuid
for the interpretation of the SANS experiments. Detailed explanations are given in the
text

Ferroﬂuid Structure and Rheology

307

ing centers compared to a real single-particle situation of the same ﬂuid. This
single-particle situation is achieved for the ﬂuid APG513A for shear rates as
high as 100 s−1 where a status is reached in which the magnetoviscous eﬀect
becomes independent from γ̇ and is nearly zero as seen in Fig. 20. Thus, choosing the single particle situation, i.e., the scattering pattern for γ̇ = 200s−1 , as
a reference the diﬀerence scattering pattern for γ̇ = 0 s−1 should not show any
signiﬁcant changes since the projections of the structures are more or less equivalent and the change of the number of scattering centers due to the formation of
the chains does not make an impact since the number of chain - forming particles
is small and the change of scatterers due to chain formation is also small since
the chains are short. The expectation of a minimal change between γ̇ = 0 s−1
and high shear rate is approved experimentally for all investigated magnetic ﬁeld
strengths.
For the experiments carried out at the beam line V4 at the Hahn Meitner
Institute in Berlin, a neutron wavelength of 6Å has been chosen which yields
together with a sample-detector distance of 4 m a range of scattering vectors from
0.1 to 1 nm−1 corresponding to detectable structure sizes between 6 and 60 nm
and with a sample-detector distance of 12 m to a range of detectable structures
between 18 and 180 nm. For other shear rates, as shown schematically in Fig. 21,
the chains should be deviated from the ﬁeld direction and – for increasing shear
rate – should break up into smaller pieces. The deviation and length of the chains
depend both on shear rate and magnetic ﬁeld strength applied, resulting in a
change of the scattering pattern with shear rate and ﬁeld strength as is given in
Fig. 22.
To ensure that the changes of the scattering pattern are deﬁnitely a result of
changes of the ﬂuid’s microstructure, a reference experiment has been performed
using a puriﬁed ferroﬂuid containing small particles only and showing thus a negligible magnetoviscous eﬀect. As seen in Fig. 23 the changes in the scattering
patterns vanish for this ﬂuid proving that the eﬀects seen in Fig. 22 are a real
footprint of the structural changes in the ﬂuid giving rise to the rheological effects. SANS experiments do in principle not only provide a qualitative image of
structural changes in a system but allow the direct comparison with, e.g., numerical simulations. The diﬀerence ΔI(k) = I(k)−Iref (k) of the scattering intensity
compared to the reference experiment is related to the corresponding diﬀerence
ΔS(k) of the structure factor by ΔI(k) = N |F (k)|2 ΔS(k), where F (k) denotes
the form factor of the particles, see chapter of S. Behrens. Since no structural
changes have been detected for a ﬂuid of small particles, the diﬀerence patterns
can be attributed to the structural changes formed by the large particles only.
These experiments can therefore directly be compared with nonequilibrium simulation studies of a system containing only the large particles.
Due to the fact that the chains formed in APG513A are rather short, a
ﬂuid with stronger interparticle interaction has to be chosen to make the comparison with simulations more reliable. Rheological measurements of such a
ﬂuid, based on Co particles with a diameter of about 9 nm providing an interaction parameter of λ∗ =6 are shown in Fig. 24. Obviously strong eﬀects are
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Fig. 22. Scattering patterns obtained by SANS for APG513A as a function of shear
rate and magnetic ﬁeld strength. The high shear rate situation has been chosen as
reference

Fig. 23. Scattering patterns obtained by SANS for a ferroﬂuid with negligible magnetoviscous eﬀect as a function of shear rate and magnetic ﬁeld strength. The high shear
rate situation has been chosen as reference
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Fig. 24. Scattering patterns obtained by SANS for a ferroﬂuid containing Co particles
as a function of shear rate and magnetic ﬁeld strength. The zero shear rate situation
has been chosen as reference

observed here despite the fact that the concentration of magnetic particles is
only φ=0.0035. In the microscopic picture this can directly be related to large
structures formed by the particles which can all contribute to chain formation.
In the scattering patterns these larger structures yield much stronger changes as
seen in Fig. 24. In particular an anisotropy of the scattering pattern is observed
which results from the magnetic scattering of the neutrons by the magnetic moment of the chains. The increasing anisotropy is thus a direct measure for the
deviation of the chains from the ﬁeld direction. The great diﬀerence between
the eﬀects in Figs. 22 and 24 can be accounted to the fact that the Co particles form stronger chains due to the higher value of λ∗ than the magnetite
particles.
7.4 Comparison to Simulation and Theoretical Results
Due to their narrow particle size distribution, the Cobalt-based ferroﬂuid with
φ = 0.0035, λ∗ = 6 studied above is well suited for a comparison to theoretical
approaches. Figure 25 shows a comparison of the relative viscosity increase S =
[η(H)−η(0)]/η(0) as predicted from the chain model, Sect. 5.3, NEBD simulation
results of the full model system of Sect. 3, and the experimental results. Both, the
simulations and the chain model consider a monodisperse system with magnetic
diameter of dm = 10 nm and a surfactant layer of 2–3 nm. For the simulations,
the Brownian relaxation time τB was estimated as τB = 5 × 105 s.
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Fig. 25. Relative viscosity increase S predicted from the chain model (shaded symbols), NEBD simulation results of the full model system of Sect. 3 (open symbols), and
the experimental results of Fig. 19(b) (full symbols). Squares, circles, and triangles
correspond to shear rates of γ̇ = 100, 200, and 400 s−1 , respectively

Experiment, simulation, and theory agree that the relative viscosity increases
to about S ≈ 2 for H ≈ 100 kA/m in such a ﬂuid. Note, that this value is a factor
103 larger than the prediction of the NI model. Therefore, dipolar interactions
are really strong in this ﬂuid, despite the low concentration of magnetic material. However, a quantitative comparison of the ﬁeld-dependence of the shear
viscosity is less satisfactory. Simulation and theoretical results overpredict the
initial viscosity increase and saturate too early compared to the experimental
values. These diﬀerences might be attributed to the eﬀect of smaller magnetic
particles that are neglected in the theoretical approaches.
A signiﬁcant shear thinning behavior is observed in the experiment and reproduced in the simulation, in agreement also with the theoretical prediction.
From simulation results and predictions of the chain model, one ﬁnds that the
shear thinning behavior goes in parallel with a strong reduction of the average
chain size formed by the magnetic particles (‘rupture’) [220]. Typical chain sizes
for γ̇ =100 s−1 are of the order of 5 (simulation) and 10–15 (chain model) particles. This diﬀerence is at least in part due to the diﬀerent deﬁnitions of a chain
used in the analysis.
While much more detailed cluster analysis can be performed within the simulations, such information is not available from experiments. However, the ﬂowinduced structural changes that have been observed in the SANS experiments
described above can directly be compared to the simulation results. Figure 26
shows the simulated scattering patterns for the same Cobalt-based ferroﬂuid considered above. The form factor F (k) of hard, spherical particles was used. The
same ﬂow geometry and parameters and the same projection on the plane perpendicular to the magnetic ﬁeld are chosen as in Fig. 24. The simulated patterns
are in qualitative agreement with the experimental ones.
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Fig. 26. Projection of the simulated scattering intensity in plane perpendicular to the
applied ﬁeld for the same conditions as used in the experiments, cf. Fig. 24. The shear
rate was held ﬁxed at γ̇ =100 s−1 . From left to right, the magnetic ﬁeld increases from
20 to 120 kA/m

8 Conclusions and Perspectives
Recent years have seen great progress in the understanding of ferroﬂuid structure
and rheology. Newly synthesized cobalt ferroﬂuids – well characterized and with
a narrow particle size distribution – faciliate the interpretation of experimental
results. Samples with diﬀerent concentrations and sizes of the cobalt particles
allow to study physical properties for various strengths of steric and dipolar
interactions. For an average particle size of dm = 10 nm, a cobalt ferroﬂuid
with a volume fraction 0.35% shows a huge relative viscosity increase of almost
100, which is three or four orders of magnitude larger than the estimate based
on the classical non-interacting, single-particle model (NI model). With a new
rheometer, it is now possible to study shear-induced structural changes in ferroﬂuids by SANS measurements.
From the preceding discussions, it appears to be useful to think of diﬀerent
regimes in the (λ, φ) plane, see Fig. 9, similar to the temperature–concentration
plane for simple ﬂuids. The equilibrium structure and magnetization are now
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well understood by a cluster expansion and perturbation approach in the dilute
and moderately concentrated regime where dipolar interactions are not much
stronger than the thermal energy. For very strong dipolar interactions, on the
other hand, the chain-formation model applies, which assumes the formation of
rigid, chain-like structures. Detailed comparisons to computer simulations show
that the theoretical approaches give quite accurate predictions within their range
of validity.
Also the discussion of dynamical properties of ferroﬂuids beneﬁts from
the distinction between diﬀerent concentration and interaction regimes. In the
weakly interacting regime, the NI model has been extended to include weak dipolar interactions by a dynamic, self-consistent mean-ﬁeld approximation. The predictions of the extended model are in fair agreement with simulation results for
moderate concentrations φ  0.05 and dipolar interaction strengths λ  0.5.
From a theoretical point of view, this regime is very appealing since it allows for
a systematic (“high temperature”) expansion around the non-interacting limit.
The strong interaction regime, on the other hand, is more spectacular and more
interesting for applications. At the same time, this regime is more diﬃcult to
study theoretically. Already the equilibrium structures in this regime are quite
complicated giving little hope of further successful dynamical studies. The best
available kinetic model in this regime at present is the chain model. So far, all
known experimental results can be described, at least qualitatively, within the
chain model, like the anisotropy of the MVE, existence of normal stress diﬀerences, shear-induced structural changes and nonequilibrium magnetization in
irrotational ﬂow.
Quantitative comparisons between the predictions of the chain model and
experimental results for strongly interacting ferroﬂuids have partially been done
showing fair agreement. Further quantitative comparisons are certainly necessary before a deﬁnite statement can be made. In addition, detailed comparisons
with computer simulations would be very helpful in order to explore the limitations of the theory and the validity of some strong assumptions made within
the chain model in its present form. The idealization of chains as perfectly rigid
aggregates, e.g., is certainly an oversimpliﬁcation. The importance of chain ﬂexibility on dynamical properties is largely unknown. In addition, the importance of
hydrodynamic interactions between ferromagnetic particles in bulk ferroﬂuids is
scantily explored. Since neighboring particles in chain-like clusters explore details
of the steric interaction, a better understanding of non-magnetic forces between
magnetic particles is necessary for quantitative comparisons with experiments
in strongly interacting ﬂuids.
From the experimental side, a full rheological characterization of the ﬂuids
would be extremely helpful as a test for current theories and thus to challenge
our current understanding. To fully characterize the shear viscosity (for uniaxial symmetry), four Miesowicz viscosity coeﬃcients need to be determined that
result from diﬀerent orientations of the magnetic ﬁeld with respect to the ﬂow
geometry. The linear rheological regime is conveniently described by the storage and loss modulus as a function of the frequency of the applied shear. Nor-
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mal stress diﬀerences provide interesting information on the nonlinear rheology
and are further tests for theoretical models. Finally, measurements of transient
stresses in start-up or cessation of shear ﬂow, which are frequently done to rheologically characterize polymeric liquids, would give complementary results on
the nonequilibrium, transient dynamics in ferroﬂuids.
A consistent picture of ferroﬂuid rheology would also explain the interesting equilibrium dynamics of ferroﬂuids like ﬁeld-dependent relaxation and
anisotropic diﬀusion. Experimental data on equilibrium as well as nonequilibrium properties for the same ﬂuid would provide a very useful test of available
theoretical models.
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Appendix A Uniaxial and Equilibrium Moments
For uniaxial symmetry around the unit vector n, the orientational distribution
function is of the form f (u) = f (u · n) and can be represented as
f (u · n) =

∞
*

cj Sj Pj (u · n),

(70)

j=0

where Sj are the orientational order parameters Sj = Pj (u · n) , Pj (x) denotes
the Legendre polynomial of order j and cj = [4π(2j + 1)]−1 ensures the correct
normalization. The ﬁrst four moments of the distribution function (70) read
u

= S1 n,

uu = S2 nn +

(71)
1 − S2
bone,
3

S1 − S3
( bonen)sym ,
5
S2 − S4
uuuu = S4 nnnn +
( bonenn)sym
7
7 − 10S2 + 3S4
( bone bone)sym ,
+
105

uuu

= S3 nnn +

(72)

(73)

(74)
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where subscript sym denotes symmetrization in all indices.
The single-particle, equilibrium orientational distribution function
f0 (u) =

α
exp [αn · u]
4π sinh(α)

(75)

is uniaxially symmetric with respect to the direction of the magnetic ﬁeld n = Ĥ.
The equilibrium orientational order parameters Lj (α) can be calculated explicitly as a function of the Langevin parameter α,
Lj (α) ≡ Pj (u · n)

0

=

Ij+1/2 (α)
.
I1/2 (α)

(76)


Equilibrium averages are denoted by a 0 ≡ d2 u a(u)f0 (u) and Ij+1/2 are modiﬁed spherical Bessel functions [3]. The functions Lj satisfy the following recursion
relation
2j + 1
Lj (α)
(77)
Lj+1 (α) = Lj−1 (α) −
α
with L0 = 1 and L1 (x) = coth(x) − x−1 the Langevin function.

Appendix B Geometric Coeﬃcients
The geometric coeﬃcients Qi = Qi (r) depend only on the axis ratio r of the
ellipsoid and are given explicitly by [55]
2(r2 − 1)2
,
5r2 (2r2 β − β − 1)
4(r2 − 1)2
,
Q1 = 2
5r (3β + 2r2 − 5)
2Q1
2r2 + 1 − (4r2 − 1)β
Q2 =
1−
,
3
4(2r2 + 1)β − 12
[r2 (β + 1) − 2](3β + 2r2 − 5)
−1 ,
Q3 = Q1
4[β(2r2 − 1) − 1](r2 + 2 − 3r2 β)
Q0 =

(78)

and
Q23 ≡ 3Q2 + 4Q3 ,

(79)

for convenience, where
1
β= 
×
r |r2 − 1|

cosh−1 r for r > 1,
cos−1 r for r < 1.

(80)

In Refs. [3, 143], a diﬀerent notation for the coeﬃcients Qi is used, βn = 5φn Q0 ,
αn = 5φn Q1 , ζn = 5φn (2Q3 − BQ0 ), χn = −5φn (Q23 − 2BQ0 ), λn = B and
n = r, where φn = nVh gn is the volume fraction of n-particle chains.
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Abstract Magnetic nanoparticles exhibit speciﬁc physical properties that make them
a useful tool for both medical diagnostics and therapy. The physical background for
all these biomedical applications is the interaction of these particles with externally
applied magnetic ﬁelds. This interaction is conﬁned to the particles so that unwanted
side eﬀects can be avoided or reduced. In this chapter, the physics of magnetic drug
targeting, magnetic thermoablation, and magnetic cell sorting are addressed, as well as
a number of applications for cancer therapy. In addition, sophisticated measurement
methods are discussed that enable the monitoring of these therapies.
This overview is by no means comprehensive but is focussed on the work that was
done in the ﬁeld of biomedical applications in the frame of the priority program 1104
“Colloidal magnetic ﬂuids – Basics, development and applications of new ferroﬂuids”
that was funded by the German research foundation from 2001 to 2007.

1 Introduction
Ferroﬂuids exhibit special rheologic properties that make them suited for many
technical applications, also in biomedical engineering, e.g. for supporting the
mechanical function of some prosthetic device like an artiﬁcial heart. But it is
not only because of these properties that ferroﬂuids are considered today to be a
powerful and promising new tool in medicine. For their diagnostic or therapeutic
impact in a medical in vivo application, the microscopic properties of magnetic
nanoparticles are the deciding factor. Some of these properties are determined
by the particular physics of small-sized magnetic nanoparticles, some of which
are brieﬂy addressed in Sect. 2.
The size of a nanoparticle’s core usually is in the range from a few nanometres up to several tens of a nanometer. To stabilize an aqueous suspension of
magnetic nanoparticles, the particles usually are prevented from aggregation by
surrounding the metallic core with a layer of an organic compound, so that the
magnetic dipolar interaction between the cores is reduced. This may increase
the total particle size up to a few hundred nanometres, which is signiﬁcantly
smaller than cells and much larger than most organic molecules, but roughly in
Trahms, L.: Biomedical Applications of Magnetic Nanoparticles. Lect. Notes Phys. 763, 327–358
(2009)
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the size range of biological macromolecules, such as genes, proteins, and viruses
(see Fig. 1). Particles of such dimensions are suited to label a biologic entity and
take part in metabolic processes on a nanoscale level.
Magnetic nanoparticles can be made of non-toxic material. This applies to
both the core and the shell. For most medical applications, the cores are made of
iron oxide, i.e. magnetite or maghemite, and the shell consists of some biocompatible organic material such as dextran. Moreover, the shell can be utilized to
establish a covalent or ionic binding of biomolecules, which enables a particular
function of the labelled particle. One way to functionalize magnetic nanoparticles is to attach an agent that identiﬁes the presence of an analyte by a speciﬁc
binding. This is the background of the magnetorelaxometric assay, a method
that enables the monitoring and quantiﬁcation of biological binding reactions by
the observation of the magnetic behaviour of the magnetic nanoparticles. This
diagnostic application of magnetic nanoparticles is discussed in Sect. 3.
Due to their magnetic properties, magnetic nanoparticles can serve as probes
in the living tissue that may be controlled non-invasively from the outside by a
magnetic ﬁeld, while the magnetic action on the diamagnetic tissue around is
negligible. Magnetic nanoparticles can interact with an external magnetic ﬁeld in
various ways. In a homogeneous ﬁeld the particles will align; if the ﬁeld is inhomogeneous, they will be attracted towards the steepest gradient and may possibly
be moved or kept from moving in a bloodstream. In this way the particles may
serve as carriers of an anti-cancer drug, which may be forced to accumulate at
a particular site of the body, e.g. near a tumour. The method of magnetic drug
targeting, which is discussed in Sect. 4, is based on this concept.
If the ﬁeld is alternating, static eﬀects will be averaged out and cancel, but
what remains eﬀective is a thermal impact. This thermal deposit of an alternating magnetic ﬁeld mediated by magnetic nanoparticles is utilized for heating up
and destroying tumours by magnetic hyperthermia and thermoablation, which
is outlined in Sect. 5.
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The common feature of both therapeutic applications is that the action is
conﬁned to a restricted part of the tissue, where the particles are accumulated.
This makes magnetic nanoparticles particularly suited for cancer therapy, where
most therapeutic strategies aim at the destruction of the tumour while reducing
harmful side eﬀects to the healthy tissue. This applies to solid tumours and,
in principle, to distributed metastases as well. One can develop this concept
even further and attack single tumour cells that are distributed in the blood by
magnetic methods. The method of magnetically assisted cell sorting is addressed
in Sect. 6.
The following passages will address a selection of biomedical applications of
magnetic nanoparticles, which reﬂects biomedical activities of research groups
that were supported from 2001 to 2007 by the priority program 1104 of the
German research foundation “Colloidal magnetic ﬂuids: Basics, development
and applications of new ferroﬂuids”. This is why this article will not provide a
comprehensive overview on the wide ﬁeld of biomedical application of magnetic
nanoparticles, but represents the speciﬁc selection of topics that were pursued
by the research groups that took part in the priority program.
Neither will the following sections on magnetic hyperthermia, magnetic drug
targeting, cellular uptake of magnetic nanoparticles, and biological binding reactions cover the vast body of literature associated with each of these selected
topics. The reader will miss many important contributions that were made in
these ﬁelds during the recent years, because this article is limited to be a report
on the progress and the state of the art that was achieved within the framework of the research program 1104 of the German research foundation. For a
more balanced overview, the reader is referred to a number of recently published
review articles [1–7].
On the other hand, this overview does not simply represent a series of isolated activities of individual researchers. The following passages display also
the collaboration that grew between the researchers within the program during the 6 years it was running. It will become evident in the following passages
that more than one group has contributed to the results that were achieved in
each respective ﬁeld. This applies in particular to the interdisciplinary scientiﬁc
collaboration between engineers and physicist on the one side and biomedical
researchers on the other. Without the synergetic eﬀects that emerged from the
intensiﬁed communication and interaction between the participants that were
fostered by the program, the results presented in this article would not have
been possible. In the names of the researchers, whose works are presented here,
I would like to thank the German research foundation for their ﬁnancial and
logistic support in the framework of the priority program 1104.

2 Magnetic Nanoparticles
Magnetic nanoparticles consist of a material that is ferro- or ferrimagnetic in its
solid bulk form. The small size of a magnetic nanoparticle gives rise to a magnetic behaviour that is slightly diﬀerent from classical ferro- or ferrimagnetism.
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Magnetic nanoparticles usually consist of a single domain of uniform magnetization carrying a total magnetic moment μ given by
μ = MS V p ,

(1)

where MS is the saturation magnetization, which may be diﬀerent from the bulk
value, and Vp is the volume of the particle core. Due to an eﬀective magnetic
anisotropy K, the magnetic moments have preferred orientations, so-called easy
axes representing local energy minima. By thermal activation or by interaction
with an external magnetic ﬁeld, the magnetic moment may overcome the energy
barrier EA = KVp and change its orientation within the particle. The corresponding time constant is the Néel relaxation time

KVp
τN = τ0 exp
,
(2)
kB T
with kB being the Boltzmann constant and T the temperature, and τ0 having
values between 10−9 s and 10−11 s.
If the particles are suspended in a ﬂuid medium the magnetic moments may
change their orientation also by rotational diﬀusion of the particle as a whole.
The time constant associated with this mechanism is the Brownian relaxation
time
3ηVhydr
,
(3)
τB =
kB T
where η is the viscosity of the carrier ﬂuid. Vhydr is the hydrodynamic volume
of the particle, which includes the coating layer of the shell and may be much
larger than Vp in Eq. (2). Equations (2) and (3) make evident that the response
of a magnetic particle to the application of a magnetic ﬁeld depends strongly
on the particle’s size. Due to the exponential relation in Eq. (2), the Néel relaxation time increases dramatically with the volume so that for larger particles
the magnetisation vector is practically blocked, and only the Brownian mechanism remains eﬀective. For small particles, the magnetization vector inside the
particle core is “loose” providing superparamagnetism even when the particles
are immobilized.

3 Magnetic Nanoparticles as Labels for Monitoring
Biological Binding Reactions
Parameters characterizing binding reactions between biomolecules provide useful
information for many ﬁelds of biosciences, e.g. for assessing the eﬀectiveness of
drug applications or the selective coupling of an antibody to speciﬁc binding
sites. Molecular binding can be characterized in terms of its stability, i.e. the
degree of reversibility of the reaction. Further parameters that characterize the
binding are the relative amount of realized bindings and the reaction kinetics.
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These aspects of a biomolecular binding reaction can be elucidated by labelling the involved reaction components with magnetic nanoparticles. The response of these magnetic labels to a sudden change of an external magnetic ﬁeld
reﬂects their mobility and, thereby, a number of parameters that characterize the
binding reaction. This method of measuring the relaxation of the net magnetic
moment of a sample containing magnetic nanoparticles after a magnetizing ﬁeld
is switched oﬀ is commonly referred to by the notion magnetorelaxometry.
Magnetorelaxometry is an extremely sensitive method, if superconducting
quantum interference devices (SQUIDs) are used for measuring the decay of
the sample’s magnetic moment [8]. Alternatively, less-sensitive, but also lessexpensive magnetic sensors can be used for a magnetorelaxometric device [9].
Another related approach, which is also based on the response of magnetic
nanoparticles to the change of a magnetic ﬁeld, is the magneto-optic relaxation.
Here, the relaxing birefringence of a magnetic nanoparticle suspension in a transparent medium is measured to analyse binding reactions in terms of changes of
the Brownian relaxation of the analytes [10].

3.1 Magnetorelaxometry
The delayed response of bulk ferromagnetic material to sudden changes of an
external applied ﬁeld is known by “magnetic viscosity” or “after eﬀect” [11]. A
system of magnetic nanoparticles will respond to a sudden switch-oﬀ of a magnetic ﬁeld by the relaxation mechanisms that were described with Eqs. (2) and
(3). The presence or absence of a Brownian relaxation path provides information
on the motional state of the particle.
The relaxation behaviour of magnetic nanoparticles is the background for the
magnetic relaxation immunoassay (MARIA) that enabled the binding-speciﬁc
detection of antigens by the magnetic signal of the labels (see Fig. 2) [13]. MARIA
provides the quantiﬁcation of the binding sites in the presence of the residual
unbound molecules, i.e. without the rinsing step, which removes the residual unbound particles from the solution in conventional immunoassay procedures [14].
Another beneﬁt of MARIA is that it is applicable to turbid media such as blood,
where optical methods usually fail. In a similar way, the negligible interaction of
a magnetic ﬁeld with diamagnetic biological tissue makes magnetorelaxometry
suited for studying the binding behaviour of magnetic nanoparticles in vivo (see
Sect. 4.2).

Experimental Details
For a typical magnetorelaxometry measurement, the magnetic moments of the
particles in the sample are polarized by a magnetic ﬁeld of up to 2 kA/m, which
is generated for about 1 s by a magnetizing coil of about 10 mm bore diameter. Some 0.5 ms after the magnetizing ﬁeld is switched oﬀ, the relaxation of
the magnetic moment of the sample is recorded by a low-Tc SQUID, which is
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Fig. 2. Scheme of a magnetic relaxation immunoassay (MARIA): The speciﬁc binding
between an antibody and its antigen blocks the Brownian relaxation mechanism so
that the number of antigens scales with the amount of particles that relax via the Néel
relaxation mechanism. From [12]

mounted in the liquid helium reservoir of a Dewar vessel at a distance of about
10 mm above the sample [8].
In order to make use of the outstanding sensitivity of SQUIDs, which enable
the detection of magnetorelaxometric signals down to the range of nT or pT,
special care is needed for reducing magnetic perturbations, which are inevitably
present in an urban laboratory environment. A straightforward but expensive
way to reduce external magnetic perturbations is to screen the experimental
setup from outside interference, e.g. by performing the measurement in a magnetically shielded room made of mu-metal. Alternatively or additionally, far-ﬁeld
magnetic interference can be compensated by subtracting the signal recorded
with a second SQUID that is mounted at a distance of about 100 mm above the
SQUID at the Dewar bottom [15].
To be receptive to both fast and slow magnetic responses of the sample,
the SQUID readout electronics should have a wide bandwidth from dc to several megahertz. The dead time of the recording system, i.e. the time interval
from the switch-oﬀ of the magnetic ﬁeld to the start of the recording, should
not be much longer than 0.5 ms, in order to pick up as many of the early
relaxing particles as possible. Also, the detection system should cover a dynamic
√ range of several tens or better hundreds of nT over a noise ﬂoor of a few
f T/ Hz.
Magnetorelaxometry is a fast method, which collects the spectroscopic information by one shot within a few seconds. This makes repetitive measurements
feasible, thus enabling, for example, the improvement of the signal to noise ratio
by signal averaging or the observation of the kinetics of a binding reaction with
a time resolution down to a few seconds.
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Analysing Binding Kinetics by Magnetorelaxometry
As a model system for studying binding kinetics, the binding of magnetic
nanoparticles to latex beads was chosen. The latex beads of 5 m diameter were
coated with a polymer presenting an amino group. The magnetic nanoparticles
were made of magnetite cores and were coated by a surfactant layer which contained carboxyl groups. These carboxyl groups, loaded with a counter ion (Na),
couple via ion exchange on the amino groups of the latex beads (see Fig. 3).
This conﬁguration represents a simple two-component model for the unspeciﬁc
binding of magnetic nanoparticles.
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Fig. 3. Schematic view of the model system for investigating the kinetics of a nonspeciﬁc binding reaction. Note that the size relations depicted here are not true to
scale: magnetic nanoparticles are more than two orders of magnitude smaller than the
latex beads. From [16]

After the addition of magnetic nanoparticles to an aqueous suspension of
latex spheres, the magnetic relaxation signal was measured in intervals of 10 s.
Typically, the shape of the decay changed with each scan from the relaxation
signal known for free particles in the absence of latex towards the signal corresponding to fully immobilized particles, as it is sketched in Fig. 4. These intermediate decays are understood to be the superposition of the relaxation of
bound, Bb (t), and unbound particles, Bunb (t), which change from scan to scan
their relative contribution, β and (1−β), to the observed relaxation signal, B(t),
according to
B(t) = βBb (t) + (1 − β)Bunb (t).

(4)

For ﬁtting the data by Eq. (4), Bb (t) and Bunb (t) can be taken from reference
measurements of nanoparticle suspensions in the excess and in the absence of latex, respectively, so that β is left as a remaining free parameter to be determined
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Fig. 4. Time-dependent magnetorelaxometry signal of an aqueous magnetic nanoparticle suspension added to an 8.5% aqueous latex suspension. tI indicates the increasing
time after incubation. Also shown are the two limiting cases of the decay curves of a
nanoparticle suspension in the absence and in the excess of latex

from the measured relaxation curves and is identiﬁed to be the fraction of the
nanoparticles which are bound to the latex beads. The temporal development of
β reﬂects the kinetics of the binding reaction, which can be determined with a
remarkable small uncertainty.
It turned out that, for low concentrations of latex beads, the binding kinetics
can be understood fairly well in terms of the well-known Smoluchowski model
[17], which assumes the binding to be the result of a diﬀusion-driven collision of
the involved particles. In the framework of this model, the reaction parameter,
i.e. the probability that a collision results in a binding, as well as the part
of the latex surface that is covered with binding sites, could be estimated. At
latex concentrations above 4 volume percent, the Smoluchowski model does no
longer result in a satisfying ﬁt, probably indicating an impediment of the binding
mechanism [18].
After suﬃcient time is elapsed, e.g. after some 200–500 s, the binding reaction has reached its equilibrium. In a series of experiments, the ﬁnal value of
βf was found to be proportional to the concentration ratio of latex beads to
nanoparticles (Fig. 5). Such a linear titration behaviour is expected because it
reﬂects that the number of binding sites increases linearly with the number of
latex beads [16].
In a next step, the latex targets of this model system were exchanged by
yeast cells. In general, similar results for the binding behaviour were found in
this more biological situation. Only in one case, i.e. in magnetic nanoparticles
carrying a strong ion exchanger group, the binding to yeast cells was found
to follow a non-linear titration curve. This was understood to be the result of
the aggregation of the yeast cells which was probably induced by the charged
magnetic nanoparticles [19].
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Fig. 5. Final binding parameter, βf , as a function of relative target concentration
nT /nM N P . From [19] with the permission of the author

3.2 Magneto-optical Relaxation
Magnetorelaxometry is aﬀected by the diﬃculty to record the weak magnetic
ﬁeld of the sample’s magnetization shortly after a strong ﬁeld was applied. Due
to the resulting dead time of the recording system of about a few hundred microseconds, the particles that relax the fastest are missed by the SQUID registration. Magneto-optical relaxation circumvents this problem by using the optical
modality for the registration of the relaxing magnetization.
Most ferroﬂuids are birefringent in the presence of an external magnetic ﬁeld
due to the alignment of the particles along the ﬁeld axis. This phenomenon is
known as the Cotton–Mouton eﬀect. After switching oﬀ the magnetizing ﬁeld,
the birefringence decays according to the Brownian relaxation of the magnetic
nanoparticles. This relaxation behaviour can be utilized for analysing binding
reactions of analytes that are labelled with magnetic nanoparticles using a physical background that is quite similar to what is used for the interpretation of
magnetorelaxometry data.
Method
The setup for measuring magneto-optical relaxation is quite simple and inexpensive (see Fig. 6). A laser beam passes through a polarizer (P) and is transmitted
through the transparent liquid sample, which is kept in a cuvette (C), that can
be exposed to a magnetic ﬁeld pulse of up to 10 kA/m strength and up to 0.5 s
duration. After passing a retardation plate (R), with its slow axis parallel to
the polarizer, the light travels through an analyser (A), which is orthogonal to
the polarizer and at an angle of 45◦ with respect to the direction of the magnetic ﬁeld. The relaxing birefringence after the magnetizing ﬁeld is switched
oﬀ is recorded by a PIN photodiode (D) connected to a low-noise current
ampliﬁer.
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Fig. 6. Schematic sketch of a measurement of the birefringence relaxation. From the
book of abstracts of the 2nd colloquium of the DFG priority program 1104 (2001)

Results
It was demonstrated that by magneto-optical relaxation measurements the binding of streptavidin conjugated to magnetic nanoparticles and biotinylated bovine
serum albumin can be observed [20]. In addition, the method was used for monitoring binding reactions using MNP conjugated with antibodies [21, 22]. Clearly,
magneto-optical relaxation enables the detection of the Brownian relaxation of
much smaller entities than magnetorelaxometry does. On the other hand, the
method is limited to ﬂuid and transparent media. This also excludes the measurement of the magneto-optical relaxation in most ex vivo samples as well as
the application of the method in vivo.

4 Magnetic Drug Targeting
It is recognized long since that a crucial factor for the eﬃcacy of the chemotherapy of cancer is the delivery of the drug to the tumour. A high concentration of
the agent in the tumour tissue is required to maximize its lethal impact on the
cancer cells. On the other hand, the dissemination of the drug in the healthy
tissue will cause systemic toxic side eﬀects which limit the acceptable dose of
the chemotherapeutic agent.
The ideal solution of this dilemma is a drug delivery system that maximizes
the concentration of the agent in the tumour, while keeping the systemic concentration at a low and harmless level. Magnetic drug targeting is an approach
to realize such a drug delivery system. In this concept, the drug is reversibly
bound to the organic shell of the magnetic nanoparticle when it is administered
intravenously or intra-arterially to the patient. Utilizing magnetic nanoparticles as drug carriers that interact with an external magnetic ﬁeld oﬀers the
chance to focus the deleterious action of the chemotherapeutic agent to the
tumour.
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4.1 Physical Background
By applying a strong inhomogeneous magnetic ﬁeld to the tumour region the
magnetic nanoparticles are captured in the tumour area for a time long enough
to allow the release of the adsorbed drug. This requires an attractive magnetic
force on the nanoparticles that is stronger than the hydrodynamic drag force of
the bloodstream in the vessels in and around the tumour. According to Stokes’
law, a ﬂow of velocity v in a medium having a viscosity η causes a drag force
given by
(5)
Fh = 6πηRv,
where R is the hydrodynamic radius of the particle including the shell, which,
for simplicity, is considered to be spherical. The magnetic force is proportional
to the gradient of the magnetostatic ﬁeld energy (B · H)/2 and the magnetic
moment of the particle, μ [2],
Fm =

μ
∇ (B · H) .
2

(6)

In reality, the situation in a tumour blood vessel will not be as simple as these
two equations assume, but there are a few conclusions that can nevertheless be
directly inferred from the simple physics expressed by Eqs. (5) and (6):
1. The magnetic moment μ in Eq. (6) is proportional to the volume of the
nanoparticle’s core and increases with the third power of its radius, while
the drag force depends only linearly on the hydrodynamic radius, R. So it is
generally advantageous to use particles having large cores for magnetic drug
targeting.
2. To maximize Fm , the pole shoes of an electromagnet for magnetic drug
targeting should be designed to generate an inhomogeneous ﬁeld that has
its maximum gradient in the tumour region. Since the force scales with
the square of the magnetic ﬁeld, it is advantageous to use high ﬁeld
strengths.
3. Since a magnetic ﬁeld has a vortical structure, there is no way to establish a maximum gradient in the interior of the body non-invasively. This
complicates the application of magnetic drug targeting to non-peripheral
tumours.

4.2 Biodistribution
Pioneering studies on magnetic drug targeting (Fig. 7) were made in the 1990s
by Lübbe and co-workers, who applied suspensions of magnetic nanoparticles
carrying a chemotherapeutic agent intravenously in animal models and observed
that accumulation in the tumour region by a 0.8 T magnet resulted in tumour
remission [23]. Also a phase 1 clinical trial on 14 patients with advanced tumours
was carried out [24]. Magnetic drug targeting on 26 rabbits with a VX-2 squamous cell carcinoma showed the superiority of the intra-arterial administration
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Fig. 7. Scheme of magnetic drug targeting. From [5] with the permission of the author

of the agent with respect to the intravenous administration both in terms of
tumour remission and in the absence of serious side eﬀects, such as muscular
atrophy, ulcers, or the loss of hair [25].
The crucial parameter for the success of cancer treatment by magnetic drug
targeting is the distribution of the drug in the living organism. A good overall
therapeutic eﬃcacy is expected when the concentration is high in the tumour and
gives rise to remission, and low elsewhere, so that systemic toxicity is avoided. In
a series of experiments, Alexiou and co-workers investigated the biodistribution
of the chemotherapeutic agent and the magnetic nanoparticles that are the basis
of the successful applications observed in the animal model of New Zealand
White rabbits carrying a VX-2 squamous cell tumour of about 2 cm diameter at
their hind limb [26].
The magnetic nanoparticles used for magnetic drug targeting were made of
an iron oxide core that was large enough to consist of more than one magnetic
domain. They were coated by a shell of starch to which the chemotherapeutic
agent mitoxantrone was ionically coupled. The particles had an average hydrodynamic diameter around 100 nm. For the intra-arterial application of the
magnetic nanoparticle suspension, the animals were anaesthetized, the femoral
artery was cannulized, and an indwelling catheter was placed 2 cm distal from
the inguinal furrow. The tumour region of the animals was exposed for about 60
minutes to a static magnetic ﬁeld of 0.6 T ﬂux density generated by a permanent magnet or to a static magnetic ﬁeld of 1.7 T ﬂux density generated by an
electromagnet.
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Conventional Methods for Measuring the Biodistribution
A wide range of methods were applied to monitor the distribution of the particles
and their conjugated agent. Magnetic resonance imaging reﬂects the presence of
magnetic nanoparticles by a change of the proton relaxation rate. Both T1 and T2 -weighted images of the living rabbit showed clearly an enrichment of
magnetic nanoparticles in the tumour region. After sacriﬁcing the animal, the
tumour was excised and histological examinations of micrometer-thick tumour
slices showed the accumulation of iron oxide particles in the intravascular as
well as in the intra-tumoural tissue [27]. These ﬁndings were corroborated by
scintigraphic images of rabbits treated by magnetic nanoparticles labelled by the
radioactive 123 J isotope. Here, in addition to the increased accumulation found in
the tumour after magnetic drug targeting, a signiﬁcant fraction of radioactivity
was also found in the liver [28].
Spatially resolved images on the biodistribution of magnetic nanoparticles
can be complemented by quantitative information obtained from the investigation of tissue samples that are excised from sacriﬁced animals. To this end,
particles labelled with radioactive 59 Fe were injected to rabbits having a VX2 squamous cell carcinoma, and the accumulation in various organs with and
without the application of a magnetic ﬁeld targeted towards the tumour was
compared.
Figure 8 shows that under systemic chemotherapy, i.e. in the absence of a
targeting magnetic ﬁeld, the biodistribution of the magnetic nanoparticles has
a maximum in the liver and the spleen. By magnetic drug targeting, however, a

Fig. 8. Radioactive 59 Fe distribution 60 minutes after intra-arterial 59 Fe-ferroﬂuid
application; Dark columns: i.a. 59 Fe-ferroﬂuids with external magnetic ﬁeld (n=2);
White columns: i.a.59 Fe-ferroﬂuids without external magnetic ﬁeld (n=1); ts. = tumour
side. From [26]

340

L. Trahms

major fraction of the particles is focussed in the tumour and in the surrounding
tissue and the systemic distribution is considerably reduced [26].
In order to study the biodistribution on a level that is even closer to the
therapeutic eﬀect, tissue samples were examined by HPLC on their content of
the chemotherapeutic agent, mitoxantrone. The results essentially conﬁrm that
the nanoparticle distribution is closely correlated to the concentration of the
agent. Under regular systemic chemotherapy in the absence of a magnetic ﬁeld
gradient, the agent is found virtually everywhere with pronounced peaks in liver
and kidney. Under magnetic targeting conditions in turn, mitoxantrone is accumulated in the tumour region, while its systemic concentration is signiﬁcantly
reduced [26].
New Approaches for Measuring the Biodistribution
A new and innovative approach for the measurement of the biodistribution of
magnetic nanoparticles is high resolution x-ray tomography. This imaging technique was originally designed for the application in material science, e.g. the
analysis of metallic foams [29], but due to the high absorption coeﬃcient of
magnetite, x-ray tomography is also suited to generate well-resolved images of
magnetic nanoparticles in soft tissue. In addition, the established image processing procedures can be transferred to calculate the quantitative analysis of the
3-dimensional particle distribution in the organs of biological objects [30].
To this end, 221 x-ray pictures of a paraﬃn-embedded tumour tissue were
taken sequentially, for each recording the object was rotated stepwise until a
full circle was reached. X-ray recording was performed by a thermo-electrically
cooled slow scan CCD camera with 1024 × 1024 pixels. After merging the data
sets by image processing tools, a 3-dimensional reconstruction was generated
with a spatial resolution limit of 40 μm. The x-ray tomography picture in Fig. 9
shows that the iron oxide nanoparticles are accumulated in the vascular system
of the tumour.
An even more detailed view into the microdistribution of the particles is
achieved, if a synchrotron is taken as the radiation source. Due to its monochromaticity and its higher intensity, a much better spatial resolution of down to
2 μm can be achieved in even shorter recording time [29]. This outstanding resolution enables the monitoring of the particle distribution in the capillary system
and may help to better understand the transport of the agent and its carrier on
that microscopic level.
Yet another direct way to utilize the intrinsic properties of magnetic nanoparticles to retrieve information about their presence in biological tissue is to measure their magnetic moment. The magnetic moment of an ensemble of aligned
iron oxide particles is a direct measure of their quantity in terms of their iron
content. Superconducting quantum interference devices (SQUIDs) are the most
sensitive sensors for magnetic ﬁelds, and SQUID-based magnetorelaxometry was
developed in the 1990s for detecting smallest amounts of magnetic nanoparticles
in biological systems.
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Fig. 9. X-ray image of a VX-2 tumour tissue sample embedded in paraﬃn after magnetic drug targeting (MDT). The nanoparticles are visible in the vascular system of
the tumour. From [30] with the permission of the author

In magnetorelaxometry, the SQUID sensor detects the time-varying magnetic
induction B(t)
(7)
B(t) = Brelax (t) + Bof f s ,
generated by the relaxing magnetization of magnetic nanoparticles shortly after
a magnetic ﬁeld was applied for about 1 s to align the magnetic moments. A
SQUID system optimized for relaxometric measurements can resolve magnetic
ﬁeld changes down to 1 pT. Typically, the relaxation is recorded for 0.5 s after
the magnetizing ﬁeld is switched oﬀ.
By magnetorelaxometry, individual tumour pieces were examined for their
magnetism. The amount of magnetic nanoparticles in the tissue samples was
determined by comparing a reference curve measured on a known amount of
freeze-dried particles with each individual sample relaxation curve. All relaxation
curves of the tissue samples exhibited the same shape as the freeze-dried reference
sample, indicating that the observed particles are immobilized in the tumour
tissue.
By this analysis iron concentrations in the range 10 ng/mg tissue up to
350 ng/mg tissue were found. Using these data, a map of the iron concentration
was reconstructed and projected onto a photograph of the slice taken before cutting up as shown in Fig. 10. Clearly visible is a region in the upper central part of
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Fig. 10. Map of the iron concentration in a slice of a VX-2 squamous cell tumour of a
rabbit after magnetic drug targeting determined by SQUID-based magnetorelaxometry.
From [31]

Fig. 11. a: Magnetic ﬁeld distribution of magnetic nanoparticles relaxation after magnetization. The centre of the circular-shaped ﬁeld distribution corresponds to the tumour position. b: Single channel relaxation signal of the magnetic nanoparticles. From
[34]
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the picture near a major blood vessel with high iron concentrations surrounded
by regions with decreased iron concentration.
Spatially resolved magnetorelaxometry can also create a more global view
on the biodistribution of magnetic nanoparticles. By scanning a single channel
SQUID across a sacriﬁced rat after administration of magnetic nanoparticles,
a spatially resolved map of the relaxation amplitude was reconstructed [32].
A multichannel SQUID device enables the spatially resolved recording of the
magnetic ﬁeld distribution generated by the magnetic particles in one single shot
[33]. The magnetic relaxation signal observed by a 49-channel SQUID device on a
sacriﬁced rabbit with a tumour treated by magnetic drug targeting demonstrated
that a high amount of magnetic nanoparticles (≈ 85%) was accumulated in the
tumour region and a much smaller accumulation in the liver region [34]. The
observed slow time decay of the magnetization (Fig. 11b) was attributed to Néel
relaxation, indicating that the particles in the tumour were immobilized.

5 Magnetic Hyperthermia and Thermoablation
In the preceding Sects. 3 and 4, magnetic nanoparticles were employed as labels
to achieve or improve a particular diagnostic or therapeutic task. Alternatively,
one can also make use of the intrinsic magnetic properties of magnetic nanoparticles to achieve a desired action. This is the concept of cancer therapy by magnetic hyperthermia and magnetic thermoablation. It is acknowledged since the
nineteenth century that the growth of a tumour can be stopped by raising its
temperature [35]. Today there are a number of approaches for treating cancer
on the basis of thermal action, such as focussed radiofrequency or ultrasound irradiation, or local thermal contact. A problem these techniques have in common
is the reduction of systemic side eﬀects that a raised temperature may cause on
the healthy tissue.
In 1957, it was suggested to solve this problem by injecting magnetic particles into the tumour tissue, so that the heat generated by their interaction with
an external alternating ﬁeld is focussed on the tumour region [36]. Even after
50 years, this approach has not become part of the clinical practice, but there is
hope today that the recent progress in the preparation of magnetic nanoparticles and the improved physical understanding of their interaction with external
electromagnetic ﬁelds and with their physiologic environment may foster the
development of magnetic hyperthermia and thermoablation therapy and give
rise to its breakthrough into the clinical routine.
5.1 Physical Background of Magnetic Heating
Interaction of Magnetic Nanoparticles with an External Alternating
Field
There are several physical mechanisms by which magnetic ﬁelds can dissipate
their energy into magnetic particles. Larger particles that consist of more than
one magnetic domain respond to the reversal of an external magnetic ﬁeld, H,
by the hysteretic power loss [7]
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Whys

μ0
=
ρ


MH (H)dH.

(8)

Single domain particles have to overcome their energy barrier to follow an
alternating magnetic ﬁeld. As discussed in Sect. 2, this process is characterized
by the Néel relaxation time, τN , deﬁned by Eq. (2). If the frequency, ν, of the
−1
, its magnetization, M , will lag behind the
alternating ﬁeld is faster than τN
driving ﬁeld and generate the dissipation power [37]
P = μ0 πχ (ν)H 2 ν,

(9)

where the relation between the imaginary part of the susceptibility, χ , to the
Néel relaxation time is given by [38]
χ (ν) =

ν τN
MS2 V
.
kB T 1 + (ν τN )2

(10)

This is a resonant behaviour (see Fig. 12) that should lead to a sharp maximum when driving frequency and Néel relaxation time match. However, this is
diﬃcult to achieve in reality, because usually we have to deal with broad distributions of particle sizes and corresponding energy barriers, so that the majority
of particles will always be oﬀ-resonance.

Fig. 12. Imaginary part of the speciﬁc susceptibility measured (dotted ) and calculated (drawn and dashed ) for an aqueous suspension of maghemite particles (upper two
traces) and for the same particles immobilized in gel (lower two traces). From [39] with
the permission of the author
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Another mechanism of power dissipation is the friction generated by the
Brownian rotation of the whole particle. This process will dominate when the
Brownian relaxation time is shorter than the Néel relaxation time. According to
Eqs. (2) and (3) this depends mainly on the particle size and the corresponding energy barrier, so that larger particles with blocked magnetization should
align their magnetization according to a driving alternating ﬁeld by Brownian
rotation.
Note that also the viscosity, η, is a crucial factor for the role of the Brownian
dissipation mechanism. If the particles become immobilized, e.g. by entering the
cell plasma, this way of power dissipation will cease. This was demonstrated experimentally by comparing the frequency-dependent imaginary part of the magnetic susceptibility χ (ν) for magnetic nanoparticles suspensions in water and
in gel. A well-pronounced peak around 2 kHz found for the aqueous suspension
is absent in the immobilized gel suspension [40].
Heat Transfer from Magnetic Nanoparticles to the Surrounding
Tissue
The thermal energy that is absorbed in a magnetic nanoparticle is transferred to
the surrounding tissue, which has a thermal conductivity which is at least one
order of magnitude lower than the conductivity of the metallic nanoparticle. In
the past, the hypothesis was discussed that the mechanism of magnetic hyperthermia could enable the treatment of even a single cell loaded with magnetic
nanoparticles independently of the surrounding cells. This gave rise to the hope
that magnetic hyperthermia may provide a very speciﬁc way of treating cancer.
The superiority of intracellular hyperthermia is diﬃcult to test experimentally, but theoretical analyses have proven that this hypothesis does not reﬂect
a realistic scenario. The physical background behind these theoretical calculations is the argument that the energy absorption of an accumulation of magnetic
nanoparticles is proportional to its volume, while the heat transfer increases with
the surface of the accumulation. This implies for realistic conditions that accumulations which are smaller than 1 mm absorb far too little thermal energy for
generating an eﬀective temperature elevation in the surrounding tissue [41].
Rather than microscopic intracellular eﬀects one should consider the magnetic heat transfer in cell assemblies on a macroscopic scale, i.e. of the treatment
of tumours having a size of a few millimetres or more. The results of a numerical
analysis of three realistic situations are presented in Fig. 13. The speciﬁc heating
power needed to raise the temperature by 15 K for magnetic nanoparticle accumulations having concentrations of 100 μg/mm3 , 10 μg/mm3 , and 1 μg/mm3 is
calculated as a function of the size of the accumulation.
The results conﬁrm that magnetic nanoparticle accumulations should have
diameters of a millimetre or more to enable a substantial temperature rise by
magnetic heating. Thus, a favourable situation can arise after direct injection of
a ferroﬂuid into a solid tumour, where high nanoparticle concentrations of up to
100 μg/mm3 may be established. The situation looks worse for the case of small
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Fig. 13. Speciﬁc heating power needed for achieving thermoablative conditions, i.e.
for reaching a temperature rise of 15 K at the edge of the tumour, as a function of the
tumour size. Three diﬀerent concentrations of the nanoparticles are considered: (1) 1
μg/mm3 , (2) 10 μg/mm3 , and (3) 100 μg/mm3 . Adapted from [7]

metastases, which are diﬃcult to supply with a homogeneous high concentration
of magnetic nanoparticles.
When considering these numbers it should be kept in mind that they are
based on rough estimations and strong simpliﬁcations, e.g. a homogeneous distribution of magnetic particles over a spherically shaped tumour region. Also the
directed heat convection caused by the bloodstream through the tumour vessels
is ignored. Therefore, in the real situation, the ﬁgures should be less favourable.
Technical Realization of the Magnetic Irradiation
The alternating magnetic ﬁeld for heating the magnetic nanoparticles is generated by coils driven by alternating current generators. The heating power absorbed by magnetic particles depends on the properties of the applied alternating
magnetic ﬁeld, i.e. in particular, on its intensity and frequency.
It is now a matter of the experimentalist’s skill to adjust frequency and
amplitude of the applied ﬁeld to the properties of the magnetic nanoparticles
in a way that realizes strong power absorption by the particles. To this end,
the properties characterizing the magnetic nanoparticles and the corresponding
heating mechanism should be taken into account.
The absorbed power of magnetic particles increases linearly with the frequency of the radiation ﬁeld, in addition to the resonant frequency behaviour
described by Eq. (10) for superparamagnetic particles. According to Eq. (9), the
dependence on the amplitude is with the second power for superparamagnetic
particles and with the third power for larger multidomain particles [42, 43].
On the other hand, upper limits for amplitude and frequency of the applied
magnetic radiation are set by the risk of heating by eddy currents that may
be deleterious also for the healthy tissue. Clearly, the limits given by safety
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requirements regarding the exposure of the general population to electromagnetic
ﬁelds in the radiofrequency range [44] would limit too strictly the treatment of
a patient who is suﬀering from a life-threatening disease.
It is commonly accepted that
(H · ν)crit = 4.85 · 108 A/(m s)

(11)

is a safe upper margin for the product of intensity and frequency [45]. At present,
the applied frequencies are around a frequency of 400 kHz and the amplitudes
vary around 10 kA/m [46]. This exceeds the limit given by Eq. (11) by a factor
of 8, which may be acceptable for the animal model. Before applying to humans,
the issue of exposure to electromagnetic ﬁelds will have to be carefully assessed.
Magnetic Material
From the previous discussions it is evident that also the particle size plays a
crucial role for the power uptake from an alternating magnetic ﬁeld. But there
is a gap between theory and experimental reality, which is diﬃcult to close,
due to the fact that real preparations of magnetic nanoparticles usually are not
made of ideal spheres of identical diameters. This makes it diﬃcult to predict
from ﬁrst principles the absorption behaviour of a given magnetic nanoparticle
sample, and sometimes it is even diﬃcult to trace back experimental ﬁndings to
the properties characterizing the particles.
In general, Eqs. (9) and (10) tell that, apart from resonance phenomena, the
power absorbed by superparamagnetic particles from an alternating magnetic
ﬁeld increases with the Néel relaxation time, which, in turn, grows with their size.
This general behaviour was experimentally veriﬁed by a series of measurements
[39, 40, 47, 48], the results of which are summarized in Fig. 14.

Fig. 14. Speciﬁc power absorption from an alternating magnetic ﬁeld of 10 kA/m
amplitude and 400 kHz frequency as a function of the particle size. From [7]
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The steep decrease of the speciﬁc loss power towards particle sizes below a
diameter of 10 nm makes clear that small particles as they are established and approved as contrast agents for magnetic resonance imaging are not the best material for magnetic hyperthermia. On the other hand, particles of more than 30 nm
diameter exhibit very favourable high power loss values of nearly 1 kW/g for an
alternating magnetic ﬁeld of about 10 kA/m amplitude and 400 kHz frequency.
This applies in particular to particles with a mean core size of 38 nm and
a rather narrow size distribution of a few nanometres as they are synthesized
by magnetotactic bacteria (for details see Chap. “Synthesis and Characterization”). It seems that particle preparations from these so-called magnetosomes
are subjected to both ferromagnetic hysteretic and superparamagnetic absorption mechanisms. Accordingly, the quadratic dependence of the absorption power
on the ﬁeld amplitude as given in Eq. (9) is an underestimation [48]. But also
the formulae for hysteretic heating do not apply, possibly due to the presence of
resonance phenomena.
The outstanding performance of magnetosomes in taking up the power of
magnetic radiation makes them promising candidates for magnetic hyperthermia. However, these biologically generated particles are not immediately applicable in vivo, because the proteins embedded in the lipid bilayer shell of the magnetosomes prevent their biocompatibility. Artiﬁcial synthesis by diﬀerent chemical
precipitation routes, including subsequent milling and annealing, did not succeed
to generate particles that were superior to magnetosomes with respect to their
heat absorption [49]. Thus, the recent eﬀorts of optimizing magnetic nanoparticles for the thermal treatment of tumours have led to considerable progress, but
evidently there still remains some potential for even more eﬀective particles.
5.2 Biomedical Eﬀect of Magnetic Hyperthermia
and Thermoablation
Two diﬀerent mechanisms of the thermal treatment of tumours have to be distinguished. Raising the temperature of the tumour by a few Kelvin to 42–45◦ C
is referred to by the notion hyperthermia. Hyperthermia should cause the apoptosis of the cells, i.e. a programmed cell death, where the cells are eliminated in a
controlled sequence of events without releasing harmful substances into the surrounding tissue. Apoptosis is the natural way by which a multicellular organism
relinquishes unwanted aged cells in order to regenerate its tissue.
Thermoablation, i.e. the generation of temperatures well above 50◦ C, leads
to the acute injury of the cells and the necrosis of the tissue. Presently, it is
still debated which of the two mechanisms is better suited for treating cancer.
Thermoablation is the more aggressive way to destroy a tumour, but it might
cause serious side eﬀects by the sudden release of toxic cell material or by evoking
inﬂammatory tissue reactions [50]. On the other hand, hyperthermia alone is
believed to be insuﬃcient for a sustainable deletion of the tumour tissue, so that
it is usually combined with additional therapy modalities, such as irradiation or
chemotherapy.
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Selective Heating of Magnetically Labelled Cells
For investigating experimentally magnetic heating in a biological environment,
mouse SV-40 transformed cells were labelled by magnetic nanoparticles of
3–15 nm core diameter coated by a dextran shell, so that the hydrodynamic
diameter amounted to some 60 nm. The particles were prepared for labelling by
oxidizing the glycol groups of the dextran shell before they were incubated with
the cells. This resulted in a stable binding of the particles to the glycocalix of the
outer side of the cell membranes. The uptake and immobilization of the nanoparticles at the cell surface was controlled by magnetorelaxometry (see Sect. 3) and
electron microscopy.
After exposing a sample of about ten million magnetically labelled cells to an
alternating magnetic ﬁeld of appropriate amplitude and frequency (cf. Sect. 5.1)
for a couple of minutes, a temperature increase of some 3 K was observed. This
was signiﬁcantly higher than the unspeciﬁc heating eﬀect that is caused by eddy
currents in the aqueous sample in the absence of magnetic labels.
In addition, over a wide frequency range from 20 Hz to 1 MHz, the ac susceptibility of the nanoparticles in aqueous suspension and after embedding the
particles in a gel was measured. From these spectroscopic data the speciﬁc heat
absorption power was extrapolated to the conventional hyperthermia situation
of 11 kA/m and 410 kHz. It turned out that the heat absorption was signiﬁcantly
decreased in the gel preparation, indicating that the Brownian rotation is an effective power uptake mechanism as discussed in Sect. 5.1. Unfortunately, the
Brownian mechanism is suppressed in the in vivo situation, where magnetorelaxometry showed that the particles are immobilized when they are bound to
the cellular surface [51].
Thermoablation in an Animal Model
A further step towards the clinical situation is the application of magnetic
hyperthermia and thermoablation in an animal model. To this end, magnetic
nanoparticles were injected into the tumours of 10 mice carrying a human adenocarcinoma, reaching a concentration of about 0.07 mg/mm3 in the tumour
tissue. In an experimental setting consisting of a two-loop coil of 90 mm diameter that generated a ﬁeld of 6.5 kA/m amplitude and 400 kHz frequency, the
temperature in the animal was measured by thermocouples in the tumour and
in the rectum. The particles used for this experiment had a moderate power absorption performance with a speciﬁc absorption rate around 80 W/g measured
in an aqueous suspension.
Figure 15 shows that within a few minutes the temperature in the tumour
rises by 40 K to thermoablative temperatures of about 70◦ C, while it increases
only slightly by less than 2 K in the control position [46, 52]. This is a very
encouraging result that demonstrates that the focussed action of magnetic thermoablation works. In this case, the temperature was well above 55◦ C and thermoablation was certainly achieved in all parts of the tumour.
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Fig. 15. Temperature variation upon magnetic irradiation in mice carrying a tumour
enriched with magnetic nanoparticles. In the rectal control position only a slight temperature increase is observed. From [52]

For a more detailed understanding of the temperature distribution upon magnetic heating, a detailed knowledge of the microdistribution of the magnetic
nanoparticles in the tumour is mandatory. This information can be provided by
x-ray microtomography that was introduced already in the context of magnetic
drug targeting in Sect. 4.2.
In order to explore the potential of x-ray microtomography for providing a
data basis for modelling magnetic heating, a tumour model was implanted in
the abdomen of a mouse, and magnetic nanoparticles of about 10 nm diameter
were injected into the tail vein. A few minutes after the application, the mice
were sacriﬁced and the tumour having a size of about a centimetre was resected.
By using the same setup as described in Sect. 4.2, 3-dimensional images of the
magnetic nanoparticle distribution in a tumour were obtained.
By employing sophisticated image processing techniques, a vast number of
parameters of the nanoparticle’s spatial microdistribution can be derived from
such data [29]. For example, volume fractions containing diﬀerent concentrations
of magnetic particles can be distinguished. Already at the present stage with a
spatial resolution of about 80 μm, this provides a sound basis for the numerical simulation of the heat deposit in real tissue by magnetic irradiation. With
the advent of an even more advanced technique, that will be accomplished by
replacing the x-ray tube with a synchrotron source, the spatial resolution will
improve to 1μm, thus providing a data basis that will be suﬃcient for a detailed
understanding of the heat deposit mechanisms of magnetic heating.
Magnetic hyperthermia and thermoablation are very promising new approaches for treating cancer. But the preceding passages should have made clear
that magnetic heating is based on the interplay between a series of very complex
physical and physiological phenomena. Only on the basis of quantitative data,
such as those provided by the measurement techniques of magnetorelaxometry
or microtomography, the complex therapeutic procedure can be understood and,
most importantly, be optimized for the application to the real clinical situation.
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6 Interactions of Magnetic Nanoparticles
on a Cellular Level
For magnetic hyperthermia and thermoablation it is meaningless whether the
particles are inside or outside the cell, and, at the present state of knowledge and
technology, it seems that there is no way to let single magnetic nanoparticles
deposit a substantial amount of heat to a tumour on the cellular level. The
thermal impact of isolated nanoparticle accumulations within the cytoplasm
of single cells was found to be too small to lead to an eﬀective temperature
rise. Thus, the hope that magnetic hyperthermia and thermoablation could be
exceptionally eﬀective when they are brought into individual cells could not
be corroborated by theoretical and numerical considerations. However, there
are other situations where the cellular uptake of the particles determines their
therapeutic eﬃcacy. This applies in particular to magnetic drug targeting, where
the nanoparticles are employed as drug carriers, and to magnetically assisted cell
sorting, where magnetic forces on individual tumour cells separate them from
healthy cells.
6.1 Endocytosis into Cancer Cells
In Sects. 4.2 and 5.2, a number of methods for determining the biodistribution
of magnetic nanoparticles after magnetic drug targeting were presented. Such
data provide the quantitative background for the phenomenological observation
of a successful magnetic targeting treatment, as they help to improve the understanding of the eﬃcacy of magnetic hyperthermia and thermoablation. In the
case of magnetic drug targeting, a more detailed look at the drug transport on
a cellular level may help to elucidate the therapeutic mechanism.
By in vitro experiments on HeLa cells (i.e. an immortal cancer cell line which
originally stems from a real human tumour), the eﬀect of a magnetic ﬁeld on
the transport of magnetic nanoparticles was investigated. Electron microscopy
revealed that magnetic nanoparticles entered the intracellular space under the
inﬂuence of a magnetic ﬁeld gradient at room temperature conditions. At lower
temperatures, where endocytosis is suppressed, there were no particles found in
the intracellular space indicating that endocytosis is the eﬀective uptake mechanism [53]. The presence of magnetic nanoparticles carrying the cytostatic drug
mitoxantron in the intracellular space of the tumour cells and in the vicinity
of their nucleus may be the reason for the high eﬀectiveness of magnetic drug
targeting.
6.2 Interaction with Leucocytes and Tumour Cells
In the concept of a focussed tumour treatment using magnetic particles as the
carrier of the toxic agent or the deleterious heat, the interaction between the particles and the target cells of the tumour is a decisive factor. In the ideal situation,
the particles exhibit a speciﬁc high aﬃnity to tumour cells and little interaction
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with cells of healthy tissue. This scenario could be particularly beneﬁcial for
treating small distributed metastases, which are diﬃcult to supply directly with
nanoparticles. One way to accomplish this goal is to attach antibodies to the
nanoparticle that are speciﬁc for the tumour.
It may be more eﬃcient to combat the spreading of the tumour at an even
earlier stage. Disseminated tumour cells are the origin of the genesis of metastases at distant sites. A speciﬁc interaction between magnetic nanoparticles and
tumour cells is needed to identify malignant cells for assessing the prognosis
of the patient, and, possibly, attack them speciﬁcally by aid of some magnetic
eﬀect.
The organic shell of the nanoparticle is the interface by which they interact with the surface of cells. In addition, the shell represents the site to which
biomolecules, such as antibodies, cytostatica, or other speciﬁc ligands, can be
anchored. Carboxymethyldextran was found to be a versatile biocompatible shell
that enables the covalent binding of oligonucleotides. By transmission electron
microscopy of in vitro samples, the uptake of such nanoparticles by breast cancer
as well as leukaemia cell lines could be observed. Both labelled and unlabelled
magnetic nanoparticles are internalized into the cancer cells by endocytosis and
accumulate in the cytoplasma in vesicles of several micrometers diameter, which
are surrounded by a membrane [54].
This behaviour can be studied quantitatively by magnetically assisted cell
sorting. By magnetic cell sorting, suspensions of cells are passed through a magnetic separation column, where strong magnetic ﬁeld gradients exert attractive
forces on magnetically loaded cells. This separates the cells into a positive fraction, i.e. the material that was retained by the magnetic forces in the column,
and a negative fraction, which passed through the column due to the absence of
suﬃcient magnetic interaction forces. By photometric cell counting, the relative
amount of the two separated cell fractions can be estimated.
The internalization of magnetic nanoparticles was found to be cell speciﬁc
[55]. In particular, there is the general tendency that cancer cells exhibit a
higher uptake of magnetic nanoparticles than healthy cells, such as leucocytes.
This eﬀect was even more pronounced in the presence of a plasma concentration of 5% and more (Fig. 16). These results were obtained for the in vitro
system consisting of artiﬁcial tumour cell lines and leucocytes from the blood
of healthy volunteers, but they could be transferred to the in vivo situation
of epithelial cells circulating in the blood of tumour patients [55]. The destruction of the shell results in an unspeciﬁc uptake by both tumour cells and
leucocytes [56].
Antibody-transmitted coupling is known to result in very pure cell populations, but may miss those cells that do not carry the corresponding surface markers [57]. In terms of a sensitive separation of the two populations,
the uptake that is mediated by the unspeciﬁc carboxymethyl dextran shell
of the nanoparticle seems to be superior. Apparently, the sensitive uptake of
magnetic nanoparticles by tumour cells is achieved by their higher turnover
rate [58].
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Fig. 16. Incorporation of magnetic nanoparticles by tumour cells (white bars) and by
leucocytes (black bars) as a function of incubation time for various plasma concentrations. At a plasma concentration of 5%, magnetic nanoparticles exhibit the highest
speciﬁcity to tumour cells. From [55]

7 Conclusion
It was pointed out already in the introduction that this chapter represents only
an excerpt from the ﬁeld of biomedical applications of magnetic nanoparticles.
The excerpt is limited both in scope and in time, because it has the goal of
presenting an overview on the work that was done and the results that were
achieved by a number of biomedically oriented research groups that participated
in a research program of the German research foundation that took place from
2000 to 2006.
Regardless of these restrictions, I believe that the selection of topics represented in this chapter reﬂects outstanding examples of today’s most promising
novel approaches of using nanoparticles for cancer therapy. Magnetic drug targeting, magnetic hyperthermia and thermoablation, and magnetically assisted cell
sorting utilize the unique possibility of exerting a certain action by an external
magnetic ﬁeld exclusively on the magnetic nanoparticle probes. In this context
magnetic nanoparticles sometimes have been called “smart probes”, which can
be controlled from the outside, while the rest of the body is unaﬀected at large.
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To make this concept work the physician and the assisting engineer who carry
out the treatment should also be “smart”. But to be smart they need information. For example, knowledge is needed on the distribution and the behaviour of
the particles in the living tissue. There are a number of sophisticated measurement techniques that provide such quantitative information, and some of them
were presented in the preceding sections of this chapter.
In addition, one needs to know the physical properties of the particles and
their interaction with the ﬂuid medium. Characterization of magnetic nanoparticles is a most important issue for virtually every application, and the reader
is recommended to learn from the chapter “Synthesis and characterization” of
this book about the corresponding measurement methods that were developed
and applied in the framework of the research program.
The preceding sections of this chapter on medical applications should have
made clear that every diagnostic or therapeutic application has its own requirements on the physical properties of the particles. In reality, the magnetic
nanoparticles of most preparations do not exhibit homogeneous properties but
a wide distribution of shapes, sizes, energy barriers, properties of the shells, etc.
This is a serious handicap for most biomedical applications, which could beneﬁt
enormously from the optimized adjustment of the external magnetic interaction
ﬁeld to the physical properties of the particles.
We still are far from the ideal situation where biocompatible magnetic
nanoparticles can be synthesized as a monodisperse preparation that is tailored
according to the user’s needs. This is a dream of the physician and the biomedical engineer that may become never fulﬁlled, but the progress that was made
in this respect during the last few years, also in the framework of the priority
program 1104 of the German research foundation, gives rise to good hope of
coming much closer to this aim in the near future.
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7. Hergt R., Andrä W. In: Magnetism in Medicine: Magnetic Hyperthermia and Thermoablation. Wiley (2006) 329, 343, 346, 347

Biomedical Applications of Magnetic Nanoparticles

355

8. Matz, H., Drung, D., Hartwig, S., Groß, H., Kötitz, R., Müller, W., Vass, A.,
Weitschies, W., Trahms, L.: A squid measurement system for immunoassays. Appl.
Supercond. 6, 577–583 (1998) 331, 332
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54. Wagner, K., Kautz, A., Röder, M., Schwalbe, M., Pachmann, K., Clement, J.H.,
Schnabelrauch, M.: Synthesis of oligonucleotide-functionalized magnetic nanoparticles and study on their in vitro cell uptake. Appl. Organometal. Chem. 18,
514–519 (2004) 352
55. Schwalbe, M., Jörke, C., Buske, N., Höﬀken, K., Pachmann, K., Clement, J.H.:
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Abstract New controllable, active and adaptive materials like ferroﬂuids enable
scientiﬁc engineering disciplines to carry out fundamental research investigations and
to develop innovative technical applications. Thereby, the properties of ferroﬂuids, their
modeling as well as relevant requirements to ferroﬂuids with regard to their diﬀerent
technical applications represent the main focus of investigations, which were carried
out simultaneously within the scope of a priority research program. The wide spectra
of reported investigations and applications include the use of ferroﬂuids in actuators
and in rotating or linear electrical drives, in biologically inspired locomotion systems,
in ﬁne positioning systems, in lubricated systems as well as in adaptive bearings and
dampers. The speciﬁc requirements to ferroﬂuids deviated from corresponding technical applications can diﬀer completely, so that general requirements to ferroﬂuids are
concretised in a higher degree. Results of fundamental investigations as well as results
of experimental investigations based on developed prototypes will be described and
discussed in this chapter.

1 Overview to Technical Applications Using Ferroﬂuids
1.1 Classiﬁcation of Technical Applications
Ferroﬂuids are new materials within the group of magnetically controllable ﬂuids. The conventional ferroﬂuids like the mostly used magnetorheological ﬂuids
(MRF ) are predominantly used in commercially available dampers or shock absorbers. Thereby, the speciﬁc advantages of ferroﬂuids particularly with regard
to their stability against sedimentation enable further applications which could
Bayat, N. et al.: Technical Applications. Lect. Notes Phys. 763, 359–430 (2009)
c Springer-Verlag Berlin Heidelberg 2009
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not be realized with the magnetorheological ﬂuids before. Generally, new materials like ferroﬂuids initiate innovations within the ﬁeld of various applications.
The potential applications represent an essential multiplifying factor for new
materials and can be used for their evaluation. The potential applications of
ferroﬂuids can be subdivided into two main groups: technical applications and
biomedical applications. While biomedical applications focus on the single colloids’ properties technical applications consider the ferroﬂuids’ properties as a
whole, described by the magnetorheological behavior, the magnetization and
the permeability for magnetic forces. In this context, applications within the
scope of the chemical engineering are also included in the group of technical
applications. Essential topics within the ﬁelds of chemical applications ranging
from the synthesis of stable colloids, modiﬁcations of surfactants to the use of
ferroﬂuids as basic raw material for further chemical processes are described in
the ﬁrst chapter of this book. Furthermore, topics within the ﬁeld of biomedical
applications like cancer treatment by hyperthermia or magnetic drug targeting
are the subject matter of the last chapter. All remaining technical applications
investigated within the priority program SPP 1104 will be described in detail
within this chapter. Thereby, the outline corresponds with the phase or period of
underlying physical eﬀects of the investigated applications by using the ferroﬂuid
as a medium. From this it follows that generating, transmitting and transforming of energy are suitable for the applications discussed within their proprietary
section. The mentioned applications are
•
•
•
•
•
•
•
•

Electrical drives
Wormlike locomotion
Positioning systems
Hydrostatic bearings
Hydrodynamic bearings
Extreme boundary lubrication
Thermal behavior
Damping systems

Diﬀerent types of ferroﬂuids were used in the gap between active magnets in electric machines and linear electric motors for the ampliﬁcation of forces. Therefore,
the magnetic characteristics of ferroﬂuids in electromagnetic ﬁelds are of substantial interest for this purpose in order to increase the eﬃciency, the thermal
conductivity and the dynamic behavior which were evaluated by experimental
setups. The following application varies the controllable traveling magnetic ﬁeld
to enable a wormlike locomotion of objects. Beside the analytic description of the
motion on free surfaces technical challenges like ensheathing the ferroﬂuid into
elastic membranes will be looked into. Subsequently, the magnetic force acting on
a paramagnetic object, which is swimming or levitating in ferroﬂuid, will be used
for the precise positioning of objects. The controlled motion from a deﬁned starting point to a deﬁned end point characterizes a positioning system. Although the
magnetorheological eﬀects of ferroﬂuids are not so signiﬁcant as those of MRF,
ferroﬂuids can also be used as an active medium in adaptive hydrostatic or adaptive hydrodynamic bearings and guides. These basic components are used in a
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wide range of technical products, apparatus and producer’s goods like machine
tools, robots or transport systems. The capability of ferroﬂuids of being ﬁxed
with a magnetic ﬁeld ensures a permanent wetting of a material. An adequate
combination of colloid particles and the carrier liquid is a presupposition for
their use as a lubricant in tribotechnical systems with extreme boundary lubrication conditions. The suitability of ferroﬂuids as lubricants were investigated
on model test stands and under operating conditions. The evaluation of thermal behavior of selected ferroﬂuids was investigated by determining the speciﬁc
heat capacity using a modiﬁed calorimeter of constant mass. Predominantly, the
heating of ferroﬂuids is a disturbance in most of the applications, which should
be avoided. The clear inﬂuence of the ferroﬂuid’s temperature on its range of viscosity change emphasizes the signiﬁcance of the thermal behavior. An increase of
temperature can also be achieved as a result of transforming mechanical energy
into thermal energy. This is used in damping systems, which are based on the
internal friction of the used ﬂuid damping medium. New prototypes of active
magnetorheological dampers with adjustable damping characteristics were developed and tested with diﬀerent ferroﬂuids by the use of a speciﬁc open porous
metallic foam piston.
1.2 Requirements and Characteristics of Technical Ferroﬂuids
Generally, the existing number of diﬀerent types of technical applications should
lead to a variation of requirements of the ferroﬂuids used. The requirements can
be speciﬁed by qualitative and quantitative characteristics. One reason for the
development of ferroﬂuids was to increase the resistance against sedimentation,
which was a main disadvantage of MRF. This could be ensured by a colloid’s particle size of less than 10 nm. With regard to the exception of one-way products,
which are intended for a single use, most consumer products have to guarantee its functional capability for a period of at least 2 years. These periods can
extend to more than 10 years for automotive components or industrial goods
like engines or machine tools. Therefore, the resistance against sedimentation
as well as the chemical consistency has to be guaranteed for the service life of
the speciﬁc technical products. In cases of a chemical reaction which is not intended as part of a process, all remaining chemical reactions of the ferroﬂuids
with the ambient media, materials or mechanical components should be avoided
on principle. A further parameter of the ambient condition is the temperature
as a disturbance or inﬂuence. If ferroﬂuidic dampers in automotives are taken
as an example, the ambient temperature ranges from ϑ = −40◦ C to ϑ = 80◦ C.
These temperatures can be easily reached in diﬀerent geographic regions and
seasons. The arrangement of ferroﬂuidic apparatus and devices near to heat
sources like automotive engines or at cold temperatures like in aircraft devices
will increase this temperature range at both sides. Precise ferroﬂuidic technical
systems with an intended use in laboratories with constant ambient conditions
are not concerned by this requirement. Even household appliances are exposed
to a wide temperature range while transporting them. The use of ferroﬂuids is
closely connected with the underlying physical eﬀect which can be controlled by
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magnetic ﬁelds. The adjustable range and absolute value of physical eﬀects like
magnetorheological eﬀects or magnetic forces should be as high as possible at an
adequate viscosity. This increases the adaptive characteristics of the ferroﬂuid
and enables the use of the same ferroﬂuid for diﬀerent applications and stresses.
The requirements can be summarized as follows:
•
•
•
•
•
•
•
•
•

Resistance against sedimentation up to several years
Chemical consistency
Thermal stability within service conditions
High magnetization and adequate viscosity
High reproducibility of eﬀects
Nontoxic and not acid
Availability in corresponding amounts
Easy to handle
Low investment costs.

Due to the conﬂict of objectives trade-oﬀs between the diﬀerent requirements
have to be met. An “ideal” long-term stable ferroﬂuid with a high magnetization,
low viscosity, thermal stability and high reproducibility for technical applications
is associated with challenges to the manufacturing processes. Additional standard requirements like easy handling, availability even in big amounts and low
investment costs can be assumed. Finally, colloids, surfactants or carrier liquids
injurious to health represent a not-neglectable disadvantage and could often be a
reason to avoid their use. The improvement of the cost–performance ratio of existing applications and the development of new applications with relatively high
eﬃciency or accuracy will be the decisive factors to take the use of ferroﬂuids
into consideration.

2 Technical Ferroﬂuids in Actuators and Electrical
Machines
A. Nethe, H.-D. Stahlmann
2.1 Introduction
The idea of improving electric machines with ferroﬂuids needs an easy tool for
a ﬁrst rough estimation. For this the theory of magnetic circuits is well suited.
Theory of Magnetic Circuits
Magnetic systems with small losses (closed lines of ﬂux) can be described with
magnetic circuits which work analogous to the electric circuits. The magnetic
voltage is Vm = N I with N as the number of windings and I the current of the
coil surrounding the path of the magnetic ﬂux. Rm,i = li /(Ai μi ) is the magnetic
resistance, Ai the cross-section, li the length and μi the permeability of segment
i. A more detailed explanation about magnetic circuits is in [1, 2].
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1, 2 armature coil
3 rotor = anchor
4 brushes
5 operating coils
6 yoke
7 commutator
8, 10 neutral plane
9 pole shoe
N north pole
S south pole

Fig. 1. Sketch of a DC electric machine and the lines of magnetic ﬂux

Fig. 2. Simpliﬁed magnetic circuit of an DC electric machine as in Fig. 1

Figure 1 shows the structure of a DC electric machine with the lines of ﬂux.
To carry out a rough estimation the magnetic circuit is reduced to that in Fig. 2
where some elements are integrated in one resistance and the leakage ﬂux is
neglected.
With the following quantities
B ﬂux density,
ΘN
magnetic voltage,
l
length (g: air gap, y: yoke),
μr relative permeability,
Gm = 1/Rm magnetic conductivity,
Rm magnetic resistance,
one gets the following formula to calculate the eﬀect of ferroﬂuids in the gap:
B = ΘN μ0

μr,g μr,y
= ΘN μ0 Gm
lg μr,y + ly μr,g

.

(1)

Gain by Using Ferroﬂuids
Here the gain of magnetic conductivity, when the gap between rotor and stator is
ﬁlled with ferroﬂuids, is demonstrated. To compare the magnetic circuit with and
without ferroﬂuid three diﬀerent cases are mentioned. The used permeabilities
are typical numbers for the materials. They can be taken from tables [3]. The
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lengths follow common small electric machines for all three cases: lg = 1 mm and
ly = 30 mm.
•
•
•

Gap is ﬁlled with air: μr,g = 1, μr,y = 20000 ⇒ Gm = 998 Vs/A;
Gap is ﬁlled with ferroﬂuid, μ of the yoke remains unchanged (iron unsaturated): μr,g = 2, μr,y = 20000 ⇒ Gm = 1994 Vs/A;
Gap is ﬁlled with ferroﬂuid, μ of the yoke sinks with increased ﬁeld strength
(iron saturated): μr,g = 2, μr,y = 1000 ⇒ Gm = 1887 Vs/A.

Comparing the ﬁrst two examples an increase of the magnetic conductivity by
the factor 2 can be observed by introducing a ferroﬂuid into the gap. Taking into
account the magnetic saturation of the yoke, the intensiﬁcation sinks by about
5%, as can be seen in the third example. Rising up the magnetic conductivity in
a magnetic circuit means higher ﬂux and ﬁeld strength in the ﬁeld theory. From
this higher acting forces can be derived.
On account of this clear positive eﬀect a more precise and detailed consideration is desirable.
2.2 Simulations of Magnetic Forces and Torques
To verify the ﬁrst results from the magnetic circuit theory some ﬁeld calculations
will be carried out for geometries which represent the real setups on one the hand
and are solvable with the method of orthogonal expansion on the other. Before
these calculations are introduced a short overview over the theory is given.
Some Remarks on Maxwell Theory
For the investigation of forces in drives steady currents are applied. Thus it is
allowed to use the Poisson equation for the magnetic vector potential:
ΔA = −μg

.

(2)

The Laplace Operators in Cartesian Δca and cylindrical Δcy coordinates are
deﬁned as
Δca =

∂2
∂2
∂2
+
+
∂x2
∂y 2
∂z 2

,

Δcy =

1 ∂2
1 ∂ ∂
∂2

+ 2
+
 ∂ ∂  ∂ϕ2
∂z 2

.

(3)

For these diﬀerential equations a Bernoulli product formulation is valid
A(x, y) =

n
*
i=1

fi (x)gi (y)

A(, ϕ) =

n
*

fi ()gi (ϕ)

(4)

i=1

for Cartesian and cylindrical coordinates, respectively. The coordinate functions
include coeﬃcients, which have to be determined by fulﬁlling boundary conditions. The formulation of these conditions leads to a linear system of equations
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[4]. To create a magnetic ﬁeld, which means in terms of mathematics an inhomogeneous linear system of equations, exciting currents have to be present.
These are introduced as current distributions along the boundaries between the
subspaces.
For evaluating the inﬂuence of ferroﬂuids on electric machines, the forces
on movable parts of these machines have to be calculated. With the described
method one gets the magnetic ﬁelds. To obtain the forces from these ﬁelds for the
geometries given in the next sections, which include interfaces air – ferroﬂuid and
high permeable material – ferroﬂuid the Maxwell stress tensor has to be applied.
For the total eﬀect concerning the movement of the machine the ponderomotive
forces F are important. These are the sum of the forces, which act directly on
a mass due to the Lorentz forces and additionally the buoyant forces caused by
the surrounding matter. These ponderomotive forces can be derived as Maxwell
did by using the principle of virtual displacement [5]. Another way is to add the
direct and buoyant forces:


f direct dV +
pbouyant dA .
(5)
F = Fdirect + Fbouyant =
V

A

Two diﬀerent interpretations of forces acting on a body can be given. On the
one hand there are forces acting inside of a body, i.e., they act in each of its
volume elements dV . Thus the total force F can be calculated with a volume
integral over the material force density f :

f dV .
(6)
F=
V

On the other hand there are forces acting on the surface of a body, i.e., a planelike force density p (compressive stress or tensile strength) acts on every surface
element dA. The method as a whole is described very detailed in [6–9]. Here just
the result is given. The ponderomotive forces F are calculated via the ponderomotive Maxwell tensions p

p dA
with p = (Bn)H − 0.5(BH)n .
(7)
F=
A

It allows the calculation of the total force acting on a body by evaluating a
surface integral. If the surface of a considered body is not directly accessible
or if a complicated geometry makes the evaluation of the integral diﬃcult it
is suﬃcient to determine the ﬁeld quantities B and H on an arbitrary closed
plane A surrounding the body. This is the method to ﬁnd the force acting on
the surrounded volume and to ﬁnd the unknown force acting on the body with
the principle actio=reactio.
As well as forces the torque can be calculated using the Maxwell tensions.
Following the method described in detail in [6, 7] the torque eﬀective on a body
can be written as the surface integral with the eﬀective radius r relative to a
reference point is

= r × p dA .
(8)
T=
AV
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Linear Actuators or Interaction Between Magnetic Core Coils
This is the ﬁrst conﬁguration, which is treated as a process model. Creating
a process model means that a real structure is simpliﬁed in such a way that
it can be dealt with using the method of orthogonal expansion on the one
hand, while the important aspects of the structure are preserved (see Fig. 3)
on the other. Cylindrical coordinates are used here. For each subspace an ansatz
is made:
A1 (, ϕ) = C1  +

∞
*

D1,i I1 (pi ) cos(pi z) ,

i=1
∞

A2 (, ϕ) = C21  + C22

1 *
+
[D21,i I1 (pi ) + D22,i K1 (pi )] cos(pi z) ,
 i=1
∞

1 *
A3 (, ϕ) = C31  + C32 +
[D31,i I1 (qi ) + D32,i K1 (qi )] cos(qi z) ,
 i=1
A4 (, ϕ) =
A5 (, ϕ) =

∞
*
i=1
∞
*

D4,i K1 (ri ) cos(ri z) ,
D5,i K1 (si ) sin(si [h − z]) .

(9)

i=1

pi , qi , ri , si are the eigenvalues of the subspaces. A more detailed discussion of
the calculation is given in [10, 11].
In Fig. 4 the tear-oﬀ forces for various permeable solids between the coils are
depicted. The strictly monotonous rise of the force for increasing permeability as

Fig. 3. Setup (left) and spacing (right) for the interaction process model
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Fig. 4. Tear-oﬀ forces with a solid body of permeability μr in the gap between the
two coils

Fig. 5. Attractive forces with a magnetic ﬂuid of permeability μr in the gap between
the two coils

well as the slight inﬂuence of the core length can be seen clearly. The evaluation
with magnetic ﬂuid shows an interesting behavior for the force course, which can
be seen in Fig. 5 for two diﬀerent core lengths. Depending on the gap width z1
there is an optimum μr at which the force is at its maximum. If the permeability
continues to rise, the force gained drops below the value, which can be yielded
with an air gap only. The signiﬁcant diﬀerence is the considerable gain in force
for long distances in the magnetic ﬂuid to a short loopback at the beginning of
the curves, whereas in the reverse case the force loss is much stronger after the
maximum.
Rotating Electric Machines
The most important feature of the process models in the next two paragraphs
is the fact that the gap is divided in radial sections and azimuthal segments,
respectively, where diﬀerent values of the permeability μr are used. This is done
due to the nonlinear behavior of the ferroﬂuid which means that at high levels of
the magnetic ﬁeld strength the magnetization goes into saturation. This requires
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that the values of permeability have to be determined recursively as shown in
the ﬂow diagram in Fig. 9 on the right.
Process Model with Radial Sections
Figure 6 left shows the geometry of the radial layer model. Cylindrical coordinates are used. In each rotational symmetric subspace an ansatz of the following
type is made for the ﬁeld excited by the stator current:

j
aj
Az,i (, ϕ) =
Aj;i + j Bj;i sin(jϕ) ,
aj

j=1

n
1 * j j
aj
A
−
B
Hϕ,i (, ϕ) =
j;i
j;i sin(jϕ) ,
μi j=1  aj
j

n
*
j j
aj
Aj;i + j Bj;i cos(jϕ) .
B,i (, ϕ) =
 aj

j=1
n
*

(10)

For the rotor current the -functions are the same, but due to the lack of symmetry both azimuthal trigonometric functions have to be used. At the radii,
where current layers are positioned at the boundaries between the subspaces,
the following continuation requirements have to be formulated:
Hϕ,i+1 ( = a; b, ϕ) − Hϕ,i ( = a; b, ϕ) = Ja;b (ϕ)
B,i ( = a; b, ϕ) = B,i+1 ( = a; b, ϕ).

(11)

Fig. 6. Geometry of the n-layer model of a rotating electric machine, with radial layers
(left) and azimuthal sections (right) in the gap between stator and rotor
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At all other boundaries these conditions are valid:
Hϕ,i ( = ri , ϕ) = Hϕ,i+1 ( = ri , ϕ)
B,i ( = ri , ϕ) = B,i+1 ( = ri , ϕ)

.

(12)

Insertion of the functions of the ansatz in these conditions and an orthogonal
expansion of the exciting currents result in a system of linear equations, which
delivers the coeﬃcients Aj;i and Bj;i .
In the application of the n-layer geometry to an electric motor the gap layers
are occupied with ferroﬂuid data, the layers representing the rotor and stator
with electro steel data. The last point is important because of the fact that
when the ﬁeld strength increases due to the ferroﬂuid the permeability of the
solid material sinks, which lowers the whole magniﬁcation eﬀect of about 5%
[12], as has already been demonstrated with the magnetic circuit. Figure 7 (left)
shows the torque normalized to this one working on an air gap versus the ratio
of outer-to-inner radius of the gap for three diﬀerent ﬂuids, all available on the
market. The wider the gap, the stronger is the intensiﬁcation eﬀect.
In Fig. 7 (right) the current reduction is depicted for maintaining the torque
level constantly while applying the same parameters as in Fig. 7 (left). Both
ﬁgures make clear the potential which is in the application of ferroﬂuids in
electric machines. There is on one hand the possibility of increased moments for
given dimensions. This concerns in particular the starting moment of machines,
where the friction due to rotation can be neglected (e.g. for traction engines)
and the full pulling force can be established. On the other hand the current and
thus the dimensions can be reduced while the torque remains constant.
Figure 8 shows the magnetic lines of forces for four diﬀerent angles γ between the current of the stator and the rotor. The concentric circles mark the
subdivision of the gap area, which is here excessively wide for a better view.

Fig. 7. Normalized torque (left) and current reduction (right) versus the ratio of radii
at constant inner radius a for three diﬀerent ferroﬂuids with the following saturation magnetizations MS = 49.9 kA/m (ttr630), 70.0 kA/m (ttr850), and 148.0 kA/m
(mag185)
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Fig. 8. Magnetic lines of forces for the n-layer model (eight layers in the gap between
stator and rotor) for four diﬀerent angles γ between the currents (one stator, two rotor)

Process Model with Azimuthal Sections
First the eigenvalues and eigenvectors have to be found. This can be done by
fulﬁlling the continuation requirements for the vector potential at the separation
lines between the azimuthal segments:
Ai (, ϕi+1 )
= Ai+1 (, ϕi+1 ) ,
1 ∂Ai (, ϕi+1 )
1 ∂Ai+1 (, ϕi+1 )
=
μi
∂ϕ
μi+1
∂ϕ

.

(13)

This results in a linear system of 2 · n equations. To determine the eigenvalues
kj , the determinant of the equation matrix has to be zero, which requires an
algorithm for interpolation to ﬁnd the kj fulﬁlling this criterion. It is important
to guarantee that both the zero points of 1. and 2. orders are taken into account.
For the expansion of the currents with orthogonal functions, the eigenvalues and their eigenfunctions in each section have to be available. The following
general ansatz in each of the n sections is made:
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sin(kj [ϕ − ϕi+1 ])
sin(kj [ϕ − ϕi ])
Ci +
Ci+1
sin(kj [ϕi − ϕi+1 ])
sin(kj [ϕi+1 − ϕi ])
(14)

and
h(, kj ) =

a


k j
+

  k j
a

,

(15)

as a combination of two power functions with the eigenvalues kj as exponent.
These eigenfunctions fulﬁll the ﬁrst of the continuation requirements in (13)
automatically. The boundary conditions expressed in terms of ﬁeld strengths
Bϕ,i (, ϕ = ϕi ) = Bϕ,i+1 (, ϕ = ϕi )
H,i (, ϕ = ϕi ) = H,i+1 (, ϕ = ϕi )

(16)

are equivalent to those in Eq. (13). Inserting (14) into (13) gives the following
system of equations:
s1 CN + r1 C1 + sN C2
si Ci−1 + ri Ci + si−1 Ci+1

=0
=0

···
···

sN CN −1 + rN CN + sN −1 C1 =0 ,

(17)

with
ri = −μi−1 sin(kj αi−1 ) cos(kj αi ) − μi sin(kj αi ) cos(kj αi−1 )
r1 = −μN sin(kj αN ) cos(kj α1 ) − μ1 sin(kj α1 ) cos(kj αN )
si = μi sin(kj αi ) , αi = ϕi+1 − ϕi .

,

,
(18)

Figure 9 on the left shows the structure of the equation matrix the determinant of which has to be zero for the eigenvalues. The following steps obey an
analogous procedure described in the calculation of the radial n-layer model for
the orthogonal expansion in the ϕ-direction. The determination of the torque is
done in the same way as in the n-layer conﬁguration. As shown in Fig. 9 on the
right the permeability of the ﬁeld dependent materials, i.e. the ferroﬂuid and the
electro steel as a soft magnetic material, is determined in a recursive procedure
for both geometries treated here.
In Fig. 10 the torque, normalized to the situation with an air ﬁlled gap, is
shown for the radial n-layer model (solid line) and for the azimuthal segmented
gap (squares). The close correspondence of the two results conﬁrms the validity
of the magniﬁcation eﬀect.
Linear Electric Machines
Figure 11 shows the planar geometry. The boundary conditions for the walls
at x = ±w are chosen to guarantee that the lines of forces are closed. This
minimizes the inﬂuence of these boundaries. In each subspace a trial solution is
made. Two representative examples for the vector potential Az (x, y) are given
here for subspaces 3 and 7:
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Fig. 9. Equation matrix for calculating the eigenvalues in the azimuthal divided gap
space (left) and a ﬂow chart of the recursive determination of the permeability (right)

Fig. 10. Normalized torque for the radial n-layer model (solid line) and the azimuthal
segmented gap (squares)
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Fig. 11. Geometry of the linear electric machine model

Az,3 (x, y)=

n3
*

1
0
cos(k3,j [x − bl ]) A3,j ek3,j ([y−go ) + A3,j e−k3,j (y−fo ) ,

j=1

=0.5(2j − 1)π/(−w − bl ) ;
(19)
n
7
1
0
*
Az,7 (x, y)=
sin(k7,j [x + w]) A7,j ek7,j (y−eo ) + A7,j e−k7,j (y−eu ) ,
k3,j

j=1

k7,j

=0.5jπ/w

.

(20)

The magnetic ﬁelds are calculated as follows:
Hx =

1 ∂
Az ,
μ ∂y

By = −

∂
Az
∂x

.

(21)

Between each of the subspaces one has to formulate boundary conditions, which
guarantee the continuity of the ﬁelds in the whole geometry. The number of
equations has to be the same as the number of the coeﬃcients. Some of these
boundary conditions are given here as an example:
subspace 1 to 2,4 :
⎧
⎨ Hx,2 (x, po ) , −w < x < bl
0 , bl < x < cl
Hx,1 (x, po ) =
⎩
Hx,4 (x, po ) , cl < x < +w

,

(22)
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Fig. 12. Calculation of forces on a volume

By,1 (x, po ) =

By,2 (x, po ) , −w < x < bl
By,4 (x, po ) , cl < x < +w

,

(23)

subspace 2 to 3 :
Hx,2 (x, go ) − Hx,3 (x, go ) = Ia , −w < x < bl

,

(24)

By,2 (x, go ) − By,3 (x, go ) = 0 , −w < x < bl

.

(25)

The orthogonal sums representing the ﬁelds are inserted into these boundary
conditions. Here again the method of orthogonal expansion is applied. This yields
a system of linear equations, which have to be solved for getting the coeﬃcients.
In Fig. 12 it is explained, how the surface integral for calculating the lateral
forces works in the case treated here, where the force upon the upper magnet is
determined.
The exciting currents are represented as current distribution between two
spaces as can be seen in Fig. 11. To realize massive coils several geometries with
varied current distribution as described in Fig. 13 are overlaid.
Figure 14 shows the lines of forces for the conﬁguration according to Fig. 11
and the dimensions corresponding to the experimental setup with a lateral

Fig. 13. Shaping a coil with current distributions
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Fig. 14. Geometry of the linear drive simulation and the lines of forces (left) and detail
of the geometry (right); 1: lower magnet, 2: upper magnet

Fig. 15. Lateral force between the shown two magnets for three values of μr

deﬂection of 10 mm between the two electromagnets. The coils are formed from
20 current distributions. Between the magnets there is a layer with μr = 4
representing the ferroﬂuid.
In Fig. 15 the lateral forces versus the lateral deﬂection for air and ferroﬂuids
with μr = 2 and μr = 4 in the layer between the two magnets are depicted.
2.3 Experiments with Ferroﬂuid Supported Electromotors
Linear Motors
Figure 16 shows the model of a linear electric machine to measure the lateral
forces between the two magnets. A ﬂuid bath which can be seen on the right is
added for positioning the ferroﬂuid in the gap between the magnets.
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Fig. 16. A linear static simulation of an electric motor with a force measurement
module (left) and the ﬂuid bath with the lower and the upper electromagnet as a
detail of the static motor simulation (right)

The principle of measurement is depicted in Fig. 17 for a ﬂat magnet surface
(left) and for grooved surfaces as a simulation of a stepping motor (right). The
measurement setup fulﬁlls the following demands:
•
•
•
•
•

Measureableness of the forces, which are acting between the laterally moved
electromagnets.
Smooth adjustability of the upper electromagnet to minimize the measuring
error of force and while keeping a constant width of the gap between the two
magnets.
Adjustment of horizontal position of the whole apparatus to eliminate eﬀects
of gravity.
Reliable enclosement of the ferroﬂuid between the magnetic poles.
Precise adjustement of the gap width between the magnetic poles.

Fig. 17. Principle of measurement for a linear motor simulation with ﬂat surfaces of
the magnets (left) and with grooved surfaces of magnets as a simulation of a stepping
motor (right)
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Fig. 18. Lateral force between the linear moved magnets versus the lateral deﬂection
for air, two diﬀerent ferroﬂuids and three currents for a gap width of 1.5 mm (left) and
force ampliﬁcation at the lateral deﬂection point of maximum eﬀect for two ﬂuids and
several gap widths and coil currents (right)

The upper electromagnet moves on ball bearings on polished steel round rods.
This reduces the force due to rolling friction down to a maximum of 0.03 N.
The forces are measured with a force sensor controlled by a computer-aided
measuring system.
Figure 18 (left) presents the measured lateral forces versus the deﬂection for
air and two diﬀerent ﬂuids in the gap for three diﬀerent coil currents with a gap
width of 1.5 mm. Comparing this with the results of the calculation shown in
Fig. 15 the excellent correspondence is obvious. One can see that the calculation curves have a more pronounced kink at a lateral deﬂection of ca. ±17 mm
compared with the measurements. The reason is that the ﬂuid in the ﬂuid bath
(see Fig. 16) is not positioned and limited only in the gap as it is assumed in
the calculation. Thus the measurement curves get some smoothing eﬀects. In
addition one has to keep in mind that the calculations are done for a planar
geometry (2-dimensional), whereas the real machine is 3-dimensional. In Fig. 18
(right) the maximum value of relative ampliﬁcation (at a deﬂection of 20 mm)
is depicted for two ﬂuids, four gap widths and three exciting coil currents. It is
obvious that for smaller currents (lower ﬁeld strength) the eﬀect is stronger.
In Fig. 19 the measurement of the lateral forces for the grooved magnet cores
as a simulation for a stepping motor can be seen. The intensiﬁcation of the force
for each step is evident. This intensiﬁes the retention force, which is an important
parameter for stepping motors.
Rotating Motor
For testing a rotating machine a commercial asynchronous motor has been modiﬁed. The following demands have to be considered:
•
•

The hollow space outside the gap between stator and rotor has to be minimized to reduce the quantity of ferroﬂuid needed.
Rotation as well as magnetic and electric functionality must not be inﬂuenced.
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Fig. 19. Lateral force versus the lateral deﬂection measured with the linear stepping
motor simulator for a gap width of 1.5 mm

The undesirable hollow spaces in the construction of the electric machine are
ﬁlled with epoxy resin, which is capsulated with aluminium sheets to prevent
dissolving by organic ﬂuids. Thus a minimum of consumption of ferroﬂuid is
guaranteed. An inﬂux and an outlet for the ﬂuid are mounted. A weak spot for
sealing the motor is the rotating axis. The best solution in this experimental
stage is to collect the ﬂuid coming out there and reﬁll it. The rotational speed in
the measuring set depicted in Fig. 20 is controlled by a frequency converter. An
eddy-current brake gives a mechanical load. From the current provided to the
brake the produced torque can be calculated [13]. A strain gauge-based torque
meter, which records also the rotational speed, measures the torque acting on
the motor.

Fig. 20. Experimental setup to measure the parameters (torque, rotational speed,
voltages, currents) for the rotating asynchronous motor
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Fig. 21. Eﬃciency of the induction motor for three diﬀerent rotational speeds and
a 122 mT saturation magnetization ferroﬂuid as well as air in the gap (left) and the
increase of eﬃciency for three diﬀerent rotational speeds

In Fig. 21 (left) the eﬃciency of the induction motor is depicted versus the
measured torque load for three rotational speeds with air and a kerosene-based
ﬂuid of 122 mT saturation magnetization in the gap. Fig. 21 (right) shows the
increase of eﬃciency in the induction motor for three diﬀerent rotational speeds
and the 122 mT ferroﬂuid. Here the inﬂuence of the rotational speed is evident.
With more technological eﬀort the upper limit of the rotational speed, at
which the force ampliﬁcation will predominate the friction, can be raised as
theoretical investigations applying the Couette-ﬂow have proved [14].
2.4 Conclusion and a Look Forward
The force ampliﬁcation in electric machines using ferroﬂuids between the acting
magnets has been proved theoretically and experimentally. The types of calculations presented here give a good impression of the eﬀect of ferroﬂuids in the
layer between stator and rotor and ensure the capacities for development resting
on this technology. Especially in the case of rotating machines the combination
of the segmentation of the volume ﬁlled with the ferroﬂuid on one hand and the
recursive determination of the ﬁeld-dependent permeability on the other hand
allows to treat a non-linear problem with a linear tool as the orthogonal expansion. This result is a signiﬁcant improve of eﬀectiveness for electric drives.
The increased force is especially interesting for the holding moment, which is
a crucial performance ﬁgure in stepping motors. Moreover for traction engines
the starting torque is an important parameter. Here the ferroﬂuid develops its
capabilities particularly since rotational friction, which lowers the force ampliﬁcation, is here totally absent. All together the use of magnetic ﬂuids in electric
machines oﬀers a wide variety of applications.
The next step is to transfer this satisfying results on rotating machines. But
here occur some additional diﬃculties. For example, the technological question
of safe enclosure of the ﬂuid has to be solved. A ferroﬂuid-based seal is an
interesting option for this task.
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3 Biologically Inspired Locomotion Systems
K. Zimmermann, V.A. Naletova, I. Zeidis, V. Böhm, E. Kolev
3.1 Introduction
Biologically inspired robots are the best examples of design in collaboration with
nature. A big progress is made by engineers in the ﬁeld of humanoid robots, realizing pedal locomotion. The ability to operate in unpredictable environments is
an advantage of worm- or snake-like robots (non-pedal locomotion). Observing
the locomotion of worms one recognizes a conversion of (mostly periodic) internal
deformations into change of external position (undulatory locomotion). The realization of such deformations using magnetizable materials and ferroﬂuids in an
applied magnetic ﬁeld is the principal topic of this chapter. The research results
have shown that there are two future-oriented trends in the ﬁeld of ferroﬂuidbased locomotion systems.
1. The realization of a locomotion based on the deformation of ﬁnite volumes of
magnetic tissues (a magnetic ﬂuid (MF) in an elastic capsule or bodies with a
magnetizable polymer). In particular bending deformations of slender bodies
(rods) and deformations due to an axial load were analyzed. Theoretical and
experimental results concerning this problem are published in [15–18].
2. The realization of locomotion based on the deformation of a free surface of
a magnetic ﬂuid layer in a traveling magnetic ﬁeld. It is known that the
traveling magnetic ﬁeld can create a ﬂux in the ﬂuid layers. The theory
of the ﬂow of layers of magnetizable ﬂuids in a traveling magnetic ﬁeld is
considered in [19–23].
The investigated problems are important for practical applications. If the magnetic ﬁeld is developed from an external source and the deformable bodies consist
of magnetic polymers or elastic capsules, ﬁlled with MF, such compact locomotion devices do not contain motors and solid details contacting with a surrounding medium. This fact allows the usage of them in medicine and biology. Also the
authors of the papers [24–26] considered the problems mentioned above. In [26]
the locomotion of a chain of spherical elastic balls ﬁlled with magnetic ﬂuid in
a cylindrical channel is experimentally investigated. Such a chain realizes locomotion in a magnetic ﬁeld created by two permanent magnets, which are moved
along the channel. In [25] the motion of a MF layer in a traveling magnetic ﬁeld
is experimentally investigated, too. The dependence of the surface velocity of
the magnetic ﬁeld amplitude and frequency and the layer thickness is revealed.
In that paper, the theoretical analysis is performed within the framework of the
ideal ﬂuid model. In [24] the motion of a thin magnetized plait immersed in a
liquid and under the inﬂuence of a rotating magnetic ﬁeld is studied theoretically.
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3.2 Worm-Like Locomotion Systems
Magnetizable Elastic Body in Magnetic Field
In our experiments we use cylindrically shaped bodies located in a cylindrical
channel. The channel diameter d exceeds that dw of the body. We denote the
length of the body as lw . The bodies are made of magnetizable polymers, here we
study two examples with diﬀerent Young’s modulus Ey and diﬀerent geometrical
parameters. The magnetic ﬁeld is created by coils. The axes of the coils are in
the horizontal plane, L and I distances between the axes and the current in the
coils (see Fig. 22). The coils are placed at the left and right sides of the channel.
The magnetic ﬁeld is created by three coils simultaneously (for example, coils
N 6-8 in Fig. 22), the axis of the middle coil is the symmetry axis of the magnetic
ﬁeld. Periodically the left coil is switched oﬀ and the next coil is switched on, n
is the number of the coil switches per second (the frequency), so T = 1/n is the
period between changeover of the coils. Currents ﬂowing through the coils are
unidirectional. Such a electromagnetic system forms a ”traveling” magnetic ﬁeld
H, which is a complex function of x, y, z, t (where x is the coordinate along the
channel). It is shown experimentally that in such a periodic magnetic ﬁeld the
cylindrical magnetizable elastic body moves along the channel. The direction of
the body motion is opposite to the direction of the traveling magnetic ﬁeld. A
cycle of body deformation by the traveling magnetic ﬁeld is the process when the
traveling magnetic ﬁeld covers the body (see Fig. 23). At the end and beginning
of this process the body is not deformed.
The body velocity depends on the geometrical shape of the deformed body
and that of the channel if n is small enough and the body inertia does not aﬀect
the body velocity. The following formula is valid:
v = w/tc ,

tc = (ks + 3)T ,

w = ks (ls − L).

(26)

Here, ls is a segment length (a segment is a part of the deformed body between
two neighboring coils), ks is the number of segments (ks is equal to integral part

Fig. 22. Arrangement of the coils of the electromagnetic system
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Fig. 23. Magnetizable elastic body (the sample N 1) in the traveling magnetic ﬁeld

of lw /ls ) and tc is the time of one cycle. The length of the segment may be
determined under assumption about its form. A segment form is determined by
the elastic and magnetic properties of the body material, and the strength of the
magnetic ﬁeld. The problem of determination of the body form is very complex.
Here we consider three assumptions about a segment form.
1. Sinusoidal form. Let us assume that the segment of the body between
two coils has sinusoidal form. In this case the equation of the central line of the
segment is ys = (d/2−dw /2) sin(πx/L). For parameters L = 10 mm, d = 10 mm,
lw = 48 mm and dw = 4 mm, the length of the sinusoidal segment yields ls =
12.6 mm. There are three such segments in the body length (ks = 3), and the
velocity of the body is determined as v = 1.3 · n mm/s (see Fig. 24, line 1).
2. Body form is determined by the model of elastic beam. Let us assume
that the form of the segment of the body between two coils is determined by
the model of the elastic beam without extension (the bending moment is due
to the magnetic forces, assuming that magnetic forces act on the ends of the
segment). In this case the equation of the central line of the segment is yE =
ax3 +bx2 +dw /2, a = −2(d−dw )/L3 , b = 3(d−dw )/L2 . For this assumption and
for parameters as above the length of the segment is equal to 12.5 mm, ks = 3
and the body velocity is v = 1.25 · n mm/s (see Fig. 24, line 2).
3. Body form is a broken line. Let us assume that the form of the body
segment between two coils is a straight line. The equation of the central line
of the segment is yR = (d − dw )x/L. In this case the length of the segment is
12.2 mm, ks = 3 and the body velocity is v = 1.1 · n mm/s (see Fig. 24, line 3).
In the ﬁrst experiment I = 3 A and we study the polymer with Young’s modulus Ey = 50, 000 Pa (the sample N 1, lw = 48 mm). The theoretical dependency
of the velocity of the body on n in this case and experimental data are shown in
Fig. 24. From Fig. 24 we can see that for n ≤ 50 s−1 the theoretical result (line 2:
the body form is determined by the model of elastic beam) coincides with the
experimental results for the sample N 1. The maximal measured body velocity
is 6.45 cm/s.
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Fig. 24. Body velocity v = v(n) (the ﬁrst experiment, the sample N 1)

In the second experiment the parameters are I = 4.6 A and we study the
polymer with Young’s modulus Ey = 50, 000 Pa (the sample N 1). The frequency
n changes from 5 s−1 to 1,000 s−1 in this experiment. Here, for theoretical estimation, we use the model of elastic beam and obtain v = 0.108 · n mm/s. The
theoretical dependency of the body velocity on n and experimental data are
shown in Fig. 25. From Fig. 25 we can see that for n ≤ 100 s−1 the theoretical

Fig. 25. Body velocity v = v(n) (the second experiment, the sample N 1)
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result (the body form is determined by the model of elastic beam) matches the
experimental data for the sample N 1. The maximal measured body velocity is
7.89 cm/s for n = 100 s−1 . For n > 950 s−1 the sample N 1 does not move.
In the third experiment the parameters are I = 4.6 A, L = 10 mm, d =
10 mm, lw = 75 mm, dw = 4.5 mm and the polymer with Young’s modulus
Ey = 22, 000 Pa (the sample N 2) is studied. The frequency n changes from 5 s−1
to 1,000 s−1 in the third experiment. Here, for theoretical estimation, we use the
model of elastic beam and obtain v = 0.105·n mm/s. The theoretical dependency
of the body velocity on n and experimental points (the sample N 2) are shown
in Fig. 26. From Fig. 26 we can see that for n ≤ 100 s−1 the theoretical result
coincides with the experimental data for the sample N 2. The maximal obtained
body velocity is 10 cm/s for n = 250 s−1 . For n > 750 s−1 the sample N 1 does
not move.

Fig. 26. Body velocity v = v(n) (the third experiment, the sample N 2)

The evaluation of the results, mentioned above, approved their correctness
by using ﬁnite element method (Fig. 27).
Elastic Capsule Filled with a Magnetic Fluid
We experimentally study the motion of an elastic capsule ﬁlled with a magnetic
ﬂuid in our electromagnetic system (see Fig. 22). In our experiments an elastic
cylindrical capsule ﬁlled with a magnetic ﬂuid is inside a cylindrical channel. The
channel and capsule diameters (d, dc ) are 10 and 4 mm. The length of the capsule
ﬁlled with a magnetic ﬂuid lc is 75 mm. An electromagnetic system contains the
coils which are arranged along the channel (see Fig. 22). The axes of the coils are
in a horizontal plane, L is the distance between the adjacent axes (L = 10 mm).
The coils are placed at the left and right sides of the channel, I = 4.6 A. The
magnetic ﬁeld is created by three coils simultaneously (description of the work of
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Fig. 27. Analysis of the locomotion using ﬁnite element method

electromagnetic system has been made above). In our experiments the frequency
n changes from 5 to 1,000 s−1 . It turned out that there is an undulation of the
capsule in a periodic traveling magnetic ﬁeld of special structure and the capsule
moves along the channel. The phases of this deformation of the capsule are
shown in Fig. 28. It is shown experimentally that the elastic cylindrical capsule
ﬁlled with a magnetic ﬂuid moves along the channel in the created magnetic
ﬁeld. The direction of the capsule motion is opposite to the direction of the
traveling magnetic ﬁeld. The body velocity depends on the geometrical shape
of the deformed body and that of the channel. If n is small enough the body

Fig. 28. The form of the capsule at diﬀerent moments in the traveling magnetic ﬁeld
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Fig. 29. Body (a capsule with a magnetic ﬂuid) velocity v = v(n)

inertia does not aﬀect the body velocity and formula 26 is valid. The length of the
segment may be determined under assumption about its form. A segment form
is determined by the elastic and magnetic properties of the body material, and
the value of the magnetic ﬁeld. From the experiment it follows that the segment
form of the capsule
is a straight line. The length of the segment is determined by
the formula ls = L2 + (d − dc )2 = 11.66 mm, and ks = 6. From (26) we ﬁnd
theoretical a dependency of the velocity of the body on n: v = 0.11 · n cm/s. The
theoretical dependency of the velocity of the body v on n and experimental data
are shown in Fig. 29. For the frequency n < 50 s−1 the theoretical estimation
of the velocity of the capsule matches the experiments. In our experiment for
n > 700 s−1 the capsule does not move. The maximal obtained capsule velocity
is 5.56 cm/s for n = 50 s−1 .
Worm-Like Motion System with Magneto-Elastic Elements
Worm periodic internal motions may be converted into change of external position. We investigate the possibility of using the magneto-elastic element under
the inﬂuence of a magnetic ﬁeld and the action of a non-symmetric Coulomb
dry frictional force for creating periodic internal motions and using this eﬀect in
designing autonomous mobile robots. A formula, which allows us to calculate the
deformation of an incompressible magnetizable elastic parallelepiped in a uniform magnetic ﬁeld H = (0, Hy , Hz ) was obtained in [27] u = p/Eyef f + u0 (H).
Here, u is the relative lengthening in the direction of the axis x (for small strains),
p is the density of the surface force, and u0 (H) is the deformation of the sample, produced by the action of the magnetic ﬁeld when p = 0. In [27] it was
shown theoretically and experimentally that the eﬀective value of the Young
modulus Eyef f depends on a magnetic ﬁeld Eyef f = Eyef f (H). In [27] the experimental dependencies between the stress and the strain without inﬂuence of ﬁeld
(H = 0) and with inﬂuence of a ﬁeld (H = 1.5 · 105 A/m) for the sample with
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the length l0 = 29 mm and the area of cross-section S0 = 5.5 mm2 are described.
The experiment allows us to deﬁne u0 = 0.071.
The motion of a system of two material points x1 and x2 , with the masses
m connected by a magnetizable elastic polymerical sample which is described
by a spring of stiﬀness c = Eyef f S0 /l0 (ω 2 = c/m), is considered (Fig. 30). It is
supposed that the points are under the action of a small non-symmetric Coulomb
dry frictional force mF (x ), depending on the velocities x = xi (i = 1, 2), where
F (x ) = F+ if x > 0, F (x ) = −F− if x < 0, F (x ) = F0 if x = 0, −F− <
F0 < F+ , F− ≥ F+ ≥ 0. By the inﬂuence of an external harmonic magnetic ﬁeld
a small harmonic internal force is produced: G(t) = u0 cl0 (1 + cos ψ)/2, ψ = νt.
We introduce the dimensionless variables (the dimensional variables are denoted
with an asterisk) xi = x∗I /l0 , t = t∗ ω, F = 2F ∗ /(u0 l0 ω 2 ), ε = u0 /2  1. The
dimensionless equations of the motion are
x1 + x1 − x2 = −ε(F (x1 ) + (1 + cos ψ)), x2 + x2 − x1 = −ε(F (x2 ) − (1 + cos ψ)).
(27)
We apply the procedure of averaging, [28], to the system (27). For this purpose
we introduce new variables: the velocity of the center of mass V = (x1 + x2 )/2
and the deviation, relatively to the center of mass,
z = (x1 − x2 )/2. Replacing
√

z = a cos φ, z = −aΩ sin φ, φ = Ωt + θ, Ω = 2, (V , a, θ – slow variables) we
receive system (27) in a standard form. We investigate the system in a vicinity
of the main resonance ν = Ω + εΔ, Δ = 0. We introduce a new slow variable
ξ = ψ − φ. After averaging with respect to the fast variable φ we obtain an
approximately steady motion as a single whole, therefore we seek for the solution
V  = 0. This solution is

F− + F+
π F− − F +
1
sin Φ 1
− E 2 cos2 Φ, E cos Φ ≤ , E =
,Φ=
. (28)
V =
|Δ|
4
2
π
2 F− + F+
The motion with the velocity (28) is stable. The result of the numerical integration of the exact system (27) is given in Fig. 31. The following values of parameters for a magneto-elastic sample, described above, are taken: m = 3 · 10−3 kg,
Eyef f = 1.6 · 104 N/m2 , u0 = 0.071, l0 = 29 mm, S0 = 5.5 mm, and ω = 32 s−1 .

Fig. 30. Model of a worm-like system
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Fig. 31. Velocity V vs. time t

The values of the parameters are ε = 0.036, F+ = 0.5, F− = 1, Δ = 0.5.
Equation (28) gives the value for the dimension velocity of center of mass
V = 0.29 m/s.
3.3 Locomotion of Magnetic Fluid Layers in Magnetic Fields
Traveling Waves on a Free Surface of a Magnetic Fluid Layer
We consider a plane ﬂow of an incompressible viscous magnetic ﬂuid layer on
a horizontal surface in a nonuniform magnetic ﬁeld (Fig. 32). The magnetic
susceptibility of the ﬂuid χ is assumed to be constant. The environment is unmagnetizable and the pressure on the free ﬂuid surface is constant. In this case
the body magnetic force is absent and the magnetic ﬁeld manifests itself in a
surface force acting on the free surface. The gravity is not taken into account. In
this case, the system of equations consists of the continuity and Navier–Stokes
equations
1
∂v
+ (v · ∇)v = − grad p + νΔv.
(29)
∇v = 0 ,
∂t
ρ

Fig. 32. Magnetic ﬂuid layer (a is a wave amplitude)
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Fig. 33. Magnetic ﬂuid layer on a cylinder in a traveling magnetic ﬁeld

Here, v = (u, w) and p are the velocity vector and the ﬂuid pressure, ν =
η/ρ and η are the kinematic and dynamic ﬂuid viscosity coeﬃcients and ρ is
the ﬂuid density. The boundary conditions have the form in the non-inductive
approximation (χ  1, χ = M/H, [A] = Af − Aa ):
z = 0 : v = 0,
(30)
2


∂h
γ
H
∂h
+u
= w,
−pn + τij nj ei − μ0 χ
n + n = 0. (31)
z=h:
∂t
∂x
2
R
Here, τij are the viscous stress tensor components, R is the radius of curvature
of the line z = h(x, t), n is the vector of the outward normal to the surface, ei
are the basis vectors, γ is the surface tension coeﬃcient, μ0 = 4π · 10−7 H/m
is the magnetic permeability of the vacuum, H is the magnetic ﬁeld strength
vector, M is a ﬂuid magnetization, and indexes f and a denote parameters in
the ﬂuid and the environment. Further, we study the case when a magnetic ﬁeld
in our thin layer is a traveling ﬁeld: H = H(x, z, t) ∼ H(z = 0, ωt − kx). Such
a magnetic ﬁeld produces a traveling wave on the surface of a suﬃciently thin
magnetic ﬂuid layer z = h(x, t) = d + af (ωt − kx), dk = ε  1. We introduce the
following dimensionless variables (the dimensional variables are denoted with an
asterisk):
h∗
u∗
a
z∗
w∗
ω
, h=
, u=
, w=
, Uc = , δ = ,
d
d
Uc
εUc
k
d
∗
∗2
2
ηω
ρU
γdk
d
p
H
c
, P = 2 , H2 =
, Re =
, W =
.
t = t∗ ω , p =
P
ε
P
η
P
x = x∗ k , z =

We can simplify the dimensionless equations and boundary conditions in the
zeroth approximation (ε = dk → 0) and obtain the following system of equations
and boundary conditions for W = O(1) and Re  1:
∂u ∂w
∂p ∂ 2 u
∂p
+
= 0, −
+ 2 = 0,
= 0 , for z = 0 : u = w = 0 , (32)
∂x
∂z
∂x ∂z
∂z
∂h
∂h
∂u
∂2h
H 2 (x, t)
for z = h :
+u
= w,
= 0 , p(x, t) = −W 2 − μ0 χ
. (33)
∂t
∂x
∂z
∂x
2
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From (32) and (33) we obtain the relations for the velocity
components
"
# u =
F (z 2 /2 − hz), F = ∂p/∂x, w = F ∂h/∂xz 2 /2 + ∂F /∂x hz 2 /4 − z 3 /6 . From
these relations we derive the equation for h (2K = ∂ 2 h/∂x2 , K is the dimensionless surface curvature):
∂h
∂F h3 /3
=
,
∂t
∂x

F (x, t) =

∂p
,
∂x

p(x, t) = −2W K − μ0 χ

H 2 (x, t)
.
2

(34)

Such a way for determination of the ﬂuid velocity (if we know H(x, t)) and the
ﬂow rate needs to solve the Eq. (34) and to ﬁnd h = h(x, t). If the function
h = h(x, t) is known the magnetic ﬁeld can be found from (34). Further, our aim
is to ﬁnd the magnetic ﬁeld creating the sinusoidal form of the free surface of
the ﬂuid. From the mass conservation law it follows ∂h/∂t = −∂Q/∂x, Q(x, t) =
h
u(x, z, t)dz = −F h3 /3. For traveling surface wave h = h(ξ) and ξ = t − x
0
(in the dimensionless form) it follows from (39) that the volume ﬂow rate Q
is equal to Q(ξ) = h(ξ) + C, C = const. In the case of periodic motion, when
h(ξ) = 1 + δ cos(ωt − kx), we can introduce the ﬂow rate Q(x) averaged over
T
the period T : Q(x) = 0 Q(x, t)dt/T . The dimensionless average ﬂow rate Q is
equal to 1 + C. If h = h(ξ) Eq. (34) takes the form
W

∂ 3 h (μ0 χ) ∂H 2
3
3C
=− 2 − 3.
+
3
∂ξ
2
∂ξ
h
h

(35)

This equation allows us to ﬁnd constant C and the ﬂow rate Q(x), averaged over
the period T , when h(ξ) = 1 + δ cos(ξ):
Q(x) = 1 + C ,

C = −2

1 − δ2
.
2 + δ2

(36)

Taking into account the expression for C, the square of the magnetic ﬁeld takes
the form

2
3δ sin(ξ)(2 + δ cos(ξ))
2
2
H = H0 − D , D =
. (37)
−W δ cos(ξ) +
μ0 χ
(2 + δ 2 )(1 + δ cos(ξ))2
We choose the constant H02 arbitrarily but not less than Dmax , the maximum
value of the periodic alternating function D (Dmax > 0), since H 2 ≥ 0. Therefore,
we will be able to assume that H02 = Dmax . Under this
 condition, the maximum
dimensionless magnetic ﬁeld value Hmax is Hmax = |Dmax | + |Dmin | (Dmin is
∗
=
the minimum D value). The dimensional maximum magnetic ﬁeld is Hmax

√
#
"
1/2
2
P Hmax = ηω/ε
|Dmax | + |Dmin |.
Figure 34 represents the dependence of the dimensional maximum magnetic
∗
A/m on the wave vector k cm−1 for the following paramﬁeld magnitude Hmax
eter values: d = 0.1 cm, δ = 0.9, η = 0.01 Pa s, ρ = 1 g/cm3 , and χ = 0.1. It can
be seen that, at k = kmin = 1 cm−1 , a minimum of the magnetic ﬁeld amplitude
can be observed for both parameter sets. The sign of the magnetic ﬁeld may
alternate but its absolute value must satisfy (37). In Fig. 35, the spatial distribution of the magnetic ﬁeld magnitude at a ﬁxed time is presented for diﬀerent k
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Fig. 34. Dimensional maximum magnetic ﬁeld magnitude: curve 1 – ω = 0.1 sec−1 ,
γ = 10−1 N/m; curve 2 – ω = 1 s−1 , γ = 1 N/m
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Fig. 35. Magnetic ﬁeld vs. ξ: 1 − k = 2 cm−1 , 2 − k = 1 cm−1 and 3 − k = 0.6 cm−1

and the parameter values corresponding to curve 1 in Fig. 34. We can anticipate
that in the magnetic ﬁeld, whose magnitude varies according to the above-found
law (37), a mobile robot with the free magnetic ﬂuid surface bound by an elastic
ﬁlm will move in the direction opposite to that of the traveling wave.
Figure 36 shows a traveling wave on a free surface of a ferroﬂuid in a controllable magnetic ﬁeld during fundamental experiments for developing biologically
inspired locomotion systems.
Locomotion-Based on a Two-Layers Flow of Magnetizable Fluids
We consider a plane two-layers ﬂow of incompressible viscous magnetic ﬂuids
between two parallel solid planes in a magnetic ﬁeld (Fig. 37). Indexes 1 and
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Fig. 36. Wave fronts (left) and wave contours (right) at diﬀerent times

Fig. 37. Two-layers ﬂow of ﬂuids

2 denote parameters in these layers, d1 , d2 are unperturbed thicknesses of the
layers. The gravity is not taken into account. The system of equations has the
form (29) for all ﬂuids and boundary conditions are (30), (31). As for free surface
of the ﬂuid layer in the case of two layer in long-wave approximation we can obtain the two dimensionless equations: a partial diﬀerential equation for thickness
of the ﬁrst layer h(x, t) and an ordinary diﬀerential equation for the unknown
parameter F1 = ∂p1 /∂x (N = −W ∂ 2 h/∂x2 + μ0 H 2 (χ2 − χ1 )/2):

∂h
∂
∂N
∂F1
=
− f7 F1 ,
= g2 F 1 + g1 .
(38)
f6
∂t
∂x
∂x
∂x
Here fi and gi are known functions of h(x, t), ∂h/∂x, ∂N /∂x, ∂ 2 N /∂x2 , nη =
η2 /η1 , L = (d1 + d2 )/d1 . This system of equations allows us to calculate h(x, t),
the ﬂuid velocity and the ﬂow rate (if we know H(x, t)). If the function h = h(x, t)
is known, the ﬂow rates of layers and the magnetic ﬁeld can be found from this
system. Here the aim is to ﬁnd the ﬂow rates of layers and the magnetic ﬁeld
creating the sinusoidal traveling form h = 1+δ cos(ξ), ξ = x−t of the intersurface
of the ﬂuid. In Fig. 38 the dependencies of dimensionless average ﬂow rates
Qi = Q∗i /(ω(d1 + d2 )/k) in the ﬁrst layer (continuous line) and in the second
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Fig. 38. The dimensionless average ﬂow rates

layer (dots) as functions of d1 = 1/L for diﬀerent nη (1 – nη = 0.1, 2 – nη = 1,
3 – nη = 5), on d1 = 1/L for Ha∗ = 557, 2 A/m, σ = 0.1 N/m, k = 1 cm−1 ,
d1 + d2 = 0.2 cm, ω = 0.5 s−1 , η1 = 0.001 Pa s and diﬀerent nη are presented. It
is shown that at a certain wavelength the amplitude of the magnetic ﬁeld (as for
a ﬂuid layer with a free surface) has a minimum. For a ﬁxed amplitude of the
magnetic ﬁeld and other parameters dimension average ﬂow rates in both layers
tend to zero when unperturbed interface of the ﬂuids approaches to solid planes.
Magnetic Fluid Layer on a Cylinder in a Traveling Magnetic Field
The ﬂow of an incompressible viscous magnetic ﬂuid layer (d is a layer thickness
without ﬁeld) on a cylinder (R0 is a radius of a circular cylinder cross-section) in
a nonuniform magnetic ﬁeld is considered (Fig. 33). All assumptions about the
properties of the ﬂuid and its ﬂow, which we use above, are valid in this case.
From the mass conservation law the dimensional equation follows:
∂Q
∂
(2πRh + πh2 ) = −
,
∂t
∂z



R+h

Q(z, t) = 2π

vz rdr = 2πF f (h).

(39)

R

Here f (h) = 3(R + h)4 /16 + R4 /16 − R2 (R + h)2 /4 − (R + h)4 /4 ln (/R + hR)
(R = R0 /d). For h = h(ξ) = 1 + δ cos(ξ), ξ = z − t (in the dimensionless form)
it follows from (39) that the volume ﬂow rate Q is equal to Q(ξ) = 2πRh(ξ) +
πh2 (ξ) + C, C = const. In this case, we can introduce the average ﬂow rate Q:
 2π
Q = 0 Q(ξ)dξ/2π = 2πR + π + πδ 2 /2 + C. If h = h(ξ), the equation which
relates the magnetic ﬁeld H and the layer thickness h takes the form

1
2πRh + πh2 + C
∂
μ0 χ ∂H 2
− h +
=
= F (h, C).
(40)
−W
∂ξ R + h
2 ∂ξ
2πf (h)

394

N. Bayat et al.

If h = h∗ /d = 1+δ cos(ξ), δ = a/d from (40) the parameter C and the average
ﬂow rate Q can then be found: C = −π(2R + 1) + f δ 2 , Q = (π/2 + f ) δ 2 . Here
f = π (7 + f1 /(f2 + f3 )) /2, f1 = 8(1 + 2R)2 , f2 = −4R3 − 14R2 − 12R − 3,
f3 = ln((R + 1)/R)(4R4 + 16R3 + 24R2 + 16R + 4). In the case R → ∞ the ﬂow
rate is equal to Q/2πR = 3δ 2 /2. In the case R → 0 Q = 4πδ 2 . The dimensional
∗
average ﬂow rate is equal to Q = dωQ/k. Integrating the equality (40) we
 2π
obtain the relation H 2 = H02 − D, D = D(sin ξ, cos ξ), 0 Ddξ = 0. We choose
the constant H02 arbitrarily, greater or equal to max(D) > 0, since H 2 ≥ 0.
Therefore, we will assume H02 = max(D) > 0. If δ is suﬃciently small, the
dimensional magnitude of the magnetic ﬁeld H ∗2 = ηωH 2 /ε2 can be represented
in the form



ξ − φ 
N2 (γ, η, ω, d, R)
, (Ha∗ )4 = N1 (γ, η, ω, d, R)k 4 +
H ∗ = Ha∗ sin
.
2 
k4
8
It is obvious that, at a certain value k = kmin (kmin
= N2 /N1 = f (σ, η, ω, d, R)),
the amplitude of the magnetic ﬁeld Ha∗ reaches its minimum. If we like to obtain
a ﬂow with non-zero ﬂow rate at low magnetic ﬁelds, we must choose the wave
vector equal to kmin for which the necessary amplitude is minimal.
An expression for the strength of the magnetic ﬁeld producing a sinusoidal
wave on the surface of a viscous magnetic ﬂuid and the average ﬂow rate produced by this magnetic ﬁeld can be used as a basis for designing mobile robots
in the form of envelopes ﬁlled with a magnetic ﬂuid.

4 Ferroﬂuidic Positioning Systems
N. Bayat, E. Uhlmann
4.1 Movement Generation Principles
A positioning system serves to move objects placed on an object platform from a
deﬁned starting position to a deﬁned end position. To move the object platform
of positioning systems generally requires some kind of force. Physical principles
for the motion of objects or actors in or with ferroﬂuids are the buoyancy force,
magnetic tensions, pressure, displacement and coupled motion by the local concentrated ferroﬂuid and with magnetic ﬁelds [29–35]. The theoretical basics of
magnetic forces in ferroﬂuids caused by an applied magnetic ﬁeld gradient were
proven and described in detail by Rosensweig [36]. Theoretically, the achieved
force is directly proportional to the product of magnetization of the used ferroﬂuid and the gradient of the applied magnetic ﬁeld. Paramagnetic objects are
better suited as actors in positioning systems than ferromagnetic objects. The
principle of the following ferroﬂuidic positioning systems is based on the motion
of paramagnetic actors which are embedded in a ferroﬂuid. This corresponds
with the passive levitation described by Rosensweig. The condition of levitation
is characterized by actors completely surrounded by ﬂuids. On the other hand
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Fig. 39. Displacement (above) and coupled motion (below) of actors [29, 32, 35]

actors which are partially surrounded by ﬂuids are in the condition of swimming. Due to the fact that a contact surface is needed to place the objects which
have to be moved, the paramagnetic actors in ferroﬂuidic positioning systems
are swimming. This is shown in Fig. 39 for displacement and coupled motion of
paramagnetic actors.
The force needed for the motion is caused by an externally applied magnetic
ﬁeld. Therefore, the permanent magnets should be substituted by controlled
electromagnetic coils to generate a deﬁned and variable magnetic ﬁeld. Basic
technical requirements on positioning systems concerning their load capacity,
velocity and accuracy necessitate the consideration of a special design. A free
swimming actor which is excited to carry out a movement has to be balanced
for ensuring a stable positioning along a path. This instability can be avoided
by the use of mechanical guides. They serve to ﬁx the remaining degrees of freedom which are not needed for the movement and to avoid disturbing lateral
buckling or swiveling. The integrated guides deﬁne the feasible paths, planes
and rooms for the movement. Thus, movements on a straight line or curve and
the number of system-inherent degrees of freedom are used to characterize the
positioning system. The technical innovations within the ﬁeld of machine tools
include new kinematics, processes, physical or chemical principles and new materials. The aims for the applications of innovations are for example to increase
the quality and to reduce the manufacturing cost of products. Thereby, new
materials are one essential aspect within this scope. They can be used for the
mechanical structure of technical systems as in machine tools, in workpieces or
directly as material for the manufacturing process. One category of new materials is the group of the ferroﬂuids as a suspension of coated magnetic particles
dispersed in a carrier liquid. The fundamental characteristics of ferroﬂuids are
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Fig. 40. Attraction force between a ferroﬂuid and a magnet (left) and spike formation
on a magnetized steel ball (right) [29, 34]

their magnetorheological behavior, their capability for being ﬁxed by an applied
external magnetic ﬁeld and a pressure generated inside the ﬂuid. The interaction
between a magnetic ﬁeld and a ferroﬂuid as a sample emphasizes these properties whereby the generated attraction force is suﬃcient to hold the magnet on
the smooth surface of the bottle or to build spikes on a magnetized steel ball
(Fig. 40).
The volume of ferroﬂuid, which is vertically concentrated inside the bottle
as a result of a magnetic force, shows the used eﬀect for displacement motion.
4.2 One-Axis Positioning System
Ferroﬂuids or magnetically controllable stable ﬂuids can be used as an active
medium in high precision positioning systems. Thereby, the ampliﬁcation of a
magnetic force on the surface of a paramagnetic actor levitating in a ferroﬂuid
can be used for the movement of objects. Positioning systems can be classiﬁed
by their number of degrees of freedom. Thus, a one-axis positioning system
is designed for the movement along one single translatory axis or one single
rotatory direction. Commercially available mechanical components for the linear
movement are well-optimized elements with high accuracy and can be integrated
with a small complexity in new applications. A potential ferroﬂuidic positioning
system consists of a cylindrically shaped paramagnetic actor levitating in an
actor case which is ﬁlled with ferroﬂuid. This means that at least two high
precision linear guides have to ensure the ﬁxation of the remaining degrees of
freedoms. A ﬁeld former ensures the ampliﬁcation of the generated magnetic
force and reduces the electrical power loss. Figure 41 shows the elements of such
a positioning system which was developed for experimental investigations.
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Fig. 41. Principle and experimental setup of a one-axis system with scattered (I) and
optimized magnetic ﬁeld (II) [29, 31, 34]

Generally, the geometric dimensions of a positioning system should consider
the availability of the ferroﬂuids used and minimize its quantity. The design of
the actor and its weight are additional inﬂuencing factors on the load capacity.
Therefore, the mass of the cylindrically shaped actor is decreased and the quantity of the displaced volume is increased by using a lightweight hollow form for
it. The technical usability and the range of potential applications of this positioning system can be evaluated by measuring the transient response curves, the
limiting load capability and the velocity or accuracy of positioning. The chemical composition and, respectively, the magnetization and viscosity of the used
ferroﬂuids have a signiﬁcant inﬂuence on these characteristics. These measurable characteristics are reference values for the comparison with commercially
available mechanically or electrically driven systems. The transient curves were
determined by measuring the step response after switching on the power supply
at a preset coil current of I = 8 A Fig. 42.
The position of the object platform was measured by the use of laser sensors
based on the line triangulation principle and a miniaturized laser interferometer
with a high resolution of a = 0.123 nm. The magnetization of the speciﬁcally
developed ferroﬂuid with cobalt particles dispersed in kerosene as carrier liquid
“Co-MF” and the magnetization of the oil-based ferroﬂuid “AP201MF” speciﬁed as JS = 99 mT enabled a higher velocity of positioning compared with
the commercially available ferroﬂuids “Crucolan” and “APG067” which have
a signiﬁcantly lower speciﬁed magnetization of JS = 50 mT . In the case of the
cobalt-based ferroﬂuid the velocity of positioning is signiﬁcantly higher than that
of the ferroﬂuids with iron particles. The lower viscosity, higher magnetization
and a higher susceptibility are main reasons for this response behavior. This
is obvious for the jump response after switching on the coil current since the
actor executes a real jump as a response then. This characteristic is also evident
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Fig. 42. Response curves of the one-axis positioning system for diﬀerent ferroﬂuids
[29, 34]

for comparison with the ferroﬂuids “AP201MF” and “Co-MF”. Although, both
ferroﬂuids lead to a jump of the actor, the response curves diﬀer in the lower
and upper range. The maximum range of the distance sensors prevents a higher
resolution for better distinguishing of this characteristic. Further experimental
investigations for the determination of the load capacity will make this diﬀerence clear. Particularly the load capacity of the positioning system depends also
on the used ferroﬂuid. Thereby, the results were obtained on a prototype with
optimized magnetic ﬂux lines at the limiting coil current of I = 10A whereby the

Fig. 43. Load capacity of the one-axis positioning system for diﬀerent ferroﬂuids
[29, 33, 34]
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measured position serves for comparisons. Fig. 43 illustrates the load capacity
of the one-axis positioning system for diﬀerent ferroﬂuids and volume of ﬂuid,
which is a representative geometric inﬂuence on the load capacity.
The ﬁne diﬀerences in the response curves are now clear. Although, the
cobalt-based ferroﬂuid “Co-MF” is indicated with a similar magnetization like
“AP201MF” it enables a higher load capacity. In combination with the response
curves it can be deduced that the delay at the beginning and at the end of the
response curve for the ferroﬂuid “AP201MF” is caused by its higher viscosity
of the carrier liquid. However, this is not the cause for the signiﬁcant deviation of the absolute quantity of the measured maximum load capacity. Taking
into consideration that the sensors have a limiting range, the load capacity of
the cobalt-based ferroﬂuids could be measured with higher object masses. The
common characteristic in the curves of the load capacity is that the ferroﬂuids
“AP201MF” and “Co-MF” tend to converge to an asymptote. This can be explained by the ﬁxation of the higher concentrated ferroﬂuid at the bottom of the
actor case where the controlled coil is arranged. Furthermore, the concentration
of the cobalt particles due to the higher tendency for the fast evaporation of
kerosene as carrier liquid at room temperature conditions leads to the oﬀset of
the asymptote. In addition to that the indicated magnetization of the ferroﬂuid
“AP201MF” and the measured load capacity suggest a lower real magnetization. In spite of the precise adjustment of the sensors and the positioning system
all curves of load capacity emphasize the deviation of the achieved end position. This inﬂuence is obvious with the additionally measured transient curves
depending on the additional object mass and described in Fig. 44.
It is obvious that the experimentally obtained transient curves for the ferroﬂuid with cobalt colloids have a more constant course and a better selectivity
than the curves of “AP201MF”. Therefore, the achieved end position can be

Fig. 44. Transient curves of the one-axis positioning system for diﬀerent ferroﬂuids
and diﬀerent object mass [29, 34]
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related well to the set coil current or the applied magnetic ﬁeld. In any case the
ferroﬂuids ensure a system-inherent compliance as a protection against overload.
It should be considered that these experiments were carried out with manual operation as an open loop control system. These presuppositions and properties allow
the use of such a positioning system for applications with lower requirements to
accuracy. Existing insuﬃciencies resulting from the nonlinear behavior, the signiﬁcant inﬂuence of the temperature on the viscosity of ﬂuids and deviations at
the end positions cannot be neglected. This is pointed out exemplarily for varied
coil currents and object masses in Fig. 45.
Therefore, a closed loop control for nonlinear systems, for example, based on
a fuzzy logic algorithm with low eﬀort for generating an analytic model of the
controlled system, can fulﬁll higher requirements on the accuracy of positioning.
The standardized linguistic terms which are included in such an advanced control programming tool were subdivided into ﬁve ﬁelds with ﬁve output steps for
accelerating or slowing down the velocity of the positioning system as a control
parameter. Finally, the achieved accuracy with a resulting deviation of positioning could be determined and evaluated statistically according to “ISO 230-2”
and the guidelines “VDI/DGQ 3441”. On the basis of the low complexity of the
positioning system and the measuring under laboratory conditions the linearscan method was put into practice. The accuracy of positioning was calculated
to PA = ±2 μm. This high precision within the range of a few microns necessitated a previous precise adjustment of the laser sensors. Due to the fact that
the sensors were arranged outside of the actor and only one force generating coil
was arranged below the housing the clear dependency from active disturbances
has to be avoided. Predominantly, a second coil arranged at the opposite direction reduces the dependency resulting from the direction of motion or from
an angular misalignment of the positioning system. The prototype of a new
multidimensional one-axis ferroﬂuidic system shown in Fig. 46 includes these
optimizations.

Fig. 45. Deviation at the end position for diﬀerent object masses [29]
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Fig. 46. Principle (left), FEM optimization (middle) and prototype (right) of a multidimensional one-axis positioning system [29, 34, 37]

Such a miniaturized ferroﬂuidic positioning system oﬀers less free space for
the integration of adequate distance sensors. Thereby, the non-contact distance
sensors should have a measuring range up to s = 10 mm and a resolution of
nearly a = 0.1 μm. The bottom line is a signiﬁcant increase of expense due to
the necessity of special design of miniaturized distance sensors. The composition
and geometrical design of the one-axis positioning system, especially its actor,
shaft, coil, ﬁeld former, sealing and guide, were optimized with the method of
Finite Elements simulation and veriﬁed by experimental testing. The corresponding sections in the middle of Fig. 46 represent the applied mesh of the Finite
Elements Model (a) and the optimized magnetic ﬂux lines (b) for equal polarization of integrated sealing magnets. The optimization aims at the increase of the
resulting magnetic force and at the reduction of the needed volume of ferroﬂuid.
For ensuring the performance of the positioning system the precise guides are
protected with non-contact seals against impurities. The sealing ability at the
thin shaft with a gap width smaller than c = 0.1 mm was investigated by the
continuous measurement of the pressure loss. Figure 47 shows the results of the
inﬂuence of ferroﬂuids on the sealing ability for the conditions of overpressure
and low pressure.
The gap width, the used ferroﬂuid, the magnetic ﬁeld strength, the shaft
material and external magnetic ﬁelds were investigated sealing parameters. The
cobalt-based ferroﬂuid was optimized to avoid vaporization by dispersing the
colloids in the same carrier liquid like “AP201MF”. The exemplary low decrease
and the constancy of the pressure loss curve for the new ferroﬂuid emphasize its
additional suitability as an adaptive sealing medium. The determined properties
and technical features of the one-axis positioning system enhance its applicability
for the precise positioning of sensitive objects within a relatively wide range of
positioning. The ﬁeld of applications of such ferroﬂuidic positioning systems can
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Fig. 47. Pressure loss curves of the one-axis positioning system [34, 37]

be extended by combining several actors to a gripping or ﬁxing device with
an inherent compliance. Furthermore, additional degrees of freedom enable the
development of positioning systems for a planar or multidimensional positioning.
4.3 Multi-Axis Positioning System
Generally, one coil is needed for the motion of each axis or degree of freedom.
Combined coils with an opposite arrangement prevent the disadvantage of existing active and passive directions. Additional degrees of freedom require further
coils whereas not required degrees of freedom have to be ﬁxed with guides placed
between the object platform and the actor case. Basing on similar physical principles, sensors used and an advanced closed loop control the multi-axis ferroﬂuidic
positioning systems are distinguishable by the diﬀerent design of their levitation
actor and the arrangement of the coils. The diﬀerences are underlined in Fig. 48
by the examples of two developed prototypes with serial or parallel kinematics
for the planar movement of objects.
The prototype with serial kinematics consists of a paramagnetic cross-shaped
actor levitating in the actor case which has a cross-shaped relief ﬁlled with ferroﬂuid. The gap between the actor and the actor case determines the limiting
range of positioning. This means that a larger range of positioning would require
an analogous higher amount of ferroﬂuid. The coils are arranged at the front surface of the levitating actor. This guarantees an ampliﬁcation, attenuation and
stabilization of the simultaneous movement in two directions. The parallel kinematic positioning system is deﬁned by a closed kinematic activity chain with
simultaneously operating direct drives and hinges. One of its advantages is a
higher stiﬀness and a better ﬁxed levitating actor. The triangularly shaped actor with three simultaneous operating coils and the closed kinematic activity
chain imposed by the ferroﬂuid deﬁne the parallel kinematic characteristic. The
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Fig. 48. Opened actor cases (above) and experimental setup of multi-axis positioning
systems (below right) [41]

three coils are arranged perpendicularly to the sides of the actor, while the symmetry lines of all coils intersect in a common single point. Due to the buoyancy
force resulting from the displacement volume of the actors and their geometrical dimensions, these prototypes have a surface load for object masses up to
mObj = 0.6 kg. However, the unfavorable ratio between the driven and the passive area of the actor leads to a ﬂow resistance with signiﬁcant inﬂuences on
the velocity of positioning. Furthermore, the ferroﬂuid initiates an anisotropic
behavior. Without a ﬁxing of the remaining degrees of freedom, the actor of all
multi-axis ferroﬂuidic positioning systems would tend to instabilities in form of
lateral buckling. These properties are obvious by the simultaneous measurement
of the response curves. They are described in Fig. 49 for the representative parallel kinematic system in X-direction and the corresponding curve of the lateral
sensitivity in Y-direction.
The response curves show the long period which is needed to achieve a
nearly stable end position, whereby the amplitude of the lateral sensitivity is
also damped within the same period. Although, a loop controller enables the accuracy of positioning, which is within the range of microns, the transient curves
emphasize the essential properties or restrictions of multi-axis ferroﬂuidic positioning systems. These are mainly the positioning period for approaching the set
position and the sensitivity, which also could be measured for diﬀerent ferroﬂuids,
object masses, directions of movement and ﬁeld formers. The following or further
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Fig. 49. Transient curve of the parallel kinematic system [30, 35]

optimization steps can focus on the design of the ﬁeld former, the suitable control
parameters and the use of ferroﬂuids with higher magnetization. The inﬂuence
of these optimizations is apparent by the comparison of the transient curves for
the non-optimized ﬁrst prototype with the optimized prototype in Fig. 50.
The ferroﬂuid “APG201MF” with a relatively high magnetization and the
object mass at the limiting load capability of the positioning system reemphasizes the potential for improving the velocity of positioning. Therefore, further
potentials for the improvement of the velocity are the ﬂuidic optimized geometry of the levitating actor, a lower viscosity of the ferroﬂuid, a reduced ﬂow
resistance and a ferroﬂuid with adequate higher magnetization.

Fig. 50. Inﬂuence of optimization on the transient curve of the parallel kinematic
ferroﬂuidic positioning system [30, 35]
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4.4 Conclusion and Outlook
Prototypes of ferroﬂuidic positioning systems were developed and investigated
on experimental setups at the Institute for Machine Tools and Factory Management (IWF) of the University of Technology, Berlin, Germany. Thereby, the
experimentally obtained characteristics of ferroﬂuidic positioning systems like
accuracy, range and velocity of positioning were determined for diﬀerent conditions and ferroﬂuids. In this regard, technical optimizations were carried out
with prototypes, and new types of ferroﬂuids with relatively high magnetization, low viscosity and high stability were synthesized. The speciﬁc advantages
of the ferroﬂuidic positioning systems are their high precision, a corresponding
relatively wide range of positioning and a remaining system inherent protection against overload. Thus, the comparison of their characteristics with the
characteristics of conventional positioning systems points out the limiting quantities like stiﬀness, maximum load capability, accuracy, range and velocity of
positioning. Therefore, ferroﬂuidic positioning systems are predestined for high
precision positioning, gripping or handling operations of sensitive objects under laboratory conditions. On the basis of the experimentally obtained results
ferroﬂuidic positioning systems will open up forward-looking innovative applications as a speciﬁc device. In this context further research activities within
the ﬁeld of ferroﬂuidic positioning systems have to focus on the development of
long-term stable ferroﬂuids with higher magnetization and lower viscosity, on
the design optimization of mechanical components and on the implementation
of miniaturized distance sensors.

5 Magnetoﬂuidic Bearings and Dampers
J.M. Guldbakke, C. Abel-Keilhack, and J. Hesselbach
5.1 Hydrostatic Bearings with Magnetic Fluids
Principle of Hydrostatic Bearings
Hydrostatic bearings are an established technology in the ﬁeld of machine tools.
A conventional hydrostatic bearing consists of two sliding surfaces that are separated by a thin oil ﬁlm. The oil is pressed with a constant ﬂow rate Q by an
external pump through the evolving gap. In Fig. 51 this principle is shown.
To maximize the bearing force, one sliding surface has a special topology:
The depth of the pad is much bigger than the depth of the land. Thus, the
pressure inside the pad is constant and declines to the ambient pressure along
the land. The resulting pressure distribution and the load remain in equilibrium
state. If the oil ﬂow rate and the load are staying constant, the gap h is constant.
The bearing force depends only on the pressure in the pad pt and the eﬀective
pad area Aef f .
(41)
F (Q) = pt (Q) · Aef f
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Fig. 51. Principle of hydrostatic bearing

The eﬀective pad area is larger than the physical pad size because a part
of the land contributes to the bearing force. Assuming a linear decrease of the
pressure along the land, the mean value of the pressure inside the land is 1/2
pt . To calculate pt (Q) some calculations are needed. For Newtonian ﬂuids this
is well known (κ = viscosity) [38, 39]:
F (Q) =

12 · ls · κ · Q
· Aef f
bt · h 3

(42)

This equation shows the main challenge of a conventional hydrostatic bearing:
If the load F changes, the ﬂow rate Q needs to be changed in order to achieve a
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constant bearing gap h. This ﬂow rate change can only be realized by external
mechanical valves. Because of the poor dynamics of these valves the response
time to the bearings is slow compared to load changes. Therefore, the stiﬀness
of hydrostatic bearings is limited. However, magnetorheological ﬂuids exposed
to a magnetic ﬁeld B do not behave like Newtonian ﬂuids. Due to the fact
that magnetic ﬂuids change their rheological properties under the inﬂuence of a
magnetic ﬁeld, it is possible to control a constant gap without changing the ﬂow
rate. To calculate this behavior some characteristics of the rheological behavior
of magnetic ﬂuids need to be taken into account. A widely used description for
stress behavior of MR ﬂuids is the so-called Bingham model (τ0 : shear stress,
Ds : shear rate) [40]:
(43)
τ (B) = τ0 (B) + κ · Ds
With regard to the Bingham model 43 leads to an implicit equation for
pt = pt (h, bt , ls , Q, τ0 , κ):
0 = (bt · h3 ) ·p3t + (3 · ls · τ0 · bt · h2 + 12 · ls · κ · Q) ·p2t + (5 · bt · ls3 · τ03 )
2 34 5
2
2
34
5
34
5
a

(44)

c

b

An estimation with reasonable values for geometrical and ﬂuid properties shows
that the term c is negligible. Using Eq. (41) leads to [41]:
⎛
⎞
⎜ 3 · ls · τ (B) 12 · ls · κ · Q ⎟
⎟ · Aef f
F (Q, B, h) = ⎜
+
⎝
⎠
h
· h3
34
5 2 bt 34
2
5
Bingham

(45)

N ewtonian

This equation shows the advantage of hydrostatic bearings with magnetorheological ﬂuids over conventional designs: If the payload F changes it is necessary
to change the ﬂow rate Q, if the gap h shall be constant. With the magnetorheological ﬂuid inside the gap a change of the magnetic ﬁeld can be used to control
the bearing gap.
A quality characteristic factor Γ (control ratio) of this bearing concept is the
payload range that can be supported without a change of the gap.
Γ =

τ0,max · bt · h2
F (τO,max )
=
,
F (τ0 = 0)
4·κ·Q

(46)

where h(B = 0) = h(B = Bmax )=const.
As can be seen a large gap h leads to a wide payload range. In conventional
hydrostatic bearings the stiﬀness is proportional to h−4 . Therefore it is necessary
to make the gap as small as possible. Consequently, the sliding surfaces must
have narrow tolerance limits.
Experimental Setup and Results
To verify the concept of hydrostatic bearings with magnetic ﬂuids, a test rig
was set up. Aiming at a simple realization a thrust bearing was chosen for the
experimental set-up (see Fig. 52).
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Fig. 52. Sectional view and photo of the hydrostatic bearing with magnetic ﬂuids [42]

The two sliding surfaces are separated by a small gap of about 300 μm (gap
1) and have a diameter of 160 mm. The pad has a diameter of 54 mm. The
coil (100 windings, 1 Ω) for generating the magnetic ﬁeld and the supply of
the MR ﬂuid are placed in the frame. The sliding surface 1 can rotate and can
move vertically, other degrees of freedom are blocked by a rotary stroke bearing.
The rotation is generated by an external servo motor and is transmitted by a
toothed belt and two gear wheels. To generate dynamic payload changes up to
300 N, a piezo stack is applied as a loading unit. A journal bearing is used to
decouple the rotation of the shaft from the loading unit. A peristaltic pump is
utilized in order to generate the desired ﬂow rate (0.01–0.8 l/min). This type
of pump is chosen to prevent the magnetic ﬂuid to be polluted by abrasion
and lubricant of the pump. The maximum pressure of this pump is 3 bar. To
measure the change of the gap, a precise laser triangular measurement system
with a resolution of 1 μm is used. Further on a torque sensor is placed under the
bearing to measure the torque that is transmitted by the bearing. The housing
is made of standard magnetic steel to guarantee the guidance of the magnetic
ﬁeld. Sliding surface 2 is bonded with a CFK-plate. In this plate two magnetic
ﬁeld sensors are integrated. Therefore, the magnetic gap is about 1 mm larger
than the ﬂuid gap. Nevertheless, the magnetic ﬁeld is homogeneous and nearly
constant in the whole gap. All measurements were made with a commercially
available MR ﬂuid (MRF132-AD, Lord Cooperation). To prove the principle, the
gap-force dependencies for diﬀerent magnetic ﬁelds were measured (see Fig. 53).
The measurements were carried out with a constant ﬂow rate and a constant
rotating speed of the bearing (90 turns per minute).
First of all it can be seen that the gap change due to load changes decreases as
the gap size falls. This is a known behavior of hydrostatic bearings, thus the gap
normally is chosen as small as possible. Furthermore, the measurement shows

Technical Applications

409

Fig. 53. Change of the bearing gap with the bearing force for diﬀerent magnetic ﬁelds
[43]

that a constant bearing gap can be achieved if the magnetic ﬁeld increases with
the load. The required magnetic ﬁeld is very low (< 100 mT) compared to the capabilities of the used magnetic ﬂuid which are limited by the magnetic saturation
(> 1,000 mT). In other words: the used magnetic ﬂuid is much too strong for this
application. Therefore, ﬁnite element analysis took place to investigate whether
another class of magnetic ﬂuids, so-called nanomagnetorheological ﬂuids, provide enough magnetorheological eﬀect for the usage in this application. These
ﬂuids contain much smaller particles (∼ 30 nm) made of Fe2 O3 . This results in a
weaker magnetorheological eﬀect, otherwise the sedimentation stability of these
magnetic ﬂuids is higher. Further on the small particles allow smaller bearing
gaps which is important for the inherent stiﬀness of the bearing. Figure 54 shows
a ﬁnite element analysis of a hydrostatic bearing with a nanomagnetorheological
ﬂuid.

Fig. 54. Bearing force capacity of a hydrostatic bearing with a nanomagnetorheological
ﬂuid [44]
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Because the bearing force is proportional to the pressure, it can be derived
from this simulation that the maximum bearing force is ﬁve times higher than
the minimum bearing force without any change in the bearing gap. This demonstrates that a hydrostatic bearing with nanomagnetorheological ﬂuid is sensible.
Closed Loop Control of Hydrostatic Bearings
To control the bearing gap, a cascaded control approach was chosen (see Fig. 55).
The inner cascade controls the magnetic ﬁeld. To improve the dynamic behavior
of the magnetic ﬁeld, a feedforward term is used (FF).

Fig. 55. Control circuit for a hydrostatic bearing

The dynamic behavior of the magnetic ﬁeld is mainly limited by the maximum voltage which is available from the power supply (24 V). A PI controller
turned out to be the simplest algorithm which is able to counteract the hysteresis of the magnetic ﬁeld. The gap controller was realized as a PID-controller in
the outer loop.
Figure 56 compares the system responses of the open loop system and the
closed control loop to a load change.
Without control the applied load change of about 160 N leads to a gap change
of about 150 μm. The over-shoot of the force is produced by the piezo stack,
because the initially high force reduces according to the yield of the bearing.
Changing the load on the controlled system by 320 N causes a dynamic gap
change of only 15 μm. The control error is eliminated in about 1 sec. This time
is necessary to reﬁll the decreased gap with ﬂuid. Due to the constant ﬂow
rate this time cannot be shortened. The dynamic stiﬀness of the bearing is
signiﬁcantly improved. After reaching the equilibrium state the bearing has an
inﬁnite stiﬀness.
Conclusion and Outlook
The concept of a hydrostatic bearing was realized, and it was shown that with
a suitable control a quasi inﬁnite stiﬀness could be achieved. It appears to be
advantageous to use magnetic ﬂuids with much smaller particles. This will allow
bearing gaps that are comparable to gaps used in contemporary commercial
hydrostatic bearings. Overall the advantages of the hydrostatic bearings with
magnetic ﬂuids can be summarized as follows:
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Fig. 56. Control characteristic of the hydrostatic bearing

1. The load-bearing capacity is signiﬁcantly higher compared to bearings based
on the magnetic pressure [45].
2. Because the ﬂuid ﬂows through the device, it is possible to use standard
magnetic ﬂuids (no problems with settlement).
3. The actuator for controlling the bearing gap resides directly inside the gap.
This leads to a outperforming timing characteristic.
4. Conventional hydrostatic bearings need a gap size as small as possible to
achieve a good stiﬀness. Hydrostatic bearings with magnetic ﬂuids can
achieve nearly inﬁnite stiﬀness with moderate gap sizes. Therefore, the planarity of the sliding surfaces is not so critical.
5.2 Magnetohydrostatic Bearings
Principle of Magnetohydrostatic Bearings
Magnetohydrostatic bearings get their load-bearing capacity from the magnetohydrostatic pressure that is produced by the gradient of a magnetic ﬁeld at the
ﬂuid surface of a magnetic ﬂuid. This can be described by the main equation of
hydrostatic
(47)
∇p = ρ · g + μ0 · M ∇H.
An estimation of payloads which can be directly generated with the use of the
magnetohydrostatic eﬀect is given by Berkovsky [45]: In case that the magnetic
ﬂuid is completely saturated, the maximum payload Fmax of the bearing can be
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calculated with (Mf s = saturation magnetization of the ﬂuid, Hs = magnetic
force at the interface between ﬂuid and bearing area, A = bearing area)
Fmax = μ0 · Mf s · Hs · A,

(48)

Therefore the speciﬁc payload f = F/A is
f = μ0 · Mf s · Hs .

(49)

Deploying characteristic magnitudes for Mf s = 5·105 A/m and for Hs = 1.5·105
A/m the speciﬁc bearing capacity is in the order of 1 N/cm2 . In comparison to
conventional hydrostatic bearings the speciﬁc load is small. But an advantage
of these bearings is that a stable bearing can be realized without the use of a
control loop.
With Eq. (48) only a rough estimation of the achievable load capacity is
possible. Because the payload is exclusively dependent on the magnetic ﬁeld
distribution inside the bearing, the use of the ﬁnite element method is recommendable. The initial values are the magnetizing curves of the ﬂuid and the
guidance material as well as the geometry of the bearing. With these values it
is possible to compute the distribution of the magnetic ﬁeld. With the following
equation the magnetohydrostatic pressure at the ﬂuid surface can be calculated.
For the calculation only the direction (y component) of the payload must be
considered for the magnetizing force Hg and the magnetization of the ﬂuid at
the interface between ﬂuid and rotor bearing area [44]:
pm = μ0 · Mgy · Hgy .

(50)

The integration of the pressure over the whole bearing area delivers the bearing capacity.
Experimental Setup and Results
In Fig. 57 the experimental set-up of an axial magnetohydrostatic bearing is
shown. This arrangement consists of three elements: a magnetic ﬁeld source

Fig. 57. (Experimental setup of an axial magnetohydrostatic bearing (left) and magnetic ﬁeld distribution in the bearing without magnetic ﬂuid (right)
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(stator), a magnetic ﬂuid and a non-magnetic rotor. The coil wound around the
ferromagnetic stator generates a magnetic ﬁeld in the trapeze-shaped slot which
represents the bearing area. The lower area of the slot consists of a paramagnetic ring (Al). The coil has 298 windings and a resistance of 1 Ω. Massive steel
(St 37) is used for all ferromagnetic parts of the experimental setup. The rotor consists of paramagnetic aluminium. Figure 58 shows pictures of the axial
magnetohydrostatic bearing.
In the enlarged section it is visible that on the edge, a strong magnetic ﬁeld
exists. The ferroﬂuid generates a corona of Rosensweig instabilities.
For bearing gap measurements a laser triangulation sensor a resistance strain
gage with a nominal force of 100 N is used. The results of the measurements and
the FEM-simulations of the magnetohydrostatic force distribution over the coil
current are shown in Fig. 59. As magnetic ﬂuid a ferrite-based ferroﬂuid (TTR
656) with a saturation of 60.3 mT was used. The diagram of the magnetohydrostatic force versus the coil current can be split into three sections.

Fig. 58. Pictures of the axial magnetohydrostatic bearing. Stator (left), section enlargement of the stator with ferroﬂuid (middle) and general view of the bearing (right)

Fig. 59. Comparison of FEM-simulations and measurement results
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In the left section from 0 to approx. 3 A the curve shows a squarish increase
that merges into a linear progression in the middle section, from approx. 3 A
to 10 A. In the right section the force seems to converge to an upper limit.
The shape of the curve may be explained regarding equation 50. For weak magnetic ﬁelds the magnetization of the ferroﬂuid is increasing linearly with the
magnetization force Hg . Further on the magnetization force increases linearly
with the coil current as long as the magnetic material of the stator does not
approach its saturation magnetization. This explains the squarish increase of
the curve in the left part of the diagram. For stronger magnetization forces the
ferroﬂuid reaches its saturated state and therefore remains constant. The magnetohydrostatic pressure rises only linearly with the magnetic ﬁeld and therefore with the current. In the right section, where higher coil currents were applied, the magnetic material of the stator is saturated too. The consequence
is that the stator represents a rising magnetic resistance, whereby the rate of
the stray ﬁelds, which are not acting in the bearing gap, is strongly increasing. The conclusion is that the magnetohydrostatic pressure and therefore the
magnetohydrostatic force remains constant. The shown FEM simulation with
the nonlinear magnetization curve of the used ferroﬂuid and stator material
ﬁts the measurements in an acceptable way. For this reason FEM simulations
can be used as a suitable tool to estimate the potential of magnetohydrostatic
bearings.
In Fig. 60 results from FEM simulations where the load-bearing capacity
for various combinations of magnetic ﬂuids and stator materials were simulated. Using a high permeable iron–cobalt alloy with a saturation magnetization of 2.35 T (Vacoﬂux 48) instead of St 37 would increase the load capacity from 60 to 80 N. A cobalt-based ferroﬂuid (CO MTV MA 087) with
a high saturation magnetization of 100 mT would additionally increase the
load-bearing capacity even to 180 N. Dividing this value by the bearing area
of 113 cm2 the resulting speciﬁc load capacity can be assumed to approx.
1.6 N/cm2 .

Fig. 60. FEM simulations of the load-bearing capacity for diﬀerent combinations of
magnetic ﬂuids and stator materials
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Conclusion and Outlook
The demonstrator which is introduced in this paper shows that the idea of using magnetic ﬂuids in a hydrostatic bearing is technically feasible and oﬀers the
potential for various applications. Finite element methods were used in order to
investigate load capacity optimizations. As a result it was found out that the
achievable load capacity is expected to be 1.6 N/cm2 . Even higher bearing capacities may be possible by using advanced bearing geometries. Validations with
the experimental data proved that FEM simulations provide reliable results for
these tasks. By changing the inclined stator area geometries, a more constant
magnetic ﬁeld distribution along the bearing areas can be realized. This would
cause a more constant magnetization and therefore a higher payload. Another
possibility to increase the bearing capacities would be the development of new
ferroﬂuids with a higher saturation limit. This would be feasible either by increasing the concentration of cobalt ferroﬂuids or by the use of particle materials
with higher magnetization saturation.
5.3 Magnetoﬂuidic Damper
Principles of Magnetoﬂuidic Dampers
The most important commercial application of magnetic ﬂuids are dampers. In
the past years magnetorheological (MRF) dampers went into series production.
For example the company Cadillac uses them to equip their cars [46]. For the
operating mode of these dampers three principles according to the three ﬂow
types (shear, ﬂow and squeeze mode) are known.
The most common principle uses the shear mode where a ﬂuid volume inside
a magnetic coil is sheared by the movement of the damper. Applying a magnetic
ﬁeld to this ﬂuid makes it possible to control the dynamic properties with the
yield stress, which is dependent on the magnetic ﬁeld. The achievable damping
force can be described as a sum of a weak magnetic ﬁeld-dependent viscous
component Fη and a strong ﬁeld dependent component Fτ [47]:
F (B) = Fη + Fτ (B) =

η(b) · ν · A
+ τ0 (B) · A
h

(51)

Fig. 61. Flow types: shear mode (left), ﬂow mode (middle) and squeeze mode (right)
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B: magnetic ﬁeld
η: Bingham viscosity
τ0 : shear stress
A: shear area
h: distance between the shear areas
v: relative velocity between shear areas.

The control range of these dampers is deﬁned as the ratio V between damping
force without and with maximum magnetic ﬁeld:
V =

h τ0,max
F (Bmax )
=1+ ·
F0
v
ηB

(52)

A wide control range in conventionally designed dampers can be realized with a
large gap h between piston and cylinder. However this implies some disadvantages:
•
•
•
•

More ﬂuid is needed (higher costs and weight).
A higher volume must be pervaded by the magnetic ﬁeld. Therefore, more
energy is needed to generate the magnetic ﬁeld.
The dimensions of the damper are larger.
The achievable damping forces are lower.

Another possibility to get a wide control range of the damper is the use of a
ﬂuid with maximum magnetorheological eﬀect (maximum shear stress 0). Such
an ideal ﬂuid consists of large particles of high permeable material. But the
disadvantage of this ideal ﬂuid arises from sedimentation processes of the particles which lead to inhomogenous properties of the ﬂuid. In the following a new
damping concept will be presented that allows a high active damping volume
in combination with a high achievable damping force as well as a small design
space.
Magnetoﬂuidic Foam Damper
The basic idea of this new kind of damper is based on open porous foams. Over
the past decade these metallic foams have been established as a new material
for various purposes. The main advantage of these foams is a high stability
combined with a low weight. For magnetorheological applications especially the
open porosity is important. The metallic foam can be directly placed in the
active volume of the damper in a magnetic ﬂuid. In a ﬁrst approximation the
foam may be considered as an additionally rheological resistance. Hence, the
achievable damping forces can be shifted to higher values. The open porosity of
the foam is another independent design parameter which can be used to inﬂuence
the achievable damping forces. Figure 62 shows the principle of a magnetoﬂuidic
foam damper.
The piston consists of an open porous metallic foam and is located inside a
magnetic coil. Moving this foam piston presses the magnetic ﬂuid through the
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Fig. 62. Principle of the foam damper [48]

pores of the foam. The ﬂow in the pores can be controlled by changing the viscosity of the ﬂuid by applying a magnetic ﬁeld. Additionally, the damping force can
be adjusted by the use of diﬀerent open porous metallic foams. Figure 63 shows
a magnetoﬂuidic foam damper that was developed and built by the IWF [49].
The used metallic foam consists of a bronze alloy with an open porosity
of 10 ppi (pores per inch). As a ﬁlling for the damper a magnetorheological
ﬂuid from the company Lord (MRF-132AD) was chosen. The advantages of this
magnetoﬂuidic damper based on open porous metallic foams over conventional
MRF dampers are
•
•

A higher active volume in combination with a compacter design space,
A wider control range of the damping force and

Fig. 63. Picture of the magnetoﬂuidic damper (left) and the foam piston (right)
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A better concentration of the magnetic ﬁeld in the core, therefore a high
degree of eﬃciency by magnetic ﬁeld generation,
The range of the controllable damping force can be shifted by using diﬀerent
open porous metallic foams.

Experimental Setup and Results
To carry out experiments a test rig was setup which is shown in Fig. 64. The
excitation of the magnetorheological damper is done with an electromagnetical
shaker.
With this shaker a stroke of 13 mm and a maximum force of 445 N can be
generated. To drive the shaker an additional power ampliﬁer is required. The
ampliﬁer is connected to the shaker and to a signal generator. For position
measurement an inductive position sensor from the company HBM is used. A
piezoelectric sensor mounted between damper and shaker measures the damping
force. The acquisition of the measurement data is done with the MATLAB/XPCTarget package.
To ﬁnd basic damper properties repeated test sequences were carried out.
Therefore, currents from 0 to 3 A were applied to the coil inside the damper.
With the signal generator a sinusoidal oscillation is generated. The frequencies
of this oscillation are between 3 and 10 Hz.
Exemplarely, Fig. 65 shows experimental data which was obtained at an
excitation frequency of 10 Hz and a temperature of 20◦ C. In this ﬁgure the
displacement versus the force is shown for currents between 0 and 2.5 A. It can
be seen that the area under the force–displacement curve is increasing with rising
current. Further on the clockwise tilting of the graph is remarkable. The increase
of the enclosed area at higher currents can be explained with the increase of the
ﬂuid viscosity. The tilting seems to be caused by the elastic properties of the
ﬂuid.

Fig. 64. Experimental setup
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Fig. 65. Damping force as a function of displacement (I = 0 .. 2.5 A, T = 20◦ C,
f = 10 Hz)

In Fig. 66 the relative change of the damping force against the coil current
is drawn. The depicted measurements were repeated for frequencies between 3
and 10 Hz. For each frequency the maximum damping force for coil currents
from 0 up to 2.5 A was measured. To make the results clearer, the forces are
normalized by subtraction of a certain amount of force to similar experiments
without current. The results displayed in Fig. 66 show that the relative change
of the damping force is increasing when the current is rising. Furthermore, with
increasing frequency the damping force is rising, but the diﬀerence between the
relative change of the damping force is getting smaller with higher frequencies.
Conclusion and Outlook
The concept of a magnetorheological damper based upon open porous metallic
foams was realized and tested. This developed foam damper works with the
ﬂow mode. From the obtained measurement it is obvious that by increasing the
current of the magnetizing coil the damping force is rising. Measurements were
carried out for various frequencies and coil currents. Regarding optimization
issues there are some possibilities to increase the damping force:
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Fig. 66. Relative change of the damping force against the coil current for diﬀerent
frequencies

•
•
•

Smaller open porosity of the metallic foam
A taller design space of the damper
Use of a magnetic ﬂuid with larger magnetized particles.

By using magnetic ﬂuids with large particles the problem of sedimentation appears. For applications where only small damping forces are required this can
be solved by using nanomagnetorheological ﬂuids or ferroﬂuids.

6 Extreme Boundary Lubrication
N. Bayat and E. Uhlmann
6.1 Tribological Basics
Most technical products like machine tools, robots, automobiles or consumer
goods carry out a relative motion to guarantee the operating process. Examples
for mechanical components or particular devices in technical systems are gears,
plain bearings, roller bearings and guides with simultaneously active loads or
stresses. Such technical systems with the relative motion of surfaces deﬁne tribotechnical systems. They are characterized by a large amount of parameters
and consist of a basic solid, a counter solid, an intermediate medium and an
ambient medium. The basic solid and the counter solid are also described as the
friction pair which are exposed to wear in form of material removal (see Fig. 67).
Thereby, the motion, force as well as energy are useful quantities. The kinematics, normal force, velocity, temperature and load period as physical–technical
parameters are a part of the load spectra and act on the components of the tribotechnical system with corresponding tribological stresses and processes acting
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Fig. 67. Principle of a tribological system [50]

between them. The changes at the system structure as well as the dissipation
quantities are represented with the help of tribometrical quantities by means
of friction quantities like friction coeﬃcient or friction dissipation as well as by
means of deviations of dimension or deviations of mass at the system components. High wear is caused in the case of high surface loads at relative velocities
and a solid state contact of friction pairs. Boundary lubrication conditions occur
if a friction pair carries out a relative motion at high surface load and low relative velocity. This results in a solid state contact between the friction pair and
causes a corresponding wear of the surfaces. Tribological conditions with a solid
state contact and a super adherent lubricating grease characterize the extreme
boundary lubrication condition. Thus, lubricants are used to improve the tribological behavior by decreasing friction and wear under operating conditions with
high surface loads. The investigations of friction and wear require tribometers as
experimental setups, which approximate a real tribotechnical system [50]. According to “DIN 50322” the investigations of the tribological behavior can be
subdivided into six categories. Model test stands with simple samples characterize the lowest category “IV” and ﬁeld experiments under operating conditions
characterize the highest category “I”. The decision for one-testing category has
to consider the resulting expenditures, the required time period and the informational value of the achieved results. The best results can be achieved by the
testing category “I” with signiﬁcantly high costs and long-testing periods up to
the life cycle period of the product or of the lubricants which are used as samples within the experimental setups [51]. Generally, ferroﬂuids seem to be suited
for the use as a lubricant and were investigated at diﬀerent experimental setups
[52–59]. The use as lubricant is achieved by the formation of a super adherent
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grease lubricating the surfaces of the friction pair as shown in Fig. 40 for the magnetized steel ball. Mainly, this means that supplying devices like pumps, pipes
or sealings for lubrication are not needed anymore. Furthermore, the formation
of chains of the magnetic particles in a magnetic ﬁeld is interesting for the use of
magnetic ﬂuids as lubricants under boundary conditions. Fundamental comparative investigations with ferroﬂuids were carried out for the turbine oil “Tn-22”
and the ferroﬂuid “MMT” with the same oil as carrier liquid. A four-ball-tester
was used as tribometer in the investigations. The obtained results have pointed
out a signiﬁcant improvement of the triboligical behavior [60, 61]. The potential
application of ferroﬂuids in ball bearings by the use of magnets or magnetic balls
for the simultaneous sealing of the bearing was investigated by Nagaya [55, 56].
Further investigations were carried out by Patzwald on magnetohydrodynamic
radial and axial slidings with optimized magnetic ﬁelds. The good lubricating
within the mixed friction ﬁeld and within the start-up period increased the life
cycle period of the ready to built-in slidings [57, 58]. However, results obtained
on model experimental setups cannot be transferred to all kinds of technical applications or into applications under operating conditions. Therefore, additional
results have to be obtained at experimental setups under operating conditions
for example for plain bearings. In this case ferroﬂuids and conventional lubricants were investigated as lubricant on a ball-disc wear test stand and on an
experimental setup for radial plain bearings.
6.2 Model Tests with Ferroﬂuids
A model test stand serves for comparative investigations with reduced complexity of conditions and parameters. This is done with the purpose to save time for
the quick obtainment of basic results. The disadvantage of transferability into
real conditions has to be taken into account. Exemplary experimental setups for
comparative investigations of the tribological behavior are disc–disc, pin–disc
or ball–disc tribometers as an approximation for real tribotechnical systems.
Resulting friction and wear under boundary lubrication conditions occur at relatively high speciﬁc surface loads between the basic solid and the counter solid
as the friction pair. A ball-disc tribometer consisting of three ﬁxed balls and one
rotating disc ensures a small contact zone. This leads to a characteristic Hertzian
stress caused by the ball-shaped counter solid and the plane shaped ring. Such a
modiﬁed tribometer for investigations on the tribological behavior of magnetic
ﬂuids was realized as an experimental setup (see Fig. 68) [52, 53].
Especially the constant initial conditions and the contact geometry of this
tribometer are important for the reproducibility of experiments. Additionally,
permanent magnets are integrated into the mounting device. The mounted magnets ensure the magnetization of the balls with perpendicular magnetic ﬂux lines
and the ﬁxation of the magnetic ﬂuids on the three balls. Three ferromagnetic
balls with a diameter of dk = 8 mm represent the counter solid. The chosen material with “100Cr6” for the balls and with red casted brass for the ring represents
the combination of the investigated materials. The diameter of the wear trace
on the rotating sample with dR = 80 mm and the reduction ratio of the drive
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Fig. 68. Modiﬁed ball disc tribometer for magnetic ﬂuids [52]

enable tribological investigations at relative velocities between v = 15 mm/s and
v = 60 mm/s. Thereby, the applied normal force can be varied from FN = 40 N
to FN = 1, 200 N . Preliminary investigations have shown that the wear due to
the relative high hardness of the balls can be achieved mainly on the test pieces.
The measured surface proﬁle is the basis for the analysis of the inﬂuence of the
lubricant, which is exemplarily shown for the commercial ferroﬂuid “APG027”
in Fig. 69.

Fig. 69. Measured surface proﬁle of a trace of wear [52]
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A non-contact optical surface measuring system based on the autofocus principle was used to determine the precise surface topography above. For the investigations of the tribological behavior diﬀerent steps of load and velocity at
continuous relative motions could be run through. Thereby, a load period of
tB = 200 min, a normal force of FN = 250 N as surface load and a relative
velocity of v = 20.8 mm/s are representative parameters for experiments under
boundary conditions. The evaluation of the tribological behavior is based on the
measured depth, area or volume of wear as tribological quantity. The essential
characteristics of ferroﬂuids as lubricant are the viscosity, the saturation polarization and the concentration of the colloids. Another essential parameter for
an application of the ferroﬂuids as lubricant is the carrier liquid. Synthetic esters, transformator oils and vacuum pump oils are also used as carrier liquids for
ferroﬂuids. These carrier liquids do not vaporize at ambient temperature because
they have a relative low steam pressure. The comparative measurements require
additional investigations with commercial lubricants like powder, pastes or oils.
The results of measured depth of wear under similar boundary conditions for
the investigated lubricants are summarized in Fig. 70.
The lubricants “M oS2 ”, “PF2” and “M68” are not ferroﬂuids and serve as
intermediate mediums for the mentioned comparative investigations. The upper
limit of the tribological investigations is determined at boundary friction conditions with a solid state contact of the friction pairs without an intermediate
medium (“dry”). The lower limit is determined by the powder lubricant molybdenum disulﬁde (“M oS2 ”) with the best lubrication eﬀects and the lowest depth
of wear on the test pieces. The lubricant “PF2” is a paste, and the lubricant
“M68” is a lubrication oil. The investigated lubricants lead to a decrease of wear
under boundary conditions, in which solid lubricants are better relative to pastes
or ﬂuids in form of oils or ferroﬂuids. The inﬂuence of the ferroﬂuids used for
the improvement of the tribological behavior is not as signiﬁcant as expected

Fig. 70. Measured depth of wear [52, 53]
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and seems to be negligible. Nevertheless, signiﬁcant diﬀerences could be measured between the diﬀerent investigated ferroﬂuids and their viscosity but no
signiﬁcant diﬀerence within the same ferroﬂuids. In the case of boundary lubrication conditions no distinct correlation between the applied magnetic ﬁeld and
the wear could be determined within the same ferroﬂuid. An inﬂuence of the
applied magnetic ﬁeld is only visible at the ferroﬂuid “AP-77” with the highest concentration of magnetic colloids. These results, obtained on a model test
stand, emphasize the restrictions of investigations on the tribological behavior.
The use of a higher category for tribological investigations for example for plain
bearings as samples will point out the transferability of the results into operating
conditions.
6.3 Investigations Under Operating Conditions
Generally plain bearings are made of red casted brass with own lubrication characteristics and require a low amount of lubricants under operating conditions.
Therefore, they are used in technical systems with high requirements on the
tribological behavior. But, friction and wear can also appear under boundary lubrication condition and should be avoided on principle before. The test category
for investigations of their tribological behavior should be as high as possible. An
experimental setup for ferroﬂuidic lubricated plain bearings representative for
the category “IV ” of “DIN 50322” is described in Fig. 71.
The investigated lubricant is located between the plain bearing and the testing shaft made of hardened steel. The clearance between the friction pair is
only a few micrometers, so that a relatively high shear rate exists in spite of
a low running speed. The type of relative motion is continuous sliding at the
contact zone. Hereby, conventional lubricants especially powder, oils or pastes
can also serve as the medium for comparative investigations. The evaluation of
the achieved results is based on the cumulated diameter increase of the plain
bearing sample as characteristic increase of wear Δw. According to statistical
deviations, tribological investigations are repeated in serial experiments with an

Fig. 71. Experimental setup for slidings [52, 54, 57]
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Fig. 72. Measured increase of diameter [52]

adequate number of samples for each lubricant and for ensuring accurate results.
The measured maximum and minimum increases of wear point out the relatively
high-standard deviation that is characteristic for tribological investigations. The
calculated mean values of the increase of wear of the investigated lubricants are
summarized in Fig. 72.
A solid state contact has an upper limit of nearly Δw = 300μm. Thus, the
paste “PF II” has the best lubrication eﬀects and the lowest resulting depth of
wear. It can be seen that conventional lubricants lead in general to a higher decrease of wear under boundary conditions than ferroﬂuids. The potential reason
for the higher increase of wear with ferroﬂuids is that their local concentration
leads to a ﬁxation of abrasive impurities in the contact zone. Furthermore, there
is lack of supply of unspent and fresh lubricant. This leads to a lack of cleaning
and cooling eﬀects compared with conventional ﬂuid lubricants. Nevertheless,
the investigated ferroﬂuids lead to a decrease of wear under extreme boundary
conditions. Signiﬁcant diﬀerences can be measured between the diﬀerent ferroﬂuids used and their viscosity. In the case of boundary lubrication conditions
no distinct correlation between the applied magnetic ﬁeld and the wear is obvious within the same ferroﬂuid. The external magnetic ﬁeld is suitable for the
ﬁxation of the magnetoﬂuidic lubricant in the contact zone of the friction pair.
A positive inﬂuence of the applied magnetic ﬁeld can only be observed in the
magnetic ﬂuid “AP-77” with the highest concentration of magnetic particles.
6.4 Conclusion and Outlook
Based on the results of experimental investigations it can be seen that ferroﬂuids
can also decrease the wear under boundary conditions, whereby the variation of
the applied magnetic ﬁeld only slightly inﬂuences the tribological behavior. The
magnetic ﬁeld is suitable for the ﬁxation of the lubricant in the contact zone of
the friction pair. This enables the supply of lubricant for the friction pairs with-
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out the use of pumps or pipes. It should be considered that a higher increase of
wear compared with conventional lubricants could be the consequence. A better
lubrication can be achieved by ferroﬂuids which prevent additional abrasive characteristics. This requires the development of ferroﬂuids with carrier liquids which
have better lubrication characteristics and less abrasive colloids. According to
the notable inﬂuence of the chosen category for experimental investigations the
experimental setups should represent the real tribological system as accurately
as possible. Speciﬁc combinations of materials and ferroﬂuids should be investigated to verify their applicability for this purpose. Finally, Umehara investigated
the abrasive eﬀect of ferroﬂuids as a basic inﬂuence for the super ﬁnishing or
polishing of work pieces [62–64].
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5. Maxwell, J.Cl.: Lehrbuch der Elektrizität und des Magnetismus. Springer-Verlag
(1883) 365
6. Hoﬀmann, H.: Das elektromagnetische Feld. Springer-Verlag (1986) 365
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einem Arbeitsraum. German patent DE 102004024226.7 (2004) 417
50. Czichos, H., Habig, K.-H.: Tribologie Handbuch: Reibung und Verschleiß. Vieweg
Verlag, Braunschweig (1992) 421
51. DIN 50322: Verschleiß. Kategorien der Verschleißprüfung. Beuth Verlag GmbH,
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